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PREFACE. 



Jn consequence of the large number of deductions, it was impossible 
to furnish diagrams without materially increasing the size and price 
of the present volume ; but it is hoped that the descriptions given 
of the figures that require to be made are sufficiently full and exact 
to cause no difficulty in understanding the solution. De Morgan 
says: *I am satisfied, from sufficient trial, that when proper 
description of the diagram is given in the text, the person who 
draws his own diagram from the text, will arrive at the author^s 
meaning in half the time which is employed by another, to whom 
the successive appearance of the parts is prevented by his seeing 
the whole from the beginning.' It is perhaps hardly necessary to 
add that in the solutions of the ' riders,' the figures of the Euclid 
have been utilised as far as possible. 

Edinburgh Academy, 
July 1885. 
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ANSWEBJ3 TO THE QUESTIONS 

ON THE 

DEFINITIONS, POSTULATES, AXIOMS. 

1. By a dot with a letter attached. 2. Position. Magnitude. 

3. No ; because geometrical points have no size. 

4. See the first figure to Definition 5. 5. No. 

6. A straight line is that which lies evenly to the points within 

itself. 

7. No ; because geometrical lines have no breadtL 

8. On the surface. 9. On the surface. 

10. Tes ; on the surface of a cylindrical ruler. 

11. Two. 12. The vertex. 13. No. 

14. In two ways. The letter at the vertex must be in the middle. 

15. When sfiveral angles have the same vertex. 

16. By the letter at the vertex. 

17. AOB, BOG, AOG, 18. AOB, BOG, GO A, 

19. AOB, AOG, AOD, BOG, BOD, GOD, 

20. AOB, BOG, GOD, AOG, BOD, AOD. 

21. DAE, DAG, DAG (or BAD, GAD, GAD), FAE, FAG, FAG 

(or &c.), BAE, BAG, BAG (or &c.), and A. 

22. None. 23, AOG. 24. BOG. 25. AOB. 

26. (a) AOG; AOD; ADD; BOD. (h) AOG; BOD; GOD; AOB. 

(c) BOG; GOD. {d) AOD; AOB. 

27. See angles A and B at the foot of p. 3, ElemerUa of Euclid. 
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28. In the figure to Question 17, if OB is equal to OC, angles AOB 

and AOG are nnequal angles with equal arms. 

29. No. See figure to Definition 8. 

30. The bisector of the sum of the two angles. 

31. An obtuse angle. . 32. An acute angle. 33. A right angle. 

34. ABG, ABD; ABE, EBD ; EBG. 

35. Adjacent; vertically opposite; adjacent; vertically opposite; 

adjacent. 

36. No. 37. See Elemmts o/Eudid, p. 68. 

38. See Elements of Euclid, p. 64. 

39. See Elementa of Euclid, p. 47 and p. 41. 

40. One. A circle. 41. Two. 

42. By the definition of a circle. 

43. All radii of a circle are equal, by definition ; 

all diameters of a circle are double of a radius ; 
therefore all diameters of a circle are equal 

44. Not necessarily. 

45. A circle is an inclosed space, and the circumference is the line 

which incloses it. 

46. Sometimes. 47. Three. 

48. No ; because the two radii mi^t not be in the same straight 

line. 

49. Let ABG be a circle whose centre is O (fig. 1, p. 154), 

and let P be a point inside the circle. 
Through and P draw the straight line OP, 
and let it meet the circumference at A. 

Then OP is less than OA. 
But OA is a radius of the circle ABO; 
therefore OP is less than a radius. 

60. Let ABG be a circle whose centre is (fig. 2, p. 164), 

and let P be a point outside the circle. 
Through and P draw the straight line OP, 
and let it meet the circumference at A, 

Then OP is greater than OA, 
But OA is a radius of the circle ABG; 
therefore OP is greater than a radius. 

61. Three. 62. Eectilineal figures. 53. Yes. 64. Three. 
65. BGA, GAB, AGB, BAG, GBA. 66. An isosceles triangle. 
67. An equilateral triangle. 58. A scalene triangle. 

59. The perimeter. 60. Any side may be so called. 
61. That which is neither of the equal sides. 
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62. A right-angled triangle. 

63. The base, and the perpendicular. 64. Yes. 65. G, A, B. 
66. AGB, BAG, ABG 67. BG, GA, AB. 

68. A, BAG; B, ABG; G, AGB, 

69. ABG, DBG, ABM, DGE, EBG, 70. ABD, AGD, EAD, 

71. BAG, BDG,BEG; BAE, BGE ; GDE, GBE. 

72. BE, BG; GE, GB. 

73. AEB, BEG; AED, BEG; AED, BEG. 

74. BGDA, GDAB, DABG, ADGB, DGBA, GBAD, BADG, 

75. Eight triangles. AEB, BEG, GED, DEA, ABG, ABG, BAD, 

BGD. 

76. ABG, ADG. 77. BAD, BGD. 
78. BAD, BGD. 79. ABG, ADG, 

80. Tes ; because it is a rhombus and something more. 

81. No ; because it may not have its angles right. 

82. Yes ; because it is a parallelogram and something more. 

83. No ; because it may not have its angles right. 

84. No; because other figures than quadrilaterals may have their 

opposite sides parallel. 

85. Yes ; because each is a trapezium and something more. 

86. No ; because it may have only one pair of sides parallel 

87. A straight line joining two opposite corners. Two. 

88. Any number more than four; but sometimes figures of three 

and four sides are called polygons. 

89. The first 90. The second. 91. The third. 

92. In the sense of circumference. 

93. The ruler and the compasses. They are not to be used to carry 

distances. 

94. A self-evident truth. Things which are equal to the same 

thing are equal to one another. 

95. Magnitudes which coincide with one another are equal to one 

another. 

96. Scarcely; because straight lines and angles cannot be said to 

fill space. 

97. All right angles are equal to one another. 

98. Two straight lines which intersect one another cannot be both 

parallel to the same straight line. 

99. Yes. 100. Yes. 
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DEDUCTIONS. 



BOOK I. 

PROPOSITION 1. 



1. Because AB = AF, being radii of circle BCD, I. Def, 16 

and AB = BF, being radii of circle ACE; ' L Bef. 16 

.-. AF=BF, LAx.l 

/. AB^AF^ BF, 

and ABF is an equilateral triangle. /. Def. 23 

2. Let A and B be the two points. 

Join ABy and describe on it an equilateral A ABG, /. 1 

C is the point required. 

3. Let ^^ be the given straight line. 

Describe on AB two equilateral As ABG, ABF, I, 1 

AGBF vith.& required rhombus. 

4. Let AB\}Q the given straight line. 

Describe on AB an equilateral A ABG, I. 1 

and on BG describe an equilateral A BGE. L 1 

ABEG is the required rhombus. 

5. Because AD = AG, being radii of circle BGD, I. Def, 16 

and BE = BG, being radii of circle AGE; L Def. 16 

.-. AD + AB + BE = AG + AB + BG, 
that is, DE= AG + AB + BG. 

6. Let ABG be the given triangle. 

With centre B and radius BA, describe circle ADF. 
With centre G and radius GA, describe circle AEG; 
produce BG both ways to meet the circles at D and E. 

DE is the straight line required. 
Because AB = BD, being radii of circle ADF, - L Def, 16 
and GA = GE, being radii of circle AEG; L Def. 16 

.-. AB-{-BG+ GA = BD + BG+ GE, 

= DE, 
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7. Let AB be the given straight line. 

With A as centre, and AB as radius, describe circle BCD; 
produce BA to meet the circle at D. 

BD is the straight line required. 
Because AD = AB^ being radii of circle BCD, I. Def, 16 

.\BD='AB + AB = 2AB. 
S. Let AB be the given straight line. 

Make the same construction as in L 1, 
and produce AB both ways to meet the circles at D and E. 

DE is the straight line required. 
Because AD = AB, being radii of circle BCD, L Def, 16 
and BE = AB, being radii of circle ACE; L Drf, 16 

.-. DE^AB^AB->tAB^^AB, 
9. Let AB be the given straight line. 

Find by the seventh deduction BD = 2AB; 
then find another straight line = 2 BD, 
and therefore = 4 AB. 

10. Let ^^ be the given straight line. 

Find DE =SABhj the eighth deduction. 
With D as centre, and DA as radius, describe circle A OH. 
With E as centre, and EB as radius, describe circle BKL ; 
produce DE both ways to meet these circles at H and L, 

HL is the straight line required. 
Because HD = DA = AB, 
and EL== EB = AB ; 

.-. HL = HD + DA +AB + EB + EL = 6AB. 



PEOPOSITION 2. 



1. Since DE = twice BC {Hyp.), and BC is a radius of the small 

circle ; .'. DE must be a diameter of the small circle ; 

.*. D must be situated on the O*^ of the smaU circle, 
and BD must be a radius of the small circle. 
Now, since BA = BD, BA must be a radius of the small circle ; 

.*. the given point A must be on the o^ of the small circle. 

2. With A as centre, and AB aa radius, describe a circle. 

Join A to any number of points on the o*^ of this circle. 
These straight lines will all be = AB, for they are radii of 
the same circle. /. Drf, 16 
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3. With B as centre, and BA as radius, describe a circle. 

Join B to any number of points on the O ^ of this circle. 

4. With A as centre, and A Baa radius, describe a circle. 

Through A draw any number of diameters of the circle. 
These diameters will all be double of AB, for AB is a radius. 

6. With B as centre, and BA as radius, describe a circle. 

Through B draw any number of diameters of the circle. 

6. Let AB be the given base, G the given straight line. 

From A draw AD = C, and from B draw BE = G, L 2 

With A as centre, and AD aa radius, describe a circle ; 
with B as centre, and BH as radius, describe a circle ; 
cutting the former circle at F. Join FA, FB. 
Then AF = AD {I. Def. 16) = (7. Gonat 

BF = BE (/. Def. 16) = G. Gonst. 

AF = BF, and A ABF is isosceles. 
The length of G must be greater than half of A By other- 
wise the two circles will not cut each other. 

7. In connection with fig. 1, repeat, word for word, the construc- 

tion and proof given in the text. 

8. 9. In connection with figs. 2 and 3, repeat, word for word, the 

construction and proof given in the text, substituting, how- 
ever, the whole BE = the whole AG J, Ax, 2 
for remainder BE — remainder AG, I. Ax. 3 




Fig. 1. 



Fig. 2. 



Fig. 3. 



10. In connection with figs. 4 and 6, write out, word for word, 
the construction and proof given in the text ; but wherever 
B occurs substitute G, and wherever G occurs substitute B. 

In connection with figs. 6 and 7 do the same thing, but 
substitute also the whole GE = the whole AG I, Ax. 2 

for remainder GE = remainder AG, L Ax. 3 
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Fig. 4. 






Fig. 6. 



Fig. 7. 



PROPOSITION 3. 

1. From B draw the straight line BD = G; /. 2 

with centre B and radius BJ) describe the circle DEF, Post. 3 
cutting BA at E. BE shall = C, 

ForBE= BDyh&ngmdnotcaxcleDEF. I.Def,16 

But BD = G; Gomt. 

.'. BE=^G. I. Ax. I 

2. Let AB and G be the two given straight lines of which AB is 

the less. 

From A draw the straight line AD = G; I, 2 

with centre A and radius AD describe the circle DEF^ Post. 3 
cutting AB produced at E. ' AE shall = G. 

For AE s AD, bemg radii of circle DEF, I. Def. 16 

But AD =G; GonsL 

.'. AE = G. 

3. Because AD and BE are each = C7, .*. ili> == ^^; 

Bi> s AE. 
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4. Let AB and C be the two giyen straiglit lines. 

Prodnoe BA sufficiently far to 2), and from AD cut otf 
AE^Q. 7.3 

BE is the straight line required. 
For BE^ AB ^ AE^ AB^- C. 

6. Let AB and G be the two given straight lines, and let AB be 
the greater. 
From AB cut oflF AE = (7. 7. 3 

BE is the straight line required. 
For BE^AB - AE=^ AB - Q. 

6. Let AE and ^^ (fig. l.to third deduction) be the given straight 

lines, of which AE is the greater. 
OkAo^AB^EB, 7.3 

Then AB = AE + EB, the sum of AEtindEBt 
and DE = AE - EB, the difference of ^J^and EB ; 

AB + DE= {AE + EB) + {AE - EB), 
= twice AE. 

7. Repeat the first five lines of the preceding solution, and add 

.-. AB-DE^ {AE + EB) - (AE - EB), 

= twice EB. 
or AB-DE^AD + EB, 

= twice ^^. 



PROPOSITION 4. 

1. Outedde L EDF, 2. Liside z EDF. 

3. On DjP produced. 4. Between 7) and -K 

6. For if A -45(7 be applied to A D-KF, 

so that B falls on E, and so that J?^ falls on ED; 

then -4 will coincide with 7>, because BA — ED ; Hyp. 

The rest of the proof is the same as in the text. 
For if A ABG be applied to A DEF, 
so that C falls on F, and so that GA falls on J^2> ; 
then A will coincide with 7), because (7^ = 77>. Hyp. 

and because (7^ coincides with FD, and i A = L D, Hyp. 
.-. i45 will fall on 7)^. 

And because ^JS = DE, Hyp. 

,'. B will coincide with E. 
The rest of the proof is the same as in the text. 
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& Let a be any point in CD (fig. to I. 10). 
Join CA, GB. 

( AD = BD Hyp, 

In AB ADC, BDC, \ DC^DG 

( L ADC = L BDC: 
.-. CA = CB. L 4 

7. Let E be any point in CD (fig. to I. 10). 
Join EAy EB. 

I AC^BC Hyp, 

In L^ ACE, BCEA CE^CE 

{ L ACE= I BCE; Hyp, 

,\ EA = EB, I, 4 

& Let A CAB be isosoeles (fig. to L 10) ; 
and let CD bisect z ACB, 

I AC=^BC Hyp, 

In abACD, BCD, ] CD = CD 

i L ACD c= L BCD: Hyp, 

.*. AD = BD, I ADC = I BDC; I, 4 

.-. C2> iB ± AB. I, D€f, 10 

i AB^CB Hyp. 
9. In t,B ABD^CBD, \ BD = BD 

C z ABD = z C5D; Jffj^. 

.-. AD = CA z ADB = z aZ)B. /. 4 

10. Let ABDC be a square (fig. to L 46). 
Join AD, BC, 

1jilbCAB,DBA, 

.'. CB = i>-4. 

IL In lbHAE,EBF, 

.-. ^jy = EF. 
Hence also ^^ = FQ, FQ = CJST; 
.*. EFGH has all its sides equal 

12. Let ABCD, EFGH be squares described on the equal straight 
lines AB, EF, 

For if square ABCD be applied to square EFGH, 
so that A faUs on Jf, and so that AB falls on EF ; 
then ^ will coincide with F, because AB = EF, Hyp. 



CA^DB 


I, Dtf, 32 


AB^BA 




L CAB = z DBA ; 


/. Ax, 10 




7.4 


HA^EB 


/. ilax? 


AE^BF 


I,Ax,n 


L HAE = L EBF; 


1, Ax. 10 




7.4 
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And because^ ^coincides with J^^, and i B = i F^ I. Ax. 10 

.-. BG wiU faU on FG. 
And because BG = FG, 

.'. G will coincide with O. 
Again, because BG coincides with FG, 
and I G = I G, I. Ax. 10 

.-. GD will fall on Gil. 
And because GD ^ GH, 

.'. jD will coincide with If. 
Lastly, because A coincides with E, and D with 11, 

.'.AD will coincide with EH. 
Hence ABGD coincides with EFGH, and is equal to it. 

13. Let ABGD, EFGH be two quadrilaterals, 

having AB = EF, BG = FG, GD = GH, i B = i F, 
I G = I G. 

For if quadrilateral ABGD be applied to quadrilateral 
EFGH, &c 

The rest of the proof is identical with that of the twelfth 
deduction. 



PROPOSITION 5. 

1. For if the sides opposite the angles were equal, 

the angles themselves would be equal ; /. 5 

which is not the case. 

2. Because AB = AG, .-. i ABG = z AGB ; I. 6 

because DB = DG, .\ L DBG = L DGB; L 5 

.'. L ABG + lDBG^ l AGB + L DGB, 
that is, L ABD = L AGD. 

a Because AB = AG, .'. L ABG = l AGB; L 6 

because DB = DG, .'. l DBG = z DGB; I. 6 

.-. z ABG - z DBG= z AGB - z DGB, 
or z DBG - L ABG = z DGB - z ^C5, 
that is, z -4jBi> = z -4C7Z>. 

4 It has been proved in the second deduction that z ABD 

= z ^ai>. 

( AB =AG Hyp. 

Now in 6.B ABD, AGD, \ BD = GD Hyp. 

( L ABD = z J(7i>; 

.-. z 5^/> = z C^ A L BDA = z ai>^. /. 4 
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I BA = GA Hyp, 

5. In A s ABE, ACD, \ AE = AD Hyp. 

( z BAE = L GAD; 

/.AS ABE, AGD are equal in all respects. /. 4 

Because AB ^ AG, and AD = AE ; Hyp. 

/. DB = EG. I. Ax. 3 

( DB = EG 
In AS DBG, EGB, \ BG=GB ' 

( z DBG=jlEGB; /.6 

.'. AS DBG, EGB are equal in all respects. 

6. Let ABGD be a rhombus ; join BD. 

Because AB = AD, /. z ^5D = z ADB ; I. 5 

because C5 = GD, .'. z O^Z) = z (7Z)i?; /. 6 

.-. z ^5Z) + z GBD = z ^Z)jB + z C7i>j5, 

that is, z ABG = z u4i)a 

But z -45(7 and z -4Z)(7 are any pair of opposite angles ; 

.'. the other pair of opposite angles are equal. 

7. Join OA, OB, OG. 

I BD=GD Hyp. 

In A s BDO, GDO, \ DO = DO 

( z BDO = z GDO; I. Ax. 10 

OB=OG. 1.4: 

Similarly, OG = OA ; .'. OA = OB; 

L OAB = L OBA. I. 5 

8. If A ABG be applied to its trace, so that A may fall on A, abS. 

so that A G may fall along AB ; 

then G will coincide with B, because AG = AB. Hyp. 

And because z A remains the same, AB will fall along AG ; 

and because AB = AG, .'. B will coincide with G. 

Hence GB will coincide with BG, 

and z -405 will coincide with z ABG ; 

.'. L AGB = L ABG. 

Again, since AG coincides with AB, GE will fall along BD, 
and since AB coincides with AG, BD will fall along GE ; 

.'. z 5(7^ will coincide with z GBD; 

.-. z 5(7^ = z C5i). 

9. Let A ABG be isosceles, and the vertical z .4 bisected by AD. 

I BA = GA Hyp, 
Jn LB BAD, GAD,] AD = AD 

( L BAD = z GAD; Hyp. 

.'. L ABD = z .i(7i>. /. 4 

B 
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PROPOSITION 6. 

1. For if the angles opposite the sides were equal, 

the sides themselves would be equal ; /. 6 

which is not the case. 

2. Because z ABC - l AGB, I. 5 

.-. L DBG = z DGB; I. Ax. 7 

DB = D<7, and a DBG isosceles. /. 6 

3. It was proved in L 5 that z OBG = z FGB, 

thatis, lHBG=/.HGB; 

.-. HB = JIG, and A ffBG isosceles. /. 6 

4. It was proved in 1. 5 that FG = OB, 

and in the third deduction that HG = HB; 
.'. FH = OH. 1. Ax, 3 

!AF=AO Gonst. 

FH^ OH 
lAFH=lAOH; 1.5 

.-. z FAH=A OAH. 1.4 

5. Let z DAE be the given angle (fig. to I. 5). 

In AD take any two points B and F; 

from AE cut off -4(7 = -45, AO ^ AF ; 1.3 

join -BG^, Ci* intersecting at H. 

AH wiU bisect z DAE. 

6. If A .45C7 be applied to its trace, so that C may fall on B, 

and so that GB may fall along BG ; 

then B will fall on G, because GB remains the same. 

And because z BGA = z C7B-4 ; 

.*. GA will fall along 5.4, and BA along (74. 
Hence GA will coincide with 5^, and BA with (7.4 y 

.-. BA = (7A 



PROPOSITION 7. 



1. If possible, let GAB, DAB (fig. to I. 7), be two equilateral 
triangles on the same side of the same base AB. 
Then, since AG = AB, and AD = AB, 
AG = AD. 
Similarly, BG = BD, which is impossible /. 7 
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2. If possible, let CAB, DAB (fig. to I. 7), be two isosceles 

triangles on the same side of the same base AB, and having 
their sides each = a given straight line M, 
Then, since AC = Jf, and AD = M; 

AC = AD. 
Similarly, BC = BD, which is impossible. /, 7 

3. Let A and 5 be the centres of two circles, and, if possible, let 

the circles cut each other at C and D above their line of 

centres AB. 

Join AC, AD, BC, BD. 

Then AC = AD, being radii of the same circle, 

and BC = BD, being radii of the same circle ; 

which is impossible. / 7 

Hence also the circles cannot cnt each other at more than one 

point below their line of centres AB, 



PROPOSITION 8. 

1. Let A ABC be isosceles, D the middle point of the base BC 

iBA = CA Hyp. 

In AS BAD, CAD, I AD^AD 

(bD^CD; Hyp. 

,'. L BAD=^ I CAD, and l ADB= 4 ADC; /. 8 

.'. z s ADB, ADC are right. /. j)e/, 10 

2. Let ^^CZ) be a rhombus. Join ^Z>. 

iBA=BC 
In AS BAD, BCD, }aD=zCD 

(bD = BD; 

Hence also i ABC = L ADC, 

3. Let -4jB(7i) be a rhombus. Join^D. 

iBA^BC 
In AS BAD, BCD, \ AD = CD 

(bD^BD; 
.'. L ABD = L CBD, and z ADB= z CDB, 7 $ 

iBA = BC 

4. In AS BAD, BCD, \aD=CD 

(bD^^BD; 
.-. L A^lC, L ABD = z CBD, L ADB = z CDB, L 8 
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5. Let ABGf DBG be the two isosceles triangles, standing on 

opposite sides of the same base BC^ and let AD be joined. 

(BA:=^GA 
In AS BAD, GAD, \ AD = AD 

(bD = GD; 
.-. I BAD = I GAD, and z BDA = L GDA, I. 8 

6. Let ABG, DBG be the two isosceles triangles, standing on the 

same side of the same base BG, and let ^2> be joined and 
produced to meet BG at E, 
Suppose D to fall inside A ABG, 

I BA = GA 
In AB BAD, GAD, ]aD=^AD 

iBD = GD; 
.•. I BAD = z GAD, L 8 

( BA = GA 
In AS BAE, GAB, ] AE = AE 

i L BAE = z 04-^; 
.-. BE = CJ^. /. 4 

In AS J5i>^, 02)^, \dE=DE 

[ BE = GE; 
.'. L BDE^L GDE, 7.8 

7. Let E be the point where AD or AD produced cuts BG. 

Kepeat the previous solution, and at the end 
for L BDE = L GDE, 

substitute L BED = L GED ; and they are adjacent ; 
.*. each is right. 

8. On the given straight line as base describe two isosceles 

triangles ; the straight line joining their vertices, or that 
straight line produced will bisect the given straight line. 

9. Let ABGD be a rhombus or a square, AG and BD the two 

diagonals. 

ABD, GBD are two isosceles triangles on the same base BD, 
.'. by the seventh deduction from I. 8, AG bisects BD 
perpendicularly. 
Hence also BD bisects AG perpendicularly. 

10. This is equivalent to the seventh deduction &om I. 8. 

11. In A 8 ABG, DEF let AB = DE, AG = DF, BG = EF. 

Suppose A ABG to be lifted up, and placed so that B falls on 

E, and so that BG falls along EF ; 

then G will coincide with F, because BG = EF. Hyp, 
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Let, however, A ABC fall on the opposite side of EF from 
A DEF, and let G be the point where the vertex A falls ; 
then A OEF will represent A ABC. Join DO. 

Because EG = ED, .-. z EGD = z -&i>G^, /. 6 

and because FG = FD, .-. z -^C?i> = z -FiX?; /. 5 

.-. z j^C?i> + z FGD = z j^i>(? + z i?7>0f ; 

z JE?C?i?'= z EDF, that is, z J5^a=: z ^D^. 
Hence also z ABC = z D^i^, and z -4 GB = z i)i'^. 



PROPOSITION 9. 

1. In the proposition, as DCF, ECF were proved equal in all 

respects; 

.-. z DFG= L EFC. 

2. F might fall inside A DOE; it might fall outside A DCE ; it 

might fall on C, 

3. In the first position the demonstration remains the same as in 

the text, as may be seen by constructing the figura 

4. Yes ; because no use is made of the equality of the three sides 

of A DEFy but only of the equality of two of them, DF and 
EF. 

6. Because GD=:GE, .'. z CDE- z CED ; 1.5 

and because FD = FE, .'. z FDE = z FED; I. 5 

.-. the whole z GDF = the whole z GEF. 

I CD = GE 
In AS CDF, GEF, ] DF= EF 

( z (72)^= lGEF. 
.-. z Dai?* = z JS^Ci^, and z DFG => Z ^W. /. 4 

6. Bisect the angle, and then bisect the two halves of the angle. 

7. By continued bisections the number of parts into which an 

angle may be divided is extended to 8, 16, 32, 64, 128, &c. 

8. Let ABG be an equilateral triangle, and let AD bisect the 

vertical angle BAG, and meet BG at D. 

It may be proved, as in the eighth deduction from /. 4, that 

AD is ± ^(7 and bisects BG. 

Hence A ADB is right-angled, and BD = half of BG 

= half of AB. And since z BAD is half of z BAG, 

it is also half of z ABD. I. 5, Gor. 
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PROPOSITION 10. 

1. Yes ; beoaase no use is made of the equality of the three sides 

of A ABCy but only of the equality of two of them, AC and 
BO. 

2. In the proposition, as AOD, BCD were proved equal in all 

respects ; .'. l ADC = l BDC. 

Now these are adjacent angles ; .*. CD is ± AB, 

3. The figure ACBF is a rhombus; and it is proved in the ninth 

deduction from I. 8 that the diagonals bisect each other. 

4. On the given straight line as base and on opposite sides of it 

construct two equilateral triangles ; and join their vertices. 

5. 6. See the ninth deduction from L 8. 

7. Bisect the straight line, and then bisect the halves of it. 

8. By continued bisections, the number of equal parts is extended 

to 8, 16, 32, 64, 128, Ac 

9. Let ABhQ the given straight line. 

Produce ^ JS its own length to C7, and bisect BC at D, 

AD\a half as long again aa AB. 
10. Let BA and BC be the two given straight lines. 

Place BA and BC in the same straight line, but so that they 

are measured in opposite directions from B ; and bisect AC. 
1 L Let BA and BC be the two given straight lines. 

Place BA and BO iu the same straight line, but so that they 

are measured in the same direction from B ; and bisect AC. 
12. By the eighth deduction from L 4, or by reasoning similar to 

that in the proposition, BO is bisected at F, 

Now since AB = BO, .*. BD = BF. 

iAB=CB 

In AS ABF, OBD, \ BF = BD 

{ lB= lB; 
.-. AF^ CD. L A 



PROPOSITION 11. 



1. Yes ; because no use is made of the equality of the three sides 

of A DEF, but only of the equality of two of them, DF and 
EF. 

2. It would be necessary to produce the given straight line. 
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3. At the given point draw a perpendicular to the given straight 

line, and bisect either of the right angles so formed. 

4. Let AB be the given straight line (fig. to I. 11), and C the given 

point in it. 

At G6i9,wGF±AB; 7.11 

bisect L BCF by COy and L BGO by CH. L 9 

Then L BGH is one-fourth of a right angle. 

5. Take any straight line A By and at B draw BC ± AB and 

= -45. Join^a. 

6. Take any straight line AB, and at B draw BG 1. AB, 

With A as centre and a radius = twice AB, describe a circle 
cutting BG at G. Join AG. 

7. Let AB be the given straight line, G and D the given points. 

Join CA a°d bisect it at E. I. 10 

From E draw EF ± CD, and meeting AB or AB produced 
at F, L 11 

Join GF, DF. 

t GE=DE 
In AS GEF, DEF, \ EF = EF 

i L GEF= L DEF; 
.\GF=DF. 7.4 

The problem is impossible when EF does not meet AB, and 
that will occur when GD or GD produced is x AB. 

I AL = BL 

8. In A s ALO, BLO, \ LO = LO 

( I ALO= lBLO; 
' .-. OA = OB, 7. 4 

Hence also OA = OG ; ,\ OA = OB= OG, 

9. Proposition 9 becomes Proposition 11 when AG and GB, the 

arms of the angle ACB, are in the same straight line. 



PEOPOSITION 12. 



1. Not necessarily. 

2. In the proposition, A s GOE, GOF were proved equal in all 

respects ; .'. L EGG = l FGO. 

3. Yes ; because then 

( EG=FG 
in AS GGE, GOF, ] GO = GO 

i L EGO=^ I FGO; 
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.-. L COE = I COF; I. 4 

/. GO is J. AB. 

4. It would answer equally well if the circle described with G as 

centre and GD as radius cut AB or AB produced in two 
points. 

5. Let ABhQ the given straight line, G and D the given points. 

From (7 draw GE ± AB ; L 12 

and produce GE its own length to F. 

Join DF and produce it to meet AB a,t G, and join GO, 

( CE=FE 
In AB GEO, FEG, \ EO = EO 

( L GEO= L FEO; 
.'. L GOE^L FOE. /. 4 

The problem is impossible if i>^ produced does not meet AB» 

6. Let AB be the given straight line, G the given point without it. 

In ^^ take any two points D and E. 

With D as centre and DG as radius, describe a circle ; 

with E as centre and EG as radius describe a circle cutting 

the former again at F. Join GF. GF is X ^ JS. 



PROPOSITION 13. 

1. AED, GEB; AEG, DEB; BEG, DEA ; BED, GEA, 

2. B'OE, BOA, GOA, DO A, DOE. 

3. GBD, BGE, ABO, BOA, GFD, BOE, OBD, FOE. 

4. GOB, DOB, DOA, GOA. 

5. Because z AOG - L BOD; 

.-. L AOG-\- iGOD= lBOD-\- lGOD; 

lAOD = lBOG. 
Again because L AOD = L BOG ; 
.-. L AOD- L GOD = L BOG - l GOD; 
I AOG = I BOD. 

6. Let -Bi?" bisect i ABD, and BG bisect i ABO. 

Then z ABF + i ABO = half of ( z ABG + z ABD)-, 

L FBO = half of 2 rt. z s, /. 13 

= a right angle. 

7. The angles on the other side of the base are supplementary to 

the angles at the base ; and since the angles at the base are 
equal, the angles on the other side of the base must be equal 
also. 
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8. The angles at the base are equal ; 7. 5 

and the exterior angles are the supplements of the angles at 
the base; 
.*. the exterior angles are equal. 

9. Since z DBG ^ L ECB ; 

/. the supplement of i DBC = the supplement of z ECB ; 
.-. iABC=L ACB; 

.*. A ABG is isosceles. /. 6 

10. Since the exterior angles are equal, their supplements, namely 
the angles at the base, are also equal ; 
.'. the triangle is isosceles. /. 6 



PROPOSITION 14. 



1. If the square EFOH fall on the same side of CD as the square 

ABCD, then FG will fall along CB, because z EFG = 
Z DCB, If the square EFGH fall on the opposite side of CD 
from the square A BCD, then FO will be in the same straight 
line as CB, because the two adjacent angles at C 

= 2 rt. z s. /. 14 

2. Because z AEG = z BED; 

.-. z AEG + z BEG = z BED + z BEG 
But z AEG + z BEG = 2 rt z s ; /. 13 

.-. /: BED + I BEG =2rt. IB; 
.*. EG and ED are in the same straight line. /. 14 

3. Because z AEG = z BED, 

and z AED = I BEG; 

.-. z ^^(7 + z -4J£^Z) = z BED + z 5^(7. 
But z i4-£?(7 + z ^-272) + z JB-fi?i> + z BEG = 4 rt. z s; 

/. 13, Gw. 2 
.-. z i4-27C + z -4j^Z) = 2 rt. z s ; 

.*. (7^ and ^i> are in the same straight line. /. 14 

Hence also AE and EB are in the same straight line. 

I PM=QM 

4. In AS OMP, OMQy \ MO = MO 

i L PMO = L QMO; 
.-. z POM = z QOM. I. 4 

Hence also z PON = z i?OiV; 

.-. z POir + z POiV^ = z QOM + z jBOJ^. 
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But L POM + L PON = a right angle; 
.-. z POM + z PON + z QOM 
+ Z -ffO-y = 2 rt. z B ; 
.-. QO and Oi? are in the same straight 
line. /. 14 



6. No. 




PROPOSITION 15. 

1. Because z AEG + z AED = 2 rt. z s, /. 13 

and z j?^i> + Z il^D = 2 rt z s ; /. 13 

.-. z -4J^(7 + z AED = L BED + z uI^jD; 
z -4i^(7 = z jB^D. 

2. Because z BEG + z ^-^(7 = 2 rt. z s, /. 13 

and z uIj^jD + Z .^^(7 = 2 rt z s; /. 13 

.-. z -ej^a + z AEG = z ^J^jD + z u4-E?C7; 
.-. z jB^(7 = z .4i^i). 

3. Because z -BJ^(7 + z jBJ^jD = 2 rt. z s, /. 13 

and z AED + z 5^i> = 2 rt Z s ; /. 13 

z -B^(7 + z BED = L AED + z £.&jD; 
.-. z J5^(7 = z ^^2). 

4. Because z -4 J^i^ = z ^eJ^Qf, /. 16 

and z X)^i^ = Z C^Qf; /. 16 

.-. z 5^0f = z 0^(?. 

6. Because z -4J2?Z) = z jBJB^O; /. 16 

.-. half of z u4^i> = half of z 5^(7; 

z AEF = L BEG; 
.*. FE Skud EG are in the same straight line by the second 
deduction from L 14. 

6. If ED be not in the same straight line as GE, produce GE to F, 

Then z AEG = z BEF, I. 15 

But z AEG= L BED; 

Z -B^^ = z 5jKZ), which is impossible. 
Hence ED is in the same straight line as GE, 

7. Produce .4^ to meet BG at (?. 

Since z FBG = z i?^G5, .'. FB = i?^C. /. 6 

Since z ^-F^ = z GFG, and z i4i^i> = z ^J'G' ; 7. 16 

.-. z 5i?*G = z a^(?. 
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In A8 BFO, CFG, \ FO = FG 

( L BFG = l CFG; 
.-. BG = CG, and L BGF = z CGF. I. 4 

( BG = CG 
In AB 56?-4, CGA, \ GA = GA 

( z BGA = z CG^^; 
.*• ^^ = AC, and A ^jBC7 Ib isosceles. /. 4 



PEOPOSITION 16. 

1. Because ABE is a triangle, z AEF ox L BEG is greater than 

I A. 
Because ^jBOis a triangle, L ACD or L BCG is greater than 
I A. 

2. Because FBG is a triangle, l FCD is greater than L F, 
Because FEG is a triangle, z FCG is greater than z J^. 
Because ^^(7 is a triangle, z £^C7 or z ^^^ is greater than 

z i^. 
Sl Because ABE is a triangle, z AEF or z jB^O is greater than 
z il^J^. 
Because ^^C7 is a triangle, z ACD or z ^(76^ is greater than 
z i45C ; 
and therefore greater than z ABE, 

4. Because EBCia a triangle, z ^4(72) or z £C76^ is greater than 

z (75^. 
Because EBC is a triangle, z iij^^ or z CTi^i^ is greater than 
z (75^. 

5. Because j^£(7 is a triangle, z ^^£ or z GEF is greater than 

z ECB. 

6. Because ^jB(7 is a triangle, Z ^(7i> or z jBC7G is greater than 

z -B^C. 

7. This is the same as the fifth deduction, since z BGE is the 

same as z ^(75. 
a Because i^^C7 is a triangle, Z AEF or z £^C7 is greater than 

z J^(7J^. 
9. 
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10. If possible, from C let there be drawn to the given straight line 

AB two perpendiculars C7Z), GE. 

Then GDE is a triangle, and the exterior L CEB is greater 
than the interior opposite l GDE ; /. 16 

which is impossible, since they are both right angles. 

11. Because ED, a side of A ABD, is produced to G; 

.'. L ^DC is greater than L BAD, I, 16 

But L BAD = L DAG; 

.'. L -4 DC is greater than l DAG. 
Hence also L ADB is greater than L BAD, 

I AE=^GE 

12. (1) In AS AEF, GEB, \ EF ^ EB 

( L AEF=z L GEB; 
.'. AF= GB, 7.4 

(2) In the proposition, as AEB, GEF were proved equal; 
.-. A AEB + A BEG = A GEF + a BEG; 

,\ A ABG = A BGF. 

(3) In the proposition, As AEB, GEF were proved equal ; 
.-. A AEB + A AEF = A GEF + a AEF; 

.-. A ABF=£, AGF 

13. Let ABG be any triangle on the base BG (fig. to I. 16). 

Bisect AG Skt E; join BE, and produce it its own length to 

F, and join FG. 

Then, by the preceding deduction, A ABG = A FBG and 

AF = BG. 

Bisect GF at H; join Bff and produce it its own length to 

Kf and join KG, 

Then by the preceding deduction, A FBG = A KBG, and 

FK = BG, 

Hence A ABG = A FBG = A KBG, and AF = FK. 

Again bisect GK at L ; join BL, and so on. 

14. If possible, from the given point G let there be drawn to the 

given straight line AB, three equal straight lines GD, GE, 
GF, GE lying between GD and GF, 

Because DE, a side of A GDE, is produced to F, 
.'. A C'^i?' is greater than z GDE, I, 16 

Because GD = GF, ,', L GDE = L GFE ; I, 5 

.-. L C^i?' is greater than L GFE, 

But because GE = GF, ,', L GEF = L GFE; L 5 

which is impossible. 



Book I.] PROPOSITIONS 16, 17. 27 

Hence from G there cannot be drawn \io AB more than two 
equal straight lines. 
15. Let ABC be a triangle, and let ^i? be produced to D, and BG 
toE. 

Then i GBD is greater than i AGB, L 16 

and L AGEvA greater than i ABG ; L 16 

.-. z GBD + z AGE'VA greater than L AGB + L ABG. 
But z GBD + z AGE + z -405 + z -450= 4rt. z s ; /. 13 

.'. z GBD + z .40^ is greater than the half of 4 rt z s, 
that is, greater than 2 rt. z s. 



PEOPOSITION 17. 



1. If there were two right angles, the sum of these two would not 

be less than two right angles, as is necessary by L 17* 
Similarly, if there were two obtuse angles, or one right and 
one obtuse angle. 

2. This is the preceding deduction put in other words. 

3. If there could be two, they would with the given straight line 

form a triangle^ two of whose angles were not less than two 
right angles. 
4 Let ABG be a triangle. Take any point D in BG and join AD. 
Then z ADG is greater than z 5, /. 16 

and z ADB is greater than l G ; /. 16 

.-. z ADG + z ADB is greater than L B + L G, 
But z ADG + z ADB = 2 rt. z s ; /. 13 

.* . z jS + z O is less than 2 rt. z s. 
Now z B and z G are any pair of the angles of the triangle. 

5. Since the angles at the base of an isosceles triangle are equal, 

and since the two together are less than two right angles ; 
.*. each must be less than the half of two right angles ; 
.'. each must be less than a right angle. 

6. Since any pair of the angles of an equilateral triangle are equal ; 

.-.by the preceding deduction, each of this pair must be 
acute ; .*. all are acute. 

7. If the less were a right angle, then the greater would be greater 

than a right angle ; and the sum of the two would not be less 

than two right angles. 

If the less were obtuse, then the greater would be obtuse ; 

and the sum of the two would not be less than two right 

angles. 
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8. Let A, B, G denote the three interior angles of any triangle. 

Then A + BiBlesa than 2 rt z s, /. 17 

B ■\- Ob less than 2 rt z s, /. 17 

C -h AiB less than 2 rt. z s ; /. 17 

,\ 2A + 2B + 2Gia less than 6 rt z s ; 

.\ A + B + C ia less than 3 rt. z s. 

9. Let At B, O denote the three interior angles of any triangle, 

A\ R, 0' the three exterior angles adjacent iio A^ B^ C. 

Then A+A'-^-B-^R + C+G'^^Grtis. /. 13 

But A + B + G is less than 3 rt zs, by the preceding 
deduction ; 
.•. A' -{• B + G' is greater than 3 rt z s. 

10. Let ABG be a triangle, right-angled at A^ and let ill) be drawn 

± BG, AD must fall inside the triangle. 

If not, let AD meet BG produced at D, 

Since z 5^4 C7 is right, .*. z -4 C5 is acute. /. 17 

But I AGBia greater than z ADG; I. 16 

that is, an acute angle is greater than a right angle, 

which is impossible. 

11. Let ABG be a triangle, obtuse-angled at A, and let ^i> be 

drawn ± BG, AD must fall inside the triangle. 

If not, let AD meet BG produced at D, 

Since z BAGia obtuse, .*. z AGB is acute. /. 17 

But z AGB is greater than z ADG; /. 16 

that is, an acute angle is greater than a right angle, 

which is impossible. 

12. Let ABG be an acute-angled triangle, and let AD be drawn 

X BG, AD must fall inside the triangle. 
If not, let AD meet BG produced at D. 
Then z AGB is greater than z ADG. L 16 

But z AGB ia acute ; 

.'.an acute angle is greater than a right angle, 
which is impossible. 

13. Let ABG be a triangle, obtuse-angled at C7, and let AD be 

drawn ± BG, AD must fall outside the triangle. 

If not, let AD meet BG a,t D, 

Then z ADB is greater than z AGD; I, 16 

that is, a right angle is greater than an obtuse angle, 

which is impossible. 
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PEOPOSITION 18. 

1. For if the sides opposite them were nneqnal, the angles would 

be imequal, which they are not. 

2. For if any pair of its angles were eqoal, that pair of sides 

opposite to them would also be equal, which they are not. 

3. For, of the two angles, that opposite the less side is the less ; 

.*. by the seventh deduction from I. 17, it must be acute. 

4. Join BD. 

Because ^2> is greater than AB^ 

.'. I ABD is greater than L ADB, L 18 

Because CD is greater than GB^ 

.-. L OBD is greater than l CDB ; I. 18 

.-. I ABD + L CBD is greater than L ADB + L CDB; 

.*. L ^^(7 is greater than i ADC. 

By joining ACy L BCD may in like manner be proved 
greater than L BAD. 

5. I ABC is greater than L D ; I, 16 

.•. L ABC IB greater than z ACD, which = z D. /. 5 

Much more, then, is z ABC groAter than z ACB. 

{ AB = AE 

6. Jn t^B ABD, AED, \ AD = AD 

{ L BAD^L BAD; 
.-. z ABD = z AED, L 4 

But z AED is greater than z C ; L 16 

.*. z ABD is greater than z C. 



PROPOSITION 19. 



1. Let ABC be a triangle, right-angled at C, 

Then -4(7 is less than AB, /. 19, Cor. 

2. This is equivalent to the preceding deduction. 

3. Let ABC be a triangle, obtuse-angled at C, 

Since z 5 -h z (7 is less than 2 rt. z s, /. 17 

and z C7 is obtuse ; .'. i B is acute ; 
.*. AB is greater than AC, J. ig 

4. Draw the diagonal AC. 

Then z ACE is obtuse, since it is greater than z BCE ; 
.*. AE is greater than AC, by the preceding deduction. 



30 KET TO BUOLID'S ELEMENT& [BOOk I. 

5. If possible, from the given point O let there be drawn to the 

given straight line A By three equal straight lines GD^ CE, 
OF, GE lying between GD and GF. 

Then i GEFia greater than z GDE. L 16 

But L GDE = z CFEy since GD = GF ; L 5 

.-. L C^i?* is greater than l GFE ; 

GF is greater than GE. L 19 

Now GE was supposed = GF, 

6. For if it could, then there could be drawn to the given straight 

line from the centre of the circle more than two equal straight 
lines ; which is impossible, by the preceding deduction. 

7. By the eleventh deduction from L 16, L ADG is greater than 

L DAG, and z ADB greater than z BAD; 

.*. AGv& greater than C7Z>, and AB greater than BD, /. 19 



PROPOSITION 20. 



1. In connection with the requisite figure, write out, word for word, 

the construction and proof given in the text ; but wherever B 
occurs substitute (7, and wherever G occurs substitute B. 

2. Let ABG be a triangle, and let ADhQ drawn ± BG. 

Then AB \a greater than BD, and AG greater than CZ), by 
the first deduction from I. 19 ; 
.-. AB + AG is greater than BD + GD, or BG, 
HAD falls outside the triangle, the proof still holds, 
only instead of BG being equal to the sum of BD and GD, 
it is equal to their difference. 

3. In the seventh deduction from L 19, it is proved that AB is 

greater than BD, and AG greater than GD ; 
.'. AB + AG is greater than BD + GD, or BG. 

4. Let AD and BG intersect at 0. 

Then AG + 0(7 is greater than AG, 

and 50 + Oi) is greater than 52); 7.20 

.-. AG + CD + BO + OG is greater than AG + BD; 
AD + BG is greater than AG + BD. 

5. Let ABG be a circle whose centre is 0, and let AB be a 

diameter, and GD a straight line in the circle which is not a 

diameter. 

Join GO and produce it to meet the circle at E, and join OA 
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Then (70 + Oi> is greater than CD; L 20 

.-. (70 + O^ is greater than aZ>. 
But CO + OE = AO-¥ OB, or AB; 

. -. AB IB greater than CD. 

6. Let ABGD be a qnadrilateraL Join BD. 

Then ^(7 + (7i> is greater than ^2> ; /. 20 

.'. AB-^ BO + GD'iB greater than AB + BD. 

Now AB + ^2> 18 greater than AD; 

.-. ^.S + £(7 + (7i> is greater than AD. 

7. Let ABODE be a polygon. Join BE. 

Then BC + CD + DE is greater than ^J^, by the preceding 
deduction ; 

/. AB + BG+ GD + DE\b greater than AB + BE. 
Now AB + BEiB greater than ^J^; /. 20 

.-. AB+ BG +GD + 2>^ is greater than AE. 

8. Let be any point either inside or outside A ABG. 

Then AO ■¥ BOia greater than il^, 

£0 + (70 is greater than BG, 
(70 + ^0 is greater than (Til; 7.20 

.-. twice {AG + B0 + GO) is greater than AB + BG + GA; 
AO + BO + G0 w greater than half of {AB + BG 

+ GA). 
When is on one of the sides, aa AG, the only modi- 
fication to be made on the foregoing proof is to substitute 
GO -^^ A0 = GA, for GO + AOiB greater than GA. 

9. Let ABG be the triangle. 

Then AB +BG is greater than GA ; I. 20 

AB + BG + GA is greater than twice GA ; 
half of (AB + j8(7 + GA) is greater than GA. 
Again, AB +BG is greater than GA ; I. 20 

twice {AB + 5(7) is greater than il5 + 5(7+ GA; 
AB +BG is greater than half of {AB + BG 

+ GA). 

10. This is equivalent to the fonriih deduction. 

11. Let ABGD be a quadrilateral whose diagonals AG, BD inter- 

sect at O. 

By the preceding deduction, AG + BD is greater than 
AB + GD, 

and AG+ BD is greater than BG + DA ; 

.'. twice {AG + BD) is greater than AB + BG + GD + DA. 
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Again, AB + BG is greater than AC^ L 20 

and CD + DA is greater than AG; /. 20 

.-. AB + BG + GD+ DA is greater than twice AG, 
Hence also ^j8+ BG + GD + Dui is greater than twice ^i> ; 
. .-. twice [AB -^ BG+GD + DA) is greater than 
twice (AG -i- BD) ; 
/. AB + BG-^ GD + DAia greater than AG + BD. 

12. Let ABGD be a quadrilateral whose diagonals are AC, BD. 

Let Pf anj point different from the intersection of AG, BD, 
be joined to A, B, C, D. 

Then ulP + (7P is greater than ilC7, 

and 5P + i)P is greater than 52); 7.20 

.-. AP ■{■ BP + GP + DPiB greater than AG + BD. 

13. Let ^£0 be a triangle, AD the median from A. 

Produce AD its own length to E, and join EG. 

( BD^CD 
In AS 5i>i4, C2>^, I i>i4 = jD^ 

( L BDA = z GDE; I. 16 

.-. -45 = EG. I, 4 

Hence AB + AG ^ EG + AC. 

But -^(7 + -4C7 is greater than AE or twice AD; I. 20 

.*. AB + ilC is greater than twice AD. 

Again, ^5 - BD is less than AD, I. 20, Cor. 

and AG - CD is less than AD ; I. 20, Cor. 

.'. AB + AG - BD - (72) is less than twice AD; 

AB + AG - BG is less than twice AD. 

14. Let ABC be a triangle, AH, BK, GL the three medians. 

Then AB + BG ia greater than twice BK ; BG + CA is 
greater than twice GL; CA + AB \b greater than twice 
AH, by the preceding deduction ; 
.'. twice {AB + BG + CA) is greater than 

twice {AH + BK + GL) ; 
.-. AB + BG + GAia greater than AH + BK + GL. 

Again, AB + AG - BG is less than twice AH, by the 
preceding deduction, 

AB + BG - AGia less than twice BK, 
AG + BG - AB is less than twice GL; 
AB + BC + GA is less than twice {AH + BK + GL). 
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PEOPOSITION 21. 

1. Write out, word for word, the construction and proof given in 

the text ; but wherever B occurs substitute C, and wherever 
G occurs substitute B. 

2. Let AD produced meet BG at E, 

Then z ^D^ is greater than z BAD, L 16 

and z GDS is greater than z GAD; L 16 

/. z BDE + z GDEia greater than z BAD + L GAD; 

.*. z BDG is greater than z BAG, 

a AG + GBia greater than ^2> + i>5; /. 21 

.'. AB + AG + GBia greater than AB + il2> + D^. 

4. Repeat, word for word, the preceding prool 

5. Let ABG be the triangle, the point within it. 

Then AG + BO is less than BG + GA, I, 21 

BO + GO is less than 04 + AB, I. 21 

CO + -40 is less than AB + 50; /. 21 

.'. twice {AO + BO + GO) is less than 
twice {AB + BG ■{■ GA) ; 

.-. AO + BO + GOia less than AB + BG + GA. 

6. Let A 4jS0 and quadrilateral BDEG stand on the same base 

BG, and let the quadrilateral fall inside the triangle. Let 
DE produced meet 40 at ^. 

Then DF+ FGia greater than DE + EG; /. 21 

.-. BD + DF + ^O is greater than BD + DE + EG, 
Again, BA + AF is greater than BD + DF; L 21 

.-. BA + AF + FG is greater than BD + DF + FG ; 
,'. BA + AG is greater than BD + DE + EG ; 

.'. BA + AG + BGia greater than 5i> + DE + EG + BG, 
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PROPOSITION 22. 

1. If the circles intersect again at L, and LF^ LG be joined, 

L LFQ will fulfil the given conditions. 

2. LI. 

3, 4. When il = ^ + C?. we have fig. 1 ; when A is greater than 
^ + C, we have fig^ 2. 





Fig.L 



Fig. 2. 



5. Let ABOD be the given quadrilateral. 

Join AC ; 

make L EFOha,vmgEF= AB,FG = 5C, OE =: CA; /.32 
and on EO on the other side from Fmaike A ^(7i7 having 
e^iT = CD, and ZT^ = AD, I. 22 

EFGH is the required quadrilateral. 

6. Let ABCDE be the given rectilineal figure. 

Join AD; make a quadrilateral FOHK having FO =s AB, 
OH=BC, HK==CD, and KF=DA, by the preceding 
deduction ; 

on FKf on the other side from G and ff, make A iTl/^ 
having Jf -L = DE, LF = ^^. /. 22 

FGHKL is the required rectilineal figure. 



PROPOSITION 23. 

L Let AB be the given straight line, A the given point in it, and 
CDE the given angle. 

Produce ED to F ; and at ^ make an angle BAG = 
L CDF. L 23 



Botik I.] PR0P08ITI0NB 22, 23. 35 

2. Let ABhe the given straight line, A the given point in it, and 
CDB the given angle. 

From D draw DF X DSI; I. 11 

and at A make an angle BAG = I CDF, 
a Let ABG be a triangle, having iC^lA + iB. 

Atamake z £C2) = z ^,andleta2>meetil^at2>. 7.23 
Because l BGD ^ l B, .'. BD = OD, J. 6 

and A DBG is isosceles. 
And because i AGB = L A -{- i B^ 

.-. L AGD = I A,9sid.AD = GD; /. 6 

.'. A 2>^0 is isosceles. 

4. At without the angle AOB make ^ BOB = z ^102). /. 23 

Then z -^0(7 = z DOG, and z DOi^ = twice i DOG, 
Now z DOE = z DO-B + z 50-^ = z 2)05 + z Z)0 J ; 
/. z i>05 + z -DO-4 = twice z -DOa 

5. At O within the angle AOB make z ^0^= z AOD. I. 23 

Then z FOG = z i>Oa, and z DO-^ = twice z DOG, 
Now z 2>0^= z DOB - z -B0^= z DOB - z 1)0-4; 
z DOB - L DOA = twice z DOC 

6. Let AB\i^ one of the equal sides. 

At A make z BAG = the given vertical angle ; /. 23 

cut oS AG = AB, and join BG. 

7. Let BG be the given base. 

At B and G make z C^il and z ^C7.d each = the given base 
angle, and let BA, GA meet at A, I. 23 

8. Make BG = the given base ; at G make z ^C^d a right angle ; 

cut off GA = the given perpendicular; and join AB, 

9. Make BG = the given base ; at G make z BGA a right angle, 

and at B make z GBA = the given acute angle ; and let 
BAf GA meet at A, 

10. Make BG = the given base ; at B and G make z (7^ul and 

z ^(74 respectively = the given angles ; and let BA, GA 
meet at A, 

11. Make AB ^ one of the given sides ; at A make z ^uiO = the 

given angle ; cut off AG = the other given side ; and join BG. 

12. Make BG = the given base ; at B make z GBD = the given 

angle ; cut off BD = the sum of the other sides ; join GD, 

and at G make z DGA = z ^i)C. 

Let GA meet £i> at il. ABG is the required triangle. 

Because z ^02) = z ADG, .'. uiC = uiD; /. 6 

•*. BA + AG ss BD ss given sum of sides. 
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13. Make BG = the given base ; at B make l CBD =■ the given 
angle ; cut ofif BD = the difference of the other sides ; join 
CDy and at C make L DC A = the supplement of l BDC. 
Let GA meet BD produced at A. 

ABG is the required triangle. 

Because z AGD = l ADG, .'. AG = AD; L 6 

.*• BA - AG = BD = given difference of sides. 



PROPOSITION 24. 



AO=zBO 

1. In AS -405, BOG, \ OB = OG 

L AOBh greater than i BOG; 

.'. il5 is greater than 5(7. 7.24 

I AO=^AO 

2. In AS AOG, AOB, \ OG ^ OB 

\ L ulO(7 is greater than l AOB ; 
.*. AG is greater than AB, L 7A 

i AO = BO 
In AS AOG, BOG, \ OG - OG 

( L ^0(7is greater than l BOG; 
,\ AGS& greater than BG. L 24 

( BG=^GB 

3. In AS BGD, GBA, \ GD =^ BA 

( L BGD is greater than z GBA ; 
.*. BD is greater than GA. 1. 24 

4. Let z 5uli> be greater than z (74i>. 

( BA=tGA 

In AS 5-4A CI'ilA ] AD = AD 

( z 5il2> is greater than z C7i42>; 
.*. BD is greater than C7i>. 7. 24 

5. Repeat, word for word, the construction and proof given in the 

text. 
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PROPOSITION 26. 

1. In AB AOB, BOC, I OB = 00 

i AB is greater than BO; 
/. z. AOB is greater than z BOO, L 25 

(DG=AB 

2. In AS DGB, ABO, }OB = BG 

i DB is greater than AO ; 
.'. L DOB is greater than i ABO. L 25 

3. By the third deduction from L 24, BD is greater than AG. 

iDA^AD 
In AS DAB, ADO, XaB^BG 

( DB is greater than AG ; 
.*. L DAB is greater than l ADG. I. 25 

4. In Asi)-45,^Z>a,] il^ = -DC7 

( L DAB is greater than i ADG; 
.*. i>^ is greater than AG» /. 24 

iDG=^AB 
In AS 2)05, -45(7, ] 05 = 5(7 

( DB is greater than AG ; 
.«. z i>C5 is greater than i ABO. L 25 

I AD ^ AD 
6. In AS -42)5, -42)C, ] 2)5 = 2)(7 

( il5 is less than AG; 
.-. z ^2)5 is less than L ADG. I. 25 

But L ADB + L ADG = 2 rt z s; /. 13 

.'. z il2)5 is acute. 

iBA^GA 
6. In AS 5il2), CulA XaD^AD 

( 52) is greater than GD; 
.-. z 5ul2) is greater than z (7^12). /. 25 

7.' By the fifth deduction from I. 25, z ADB is acute, and 

.'. z 2l2)(7 is obtuse. /. 13 

( 52) = C72) 
In AS 52)0, 02)0, ] 2)0 = 2)0 

( z 52)0 is less than z 02)0; 
•'. 50 is less than GQ. L 24 
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PEOPOSITION 26. 

1. If A ABG be applied to A DBF, bo that B may fall on E, and 

80 that BG may fall along EF, then O will coincide with Fy 
because BO = EF; 

BA will fall along ED, because z -4-5(7 = z i)-^^; 
Oil II .F7>, II I ACB = z DFE. 

Hence ^ will coincide with D, and A ^^(7 with L DEF ; 
,\ AB = DE, AO=DF, /. A = i D, £^ ABC = A Z)j^^. 

2. Let il.0(7 be an isosceles triangle, having AB = AC ; and let 

AD bisect z ^. 

In AS ii52>, ACD, ] L BAD = z 042) JJyp. 

( AD^AD; 
.'. BD = az>, and z -4jDi? = z -42X7; /. 26 

/. AD is X -Ba 

3. Let ^^(7 be an isosceles triangle, having AB = AC; and let 

AD be ± -5(7. 

( Z ul-B2> = z -402> /. 5 

In c^bABD, ACD, \ z ADB = z ADC 

( AD = AD; 
.'. BD = CD, and z -Bi42> = z (7^42). /. 26 

4. Let .8-4(7 be any angle, .4-D its bisector; from E, any point in 

AD, let EF, EG be respectively X AB, AC. 

I L EAF^L EAG 
In AS -4JW, ilGf-2^, ] z J^J'.4 = z EGA 

( iljE? = il-fi?; 
.-. EF = i^a 7. 26 

6. Let AB be a given straight line, CE, DE, which intersect at E, 
the two other straight lines. 

Bisect z CED by EF, which meets AB or -4jS produced 
at G, L 9 

Then, by the preceding deduction, G is equidistant from CE, 
DE. 

6. Let -4 be a given point, B and C the two other given points. 

Join BC, and bisect it at D. /. 10 

AD is the required straight line. 
Draw BE, CF ± AD or -42> produced. 
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t L BDE = L ODF 1. 16 

In AS BED, CFD, \ L BED = l OFD 

( BD=:CD; 
/. BE = CF, I. 26 

7. Let A be the given point, BO, BD the two given intersecting 
straight lines. 

Bisect L CBD by BE; L 9 

from A draw AF ± BE, meeting BO and BD in O, H, 

I L GBF = I HBF 
In lbBFO, BFH, \ L QFB = L HFB 

( BF = BFj 
.*. £6^ = ^^, and ^ BG^iJ is isosceles. /. 26 



PEOPOSITION 27. 

1. It was proved in L 16, that L EAB = L EOF; 

.-. AB is II OF. I. 27 

I AE=OE 

2. In £^bAFE, 0BE,\ EF= EB 

i L AEF = L OEB; L 16 

.-. L AFE = z OBE; L 4 

.-.^jy'isll^a 7.27 

3. Because l AQE = l BQH, and z i>JJJ^ = L OHO; L 16 

.'. I BQH^L OHQ; 

.-. AB is II (72). 7. 27 

4. Because z 50^^ = L AGH, and z OHF = z DiTGf ; 7. 15 

.-. z ^(7Jy = z D^TG^; 

.•.-45is||C7Z>. 7.27 

5. Because z OfiTF = z OHD, 7. 16 

.-. z -4Gf^ + z Gf7r7) = 2rt. zs. 

Bat z ^6^^ + z AOH = 2 rt z s ; 7. 13 

.-. z AQE + z GfJJ7> = z -4(7^ + z ^40^5^/ 

z (?JJ2> = z ilG^lT; 
.-. AB is II Ci>. 7. 27 

6. Because z DHF = z 0^5^(7, 7. 16 

.-. i BOE+ I 0H0=2Tt, la. 

But z BOE + z 5(yJT = 2 rt z s ; 7. 13 

.-. z -BG^^ + z (?Jia = z ^G^J^ + z JJG'fi^; 

Z Q'jya = z 56;^; 7. 8 

/. AB is II C77>. 7. 27 
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7, 8. Let A BCD be a square or a rhombus. 
Join BD. 

(AD=GB 
In LB ADBy GBD, IDB = BD 

i AB = CD; 
.-. I ADB = L CBD; I, 8 

,\ADia\\Ba 7.27 

Hence also ABiaW CD, 

9. Let ABCD be a quadrilateral whose diagonals AC, BD bisect 
one another at E, 

I AE = CE 
In AS AEB, CED, ] EB = ED 

I L AEB^ lCED; L 16 

.-. L ABE^ L CDE; 7.4 

/. AB is II CD, 7. 27 

Hence also AD is 1| BC, and ABCD is a ||'». 



PEOPOSITION 28. 

1. Because L DHO + i DBF = 2 rt z s, 7. 13 

/. L BOE + L DHF= L DHG + i DBF; 

L BOE = I DBG; 
.-. AB is II CD. 7. 28 

2. Because l CBG + z CBF = 2 rt. z s, 7. 13 

.-. z AGE + z a7r/^= z CBG + z CTTZ^; 

z AGE = z O^Gf; 
.-. ABiBWCD. 7.28 

3. Because z DBF = z CJ^G^, 7. 15 

.-. z ^G^j& = z CBG; 

.-. i45 is II CD, 7. 28 

4. Because z CJJi^ = z I>^(?, 7. 16 

.-. z 5G^^ = z D-ffG'; 

.-. ul5 is II CD, 7. 28 

5. Let ABCD be a squara 

Because z -4 J5(7 + z jB(77) = 2 rt. z s, 
.-. ^jB is II CD. 7. 28 

Hence also ADiB\\ BC. 
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6. Because i A + i B = 2 rt ib, 

/. AD is II BO. I. 28 

Because iB-\-iO = 2rtiB, 

.-. AB is II GD, L 28 

Hence ABOD is a |r. 



PEOPOSITION 29. 

1. Because z J^G^JSr = z 6^-^(7, /. 29 

and z i4(?i? = z -BG^JET, and z DHF = z Gf^^C; /. 16 

.-. lAQE^lDHF. 
Again, because z ^(7^ = z i)J7(7, /. 29 

/. z 5Gj& + z DJy^ = z DEQ + z -D^jP*, 

= 2 rt. z s. /. 13 

2. Because the two interior angles which the straight line makes 

with the parallels are = 2rtzs; /. 29 

.*. if one of them be a right angle, so must the other. 

3. Let ABC be an isosceles triangle, having AB = AG ; and let 

DE drawn li BG meet AB, AG, or AB, AG produced, either 
below the base or through the vertex, at D, E, 
Because ADB (or ABD, DAB) cuts the parallels DE, BG, 

.-. z ADE = z ABC, I, 29 

Because AEG (or AGE, EAG) cuts the parallels DE, BG, 

.'. L AED = L ACB. /. 29 

But z ABC = L ACB; L 6 

.-. z ADE = L AED, and a ADE is isosceles. /. 6 

4. Let AB, BG be respectively || DE, EF, and drawn both in 

similar or both in opposite directions. 
Produce DE, if necessary, to meet BG at G. 
Then z ABC = z DOG, L 29 

= z DEF, L 29 

When ^^, DE are drawn in similar directions, 
but BG, EF are drawn in opposite directions, 
z ABC is supplementary to z DEF, 

For, as before, z ABC = z DGfC, /. 29 

= z G^^jP; /. 29 

and z (7i7i^ is supplementary to z D^^. /. 13 

5. Not necessarily. 

In the figure on p. 240 of Elements qf EucUd, 
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L CAB = L EDA, and CA is |1 ED, 
but AB is not || DA, 
6, 7. Let If be the middle point of QH (fig. to L 28), and let MN 
be drawn through 2/, and terminated by the parallels. 

( L MQL = L NHL L 29 

In AS GLM, HLN, I L QML = L HNL I. 29 

( LO = LH; 

.-. LM = LN, and OM = JET^. /. 26 

8. Let ABO be an isosceles triangle, having AB = AC; and let 

^^ be parallel to BC, and BA be produced to 2>. 

Then l DAE = z ABC, and z J^il(7 = i ACB. /. 29 
But L ABC = z -4(75; /. 5 

lDAE=iEAC. 

9. Let ABC be a triangle, having BA produced to 2) ; and let AE, 

which bisects l CAD, be || BC. 

Then z DAE = z ^5(7, and z -&^a= z -4(75. /. 29 

But z DilJ^ = z -^^(7; JJyp. 

z ilj8(7 = z ul(75, and a ^5(7 is isosceles. 7. 6 

10. Let ABCD be a ir, and let its diagonals AC, BD intersect at E. 



I z ADB = z (75i> 


7.29 


In AS ADB, CBD, \ z ABD =s z (7i>5 


7.29 


( DB=BD; 




.'. AD = (75. 


7.26 


( L ADE = z CBE 


7 29 


In AS ^^2>, (7JK5, ] z Z)^^ = z 5(7j& 


7.29 


( AD = (75; 




.-. AE = CE, DE = BE, 


7.26 


11. Because z (7i>^ = z D^i^, each being right, 




CD is II ^jF'; 


7.27 


z DCTF = z ^^(7, 


7.29 


= z -^C^. 


7.6 



PEOPOSITION 30. 

1. Let ABCD, EBCF be Ij'", having a common base 5(7. 

Since .47> and EF are both || BC, 7. Drf. 33 

.-. ADbiWEF, 7.30 

2. Since AB is || JKF, .•. z uiaTT = z HKF ; 7. 29 

and since CD is || ^^, .'. z G^-ffi) = z ^JTJ^; 7. 29 

.-. z ^flfTT = z GTTD, and ^5 is || CD. L 27 
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PEOPOSITION 31. 

1. From A draw AD ± BG, L 12 

and at A draw AS X AD, and produce EA to F. I, 11 

Because /. BAD + i ADB = 2 rt ii s, 
.-. EFiBWBG. 7.28 

2. Let A be the given point, BC the given straight line, and D the 

given angle. 

Through A draw EF \\ BG ; I. 31 

at A make i EAO = i D, L2S 

and let AG meet BG at (7. 

Because EFia \\ BG, .'. L AGG = i EAG, I. 29 

= I D, Gonst, 

3. Let A be the given point, BG, BD the given intersecting 

straight lines. 

In BG take any point E, and from BD cut oflF ^-F* = BE; 1. 3 
join EF, and through ^ draw A GH \\ EF, L 31 

meeting BG at (7, and BD at ^. 

Because BE = 5i^, .'. z BEF = z ^i?"^. 7. 6 

But z 5^^= z BGff, and z ^J?"^ = z ^^G^ ; 7 29 

z BGff = z ^fi'Gf, and A BGH ia isosceles. 7. 6 

4. Let ^^, C7i) be the parallels, E the given straight line, and P 

the given point, not situated in ^^ or GD. 

Take any point i^ in AB, and with F as centre and a 
radius = E, describe a circle cutting GD in G and ff; join 
J^(?, #5; and through P draw PJlf JV || FG, and PQi? || i^^, 
the points M, Q being on AB, and iST, i? on GD, 

Then i^(?iOf and FffBQ are m ; 7. Def. 33 

and ^0^ may be proved == MN, and Fff = Qi?, as in the first 
part of the tenth deduction from 7. 29. 
But FG and FH are each = E; 
.•. ifcf^ and QR are each = E. 

If the circle described with F as centre and a radius = E 
meets GD in only one point, there can be only one solution ; 
if it does not meet GD at aU, the problem is impossible. 
The circle will not meet GD at all when E is less than the 
perpendicular drawn from F to GD, 
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PEOPOSITION 32. 

1. The vertical angle of the isosoeles triangle is right, since if either 

of the base angles were right, the other also would be 
right. /. 6 

Hence the two base angles must be equal to a right 
angle ; /. 32 

and since they are equal, each must be half a right angle. 

2. Let A and D denote the vertical angles of two isosceles triangles 

ABC, DEF. 

Since lA+iB'{'CC=iD + iE'¥iF, /. 32 

and L A ^ L D; 
.-. lB + lC-iE-\-lF, 
But z 5 + z C = twice z B, 
and. I E + I F = twice i E; I. 6 

twice I B ss twice z E, and i B = i E. 
Hence also z G = i F, 

3. Let z -4 of A ABGhe = i B + i O. 

Then lA + iA = iA + iB + iG; 

twice z -4 = 2 rt. z s ; /. 32 

z -4 = art. z. 

4. Let I A of ta ABG be greater than i B •¥ l C. 

Then z -4 + z -4 is greater than lA+lB + ^C; 

twice z ^ is greater than 2 rt. z s ; /. 32 

z ^ is greater than a rt. z . 

5. Let z -4 of A ABG be less than i B + i G, 

Then z -4 + z -4 is less than lA+iB-^iG; 

twice A A ia less than 2 rt. z s ; /. 32 

z ^ is less than a rt. z . 

6. Since a right-angled triangle has one of its angles equal to the 

simi of the other two, this deduction is the same as the third 
from L 23. 

7. In the proof given of the third deduction from L 23, it is shown 

that AD, BD, GD are all equaL 

8. Let BG be the given straight line. 

On BG as base describe any isosceles A DBG; 
produce BD its own length to -4, and join AG, 
Then z DGA - L A, and z DGB = z B; I. 6 

z AGB = L A -¥ I B; 
.'. z AGB is right, by the third deduction from L 32. 
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9. Since all the angles of an equilateral triangle are equal, 

and since they are together = 2 rt z s ; /. 32 

.*. each angle = one- third of 2 rt. z s, 
= two-thirds of a rt. z . 

10. Let L ABC be right. 

On BG describe an equilateral A DBG, I. 1 

Then by the preceding deduction l DBG = two-thirds of a 
rt L ; 

.-. L ABD = one-third of i ABC, 
Bisect L DBG to obtain the other thirds of L ABC. 

11. Since l B- L DAB, and z (7 = z EAG, I, 29 

.'.i B ■{- I G+ I BAG = z DAB + z EAG + z BAG, 

= 2 rt. z s. 7. 13 

12. Let the vertical angle be two-thirds of a right angle, or one-third 

of two right angles ; 

then the sum of the base angles is two-thirds of two right 

angles. 

Now since the base angles are equal, each is one-third of two 

right angles, and the triangle is eqmlateraL 

Again, let one of the base angles be two-thirds of a right 
angle, or one-third of two right angles ; 
then the other base angle is also one-third of two right angles ; 
and consequently the vertical angle must be one-third of two 
right angles, and the triangle is equilateral. 

13. The exterior vertical angle is equal to the sum of the base 

angles. /. 32 

But the base angles are equal ; /. 5 

.'. each of them is half of the exterior vertical angle. 

14. Let ABC be an isosceles triangle, having AB = AG; let BA be 

produced to D, and let z GAD be bisected by AK 
By the preceding deduction, z EAG = z AGB; 
.'. il^ is II 5a 7.27 

15. Each angle of an equilateral triangle = ^ of 2 rt z s ; 

six such angles = 4 rt. z s. 

Each angle of a square = a rt z ; 

four such angles = 4 rt. z s. 

All the angles of a regular hexagon = 8 rt. z s ; 7. 32, Cor, 3 

and since all the angles are equal, 

. * . three such angles = 4 rt. z s. 
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16. A right angle can be divided into 4, S, 16, 32, 64, &c. equal 

parts, and also into 6, 12, 24, 48, 96, &c. equal parts. 
See Elements of Sudid, p. 239. 

17. This deduction is part of VI. 8. See Elements ofEudid, p. 302. 

18. Let ABO be a triangle, right-angled at C, and let D be the 

middle poiat of the hypotenuse AB, 



Indirbcjtlt. 

If DG be not = DA or DB, suppose it greater. 
Then i A ia greater than z DGA, 
and z ^ is greater than z DCB ; 

L A + L Bv& greater than i ACB ; 

I A + I B + I ACB IB greater than 2 rt. z s, 
which is impossible. 
Similarly, DC is not less than DA or DB, 



L 18 
/. 18 



7.32 



In LB ACDy BED, 



i 



Directly. 

Produce CD its own length to Ey and join EB. 

AD = BD 
DC^DE 
ADC = z BDE; 
.-. AC -BE, L ACD- L BED, 
Because z ACD = z BED, .*. ^Cis || BE; 
.-. z ACB + z EBC=2Tt. zs; 
.-. z EBCiBTight 

I AC=EB 
In AS ACB, EBC, ] CB = BG 

i L ACB = z EBC; 
.-. AB = EC; 
.-. halfof-45 = halfof ^(7, 
or ^7) = CD, 
19. Let Z)^, DF be respectively 
± ^5, AC, 

Then ulJ^Di?' is a quadri- 
lateral ; 

.*. its four interior angles 
= 4 rt. z s. 

But z AED + z AFD = A 
2rt. zs; 

.-. I A + L EDF= 2rt. zs; 
. * . z ^ is supplementary to z EDF, 



Hyp. 
Const, 
I, 15 
7.4 
7.27 
7.29 



7.4 
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Again L EDO is supplementary to z EDF ; I, 13 

.-. L A= L EDO, 

20. Let O be a point inside ABODE (fig. to I. 32, Cor. 3) ; join O 
to A, B, 0, D, E, 
Then there are as many triangles as the figure has sides ; 

.'.all the angles of these triangles are = twice as many 
light angles as the figure has sides. 

But all the angles of these triangles make up the interior 
angles of the figure together with the angles at ; 
and the angles at are = 4 rt. z s ; 

. * . the interior angles of the figure, together with 4 rt. z s, 
are = twice as many right angles as the figure has sides. 
If the figure has n sides, 

then its interior angles + 4 rt. z s = 2n rt. z s ; 
therefore its interior angles = (2» - 4) rt. z s. 



PROPOSITION 33. 

1. The proposition itself. 

2. If one pair of opposite sides be equal and parallel, the other pair 

wiU be equal and parallel ; /. 33 

. * . the quadrilateral is a |I™. 

3. They bisect each other. 



PROPOSITION 34. 

1. Let ABDG be a ir (fig. to L 34), and let AB = AG. 

Since AB = CD, and AC = BD, L 34 

BD = CD, and all the sides are equal. 

2. Let ABDChQ a ir, and let z il = z ^. 

Since Zii+z5 = 2rt. Zs, /. 29 

L A and z B are each right; 
I D and z C are each right. /. 34 

a Let ABDC be a Ij"", and let z il be right. 

Since Z-4 + z5 = 2rt. zs, /. 29 

.'. z i? is right; 

Z O and z D are each right. I- 34 

D 
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4. Let ABGD^ EFOH be two ir% having l A ^ l E, 

Since L A Jt L B = 2t^ tn^ 1.29 

Bsad I E + I F=2rt. IB; 1.29 

.". L A •\' I B = I E ■{■ L F; 

lB=^iF. 
Now, L A^l C.Kadi L E^ I Q; /. 34 

.-. I G =^L O. 

And iBssiD,aJidLF=^iff; J. 34 

.-. lD^lH. 

6. Let ABDO be a quadrilateral (fig. to L 34), having AB ^ CD^ 
and AG = BD. 
Join BG. 

lAB^DG 
In AB ABGt DGB, ] BG = CB 

IGA =BD; 
.•. z ABG= L DGB, and z ^(75 = z DBG; L 8 

.*. ^5 is II GD, and ulOis || BD; I. 27 

.•. ^5i>(7iBa|r. 

6. Let ABGD be a quadrilateral, having i A ^ i G^ and 

z jB = z D. 

Then iA^iB = iG+lD. 
But zul+ZjB + z(7+zD = 4rt. zb; /. 32, Gor. 2 

.*. z ^ + z 5 = 2rt. IB; 

.-. ilDiall^a 7.28 

Similarly, ui^ is || DG, and the quadrilateral is a jj™. 

7. Let ABGD be a ||», and let ilC = BD. 

iAB=DG 
In AB -45(7, DGB, \bG = GB 

{AG=DB; 
.'. z ABG= I DGB. LB 

But z ABG + z DOB = 2 rt. z s ; /. 29 

. * . z ilBC and z iXTfi are each right ; 
. * . z uli>(7 and z i>^5 are each right ; 7. 34 

and the H"^ is a rectangle. 

& Let ABGD be a |j«, and let AG, BD bisect the angles through 
which they pass. 
. Then z ADB = z (7B7). 7. 29 

But z C5i> = z ABD; 

.•. z -4D5 = z ^-BA and ^5 = ^7>. 7.6 

Hence by the first deduction from I. 34, the |i"> is a rhombas. 
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9. Let A BCD be a fl"^, and let AC, BD cut each other perpen- 
dieularly at E. 
By the tenth deduction from I. 29, AE = CE, BE = DE. 

( BE=DE 
la d.a AEB, AEDA EA = EA 

( I BE A = L DEA ; 
.-. AB = AD. /. 4 

Hence by the first deduction from I. 34, the H"^ is a rhombus. 

10. Since the diagonals are equal, the ||°^ is a rectangle ; 

and since they cut each other perpendicularly, the li™ is a 
rhombus ; 
. * . the il™ is a square. 

11. Let BG be the given straight line (fig. to L 34). 

Through B and G draw the parallels BA, GD; 
and through B and G draw the parallels BD, GA. 
Join AD. 

The figure ABDG is a ir ; 
. * . by the tenth deduction from I. 29, ^12) bisects BG. 

12. Let ABGD be a H"", and let AG, BD intersect at E; through E 

let there be drawn any straight line FEQ, meeting AD and 
BCini^'andG'. 

I L AFE = L GQE I. 29 

In AS AFE, GQE, \ l FAE = l QGE I. 29 

( AE = GE; 
.'. FE = OE, and A AFE = A GOE. I. 26 

From A ABG, which is half of the ir ABGD, L 34 

take away a GOE, and add on A AFE; 
then the figure ABOF is half of the ir ABGD. 

la Let -45(71) be a ir, P any point. 

Join AG, BD intersecting at E; join PE, and produce it to 
meet a pair of opposite sides of the ||™. 
The proof follows from the preceding deduction. 

14. Let ABG be a triangle, L and K the middle points of AB, AG. 
Produce LK its own length to M, and join GM. 

I AK = GK 
In AS AKL, GKM, \ KL = KM 

{ L AKL = L GKM; /. 15 

.-. AL = GM, and l KAL = i KGM. /. 4 

^o^AL^BL; .\BL = GM. 
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And since L KAL = l KOM, 

/. BL is II CM; L 27 

.-. LBCM is a ir. /. 33 

Hence LM is I| BG, and = BG ; 
.-. LK is I) BGy and = half of BG. 

1& Let ABG be a triangle, H, K, L the middle points of BG, GA, 
AB. 

From the preceding deduction it follows that ALHK, 
BHKLy GKLH are |J"", of which KL, LH, HK are dia- 
gonals; 
.•. each of the triangles ALK, BEL, GKH = a HKL. 

16. Let JT*, IT, 2/ be the middle points of the sides of a triangle ; 
to oonstmct the triangle. 

Join HK, KL, LH ; through H draw BG \\ KL, 
through K draw GA \\ LH, and through L draw AB \\ HK, 

ABG is the required triangle. 
For ALHK, BHKL are |p» ; 

.-. AL = HK, and BL = HK ; L 34 

,\ AL=i BL, or L is the middle point of AB. 
Similarly, H and K are the middle points of BG, GA. 



PROPOSITION 35. 



1. The II™ then become ABGD, DBGF ; 

and they are equal, since each is double of A DBG. L 34 

2, Let ABGD, EBGF be two equal \Y^ on the same base BG, and 

on the same side of it. 

If AD, or AD produced, be not in the same straight line 
with EF, let it cut BE and GF, or these straight lines pro- 
duced, at O and H. 

Then QBGH is a ||» and = ABGD. L 35 

But ABGD = EBGF; 
.'. OBGH=EBGF, 

which is impossible, since the one is a part of the other. 
Hence AD and EF must be in the same straight line ; 
that is, ABGD and EBGF are between the same parallels. 
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3. Let the figure be lettered as in the fifteenth deduction from 

L34. 

Then ||» ALHK and |i» BHKL are on the same base HK^ 
and between the same parallels AB^ HK; 
.-. r ALHK = r BHKL. 
Similarly, r BHKL = r CKLH. 

4. Let ilJ^OD be the given ir (fig. to L 35). 

With B as centre, and radius BG^ describe a circle cutting 
AD or AD produced at E ; join BE^ and through G draw 
CF il ^^, meeting ^D or AD produced at F, 

EBGF is the required rhombus. 
For EBGF is a ir, and = ir ABGD ; L 36 

and EBGF is a rhombus, by the first deduction from L 34. 

If the circle, with B as centre, and BG as radius, do not 
cut AD or AD produced, construct the rhombus on the base 
AB. 

5. Because AD = BG, and BF = BG, L 34 

.-. AD = EF. 

Add to, or take away from, these equals DE ; 

then the whole or remainder EA = whole or remainder FD. 

t EA=FD 
In AS EAB, FDG, ] AB =: DG 7. 34 

( I EAB = L FDG; I. 29 

.-. A EAB = L FDG. /. 4 

Ob, 

As before, prove EA = FD. 

iEA=:FD 
In £,bEAB, FDG, ]aB=DG L 34 

( BE = GF; L 34 

.-. A ^-4-B = /i FDG. L 8 



PEOPOSITION 36. 



1. Because BG = J^(?, and BG = uli>, B^fp., /. 34 

.-. AD = FO. 
And because AD is || ^(7, 
.-. AFOD is a 0"». 
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Now r ABOD = ir AFOD, I. 35 

and \r EFGH = \r AFOD ; 1.35 

.'. ir ABCD = r i^^G'^. 

2. Let ABGD be a r. 

Bisect BO at ^, and through E draw ^i^ || AB, meetmg AD 
mF. 

Then ABEF, FECD are ||™% 

and they are equal, because they are on equal bases BEj EG, 
and between the same parallels AD, BG ; L 36 

.'. II™ ABGD is divided into two equal ||"». 

3. In two way& AB may be bisected at E, and EF drawn || BC. 
4 Let ABGD, EFGH be two ||™ between the same parallels 

AHy BO, but let the base BG be greater than the base FO. 
From BG cut oflf BK = i^G^, and through K draw ^-& || AB, 
meeting AB at Xr. 

Then |r -45Jf 2> = ir EFOH, L 36 

But ir ABGD is greater than |i» ABKL ; 
.-. ir -4-50/) is greater than ir EFOH, 

5. Of two 11™* which are between the same paraUels, that which is 

the greater stands on the greater base. 

Let ABGD, EFGH be two \\^ between the same parallels 
AH, BO, but let ir ABGD be greater than H"" EFOH 

The base BG cannot be = the base FO, 
for then ir ABGD would be = ir EFOH. I. 36 

The base FO cannot be greater than the base BG, 
for then ir EFOH would be greater than ir ABGD, by the 
preceding deduction ; 
.'. the base BG is greater than the base FO. 

6. Let ABGD, EFOH be equal \\^ between the same parallels 

AH, BO. 

The base BG cannot be greater than the base FO, 
for then ir ABGD would be greater than ir EFOH by the 
fourth deduction. 

For a similar reason the base FO cannot be greater than the 
base BG; 
.\BG=FO. 
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PROPOSITION 37. 

1. Because lb DBC, EBG are on the same base BC and between 

the same parallels DE, BC, .*. they are equal. /. 37 

Because as BDE, CED are on the same base DE and 
between the same parallels BG^ DE, . * . they are equal /. 37 
Because a BDE = A CED, 
.-. A BDE + A ADE = A CED + a ADE; 
A ABE = A ACD. 

2. Because a ADC = a BDC. 1. 37 

.•. A ADC - A GDC = A -Bi>a - A GDC; 
A AGD=:di BGC. 

3. If -42) were = BC, ABCD would be a ir ; 

and AS il£C7, DBG would be equal, sinoe each is half of the 
ir ABCD. 

4. Let ABCD be the given quadrilateral. 

Join AC, and through D draw DE \\ AC to meet ^C7 pro- 
duced at E ; join AE. 

Then a -4(7^ = A ACD; /. 37 

.-. A ACE + A ^5(7 = A ACD + A ABC; 
A ^^JT = quadrilateral ABCD. 

5. Join Z)C> and through A draw ^ J^ || DC to meet jSC7 produced 

AtE; joia DE. 

Then a i>GZ^ = A ADC; I. 37 

.-. A DGE + A DBG = A -4i)(7 + a DBG; 
t^DBE^£,ABG. 



PROPOSITION 38. 



1. Let ABC, DEE be two triangles between the same parallels 

AD, BF, but let the base BC be greater than the base EF. 

From BC cut off BK = EF^ and join AK. 

Then a ABK = a D^^. /. 38 

But A ABC is greater than A ABK; 
. • . A ABC is greater than a DEF. 

2. Of two triangles which are between the same parallels, that 

which is the greater stands on the greater base. 

Let ABC, DEF be two triangles between the same parallels 
AD, BF, but let A ABC be greater than a DEF. 
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The bac^ BO cannot be = the base EF^ 
for then l. ABOwoiM be = A DEF. I. 38 

'tUhe base EF cannot be greater than the base BO, 
for then A jDi^^ would be greater than a ABO, by the pre- 
ceding deduction ; 
. *. the base BO is greater than the base EF, 

3. Let ABO, DEF be two triangles between the same parallels 

AD, BF, but let the base BO be double of the base EF. 

Bisect BO at O, and join AO, 

Then A ABO is double of A ABG. I. 38, Oor. 

But A ABO = A D^^; /. 38 

.*. A ABO is double of a DEF. 

4. Let A BOD be a ||"^, and let its diagonals AO, BD intersect at E. 

By the tenth deduction from L 29, the diagonals of a li™ 
bisect each other ; .\ AE =: EO, and BE = ED. 
Because AE = EO, .*. A AEB = a OEB. I. 38 

Because BE = ED, .\ a OEB = A Ci^Z). /. 38 

Similarly, A OED = a AED; I. 38 

.-. the four as AEB, AED, OEB, OED are all equal 

5. Let ABOD be a quadrilateral, and let the diagonal ^(/bisect 

BD at E. 

Because BE = ED, 
.-. A AEB = A AED, and A OEB = a (7^i>; /. 38 

.•. L AEB -^-b. OEB = L AED -k- L. OED ; 

.-. labo = /i ado. 

6. Because -4jBC72) is a ir, . • . AD = BO. I. 34 

Because As AFD, BEO are on equal bases AD, BO, and 
between the same paraJlels AE, BF, 
.-. £^ AFD = A BEO. /. 38 

7. Because AK = OK. 

.'. A AKB = A OiT-B, and A AKG = A OiTGf; /. 38 

.-. A AKB - A AKG = A 0KB - A CZG'; 
.-. A AOB =£iBGO. 

Hence also, L AGO = L BGO ; 
.'. L BGO = £, AGO =: A AGJT. 

8. Join AO cutting BD at E. [Suppose P to be situated in ED, 

The demonstration is easily modified to suit any other position 
of P.] 

Because AE = EO, by the tenth deduction from L 29, 
.-. £^ AEB = £, OEB, and L AEP = lOEF;' 1.38 
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.-. A AEB + A AEP = L CEB + L CEP; 
.-. t^'PAB = £,PGB. 

Because AE = EG, 
.-. A AED = A CED, and a -4-&P = A CEP; L 38 

.-. t, AED -t. AEP = aCED-aCEP; 
.-. L'PAD-t^PCD. 
9. Let ^£(7 be a triangle, D any point in ^jS. 

Bisect BC at J^; join AE, DE^ and through ^ draw 
AF II i)-g?, and join DF, 

Then a -42)^ = A DEF ; I, 37 

.-. A ADE + A DBE = A jD-EF + A DBE; 
.-. A ABE = t. DBF. 

But A ^5^ is half of A ABC; L 38, Cor. 

.-. A D-BJ'is half of A ABC 



PEOPOSITION 39. 

1. Let ABC be a triangle (fig. to App. I. 1), L and K the middle 

points of AB and AG. 

Join BK, CL. 

Then A BLK = A ALK, and A C72>if = A ALK ; L 38 
A BLK = A CJ&JT; .-. LKiA \\ BC. I. 39 

The rest of the proof is the same as in App. L 1. 

2. Let ABC be a triangle, right-angled at C ; and let jL, the middle 

point of the hypotenuse AB, be joined to C, 
Bisect AC at K, and join KL. 
Then LK is || BC, by the preceding deduction ; 
.-. I AKL = I ACB; L 29 

.*. L AKL and l CKL are right. /. 13 

( AK=CK 
In AS AKL, CKL, \ KL ^ KL 

( L AKL^L CKL; 
.'. AL^CL. /. 4 

3. Let ABCD be a quadrilateral, E, F, O, H the middle points of 

AB, BC, CD, DA. 

Join AC;BD. 

Then EF and G^J? are each || AC, and = half of AC, by 
the first deduction from I. 39 ; 
.-. EF\a\\QHaiidi = QH. 
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Hence also FG is |1 HE and = HE; 
,\ EFOHiatk\ir. 

AgiaiREF+ G^J7= ^(7, by the first deduction from I. 39; 
and FO + HE = BDy for the same reason ; 
.-. EF+FO + OH + HE = AO + BD, 

If AO, BD intersect each other at O perpendicularly, then 
the angles E^ F, O, H of the |i'>^ may be proved to be respec- 
tively = the angles at ; /. 34 
. * . the ir EFOH is a rectangle. 

If ^O be » BD, then EF and QH, being each half of AC, 
will be = FO and HE, which are each half of BD ; 
.'. the r JEri^(7^ is a rhombus. 

ltAGhe = BD, and it AG, BD intersect each other per- 
pendicularly, then the U'^^ EFOH is both a rhombus and a 
rectangle ; that is, it is a square. 

4. Let ABG, DBG be two equal triangles on opposite sides of the 

same base BG, and let AD, BG intersect at E, 

If AE be greater than DE, then a AEB is greater than 

A DEB, and A AEG is greater than L DEG, by the first 
deduction from I. 38 ; 

.-. A AEB + A AEG is greater than a DEB + A DEG; 

.*. A ABG is greater than A DBG, which is impossible. 
Hence also DE is not greater than AE ; 

.-. AE = DE. 

5. Let A be the given pointy BG the given straight line. 

Join BA, and produce it its own length to D; 
join GD, and bisect it at E, 
Then AE is |1 BG. 

6. It is proved in I. 16 that A AEB = A GEF; 

.-. A AEB + A GEB = A GEF + A GEB; 

.-. A ABG = A FBG; 

.\AFia\\BG. 1.39 

7. Let ABGD be a quadrilateral, AG, BD its diagonals. 

Because A ABG = A DGB, since each is half of the quad- 
rilateral ABGD, 

.-. AD is II BG. I. 39 

Hence also AB is || aZ>, and ABGD is a ir. 

8. Let ABG be the given triangle. 

Bisect BG, GA, AB at H, K, L ; join HK, KL, LH 
See the fifteenth deduction from I. 34. 
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PEOPOSITION 40. 

1. For z^ ABG = A AEF ; L 38 

.-. A AEF= A DBF; 

.\AD\a\\BF, J. 39 

2. For A DEF= A DBG; L 38 

.-. A ABG=: A DBG; 

.'. AD is H BF. I. 39 

3. Let A, B, Ghe the vertices of any three of the triangles. 

Then ii A, B, G he not in the same straight line, through B 
there will be drawn two straight lines AB, BG, both of 
which are parallel to the straight line in which the bases lie, 
which is impossible. /. Ax. 11 

4. Let ABGf DEF be equal triangles between the same parallels 

AD, BF. 

The base BG cannot be greater than the base EF, 
for then A ABG would be greater than a DEF, by the first 
deduction from L 38. 

For a similar reason, EF cannot be greater than BG ; 
.\BG = EF, 

5. Let ABGDf EBGF be two trapeziums on the same base BG, 

and between the same parallels AF, BG; and let AD be 
=:EF, 

Join BD, GE. 

Then A ABD = a EGF, and A DBG = A EBG; L 38 
.-. A ABD + A DBG = A EGF + a EBG; 
trapezium ABGD = trapezium EBGF, 

6. Let ABG be a triangle, AH the median from the vertex to the 

base BG; let DE be || BG, meeting AB, AG &t D, E, and 
the median AH &t F. 

Then A ABH = A AGH, and a DBH = a EGH; L 38 
.-. A ABH - A DBH = A AGH - a EGH; 
.-. lADH=£^AEH; 
.*. DE is bisected by AH, by the fourth deduction from L 39. 

7. Let DE be the given straight line. 

Draw any straight line BG || DE ; take any point H in BG, 
and make HG = BH Produce BD, GE to meet at A, and 
join AH, cutting DE in F, 

DE is bisected at F, 
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PEOPOSITION 41. 

1. Through G draw CF \\ BE, meeting AE produoed at F, 

Then |h ABCD = ir EBGF. /. 36 

But 11^ EBGF 18 twice A EBG ; L 34 

.". r ABGD is twice A EBG, 

2. Let ir -45(7i> and A EFO be on equal bases BGy FG, and 

between the same parallels AE, BQ. 
Join AG, 

Then A ^5(7 = A -^J^^a /. 38 

But ir ^-B(7Z) is twice A ABG ; L 34 

.-. ir -45(7i) is twice A EFQ. 

3. Let ABGD be a |I'>^, and ^JTO^ a triangle between the same 

parallels AE, BO ; and let the base FO of the triangle be 

double the base BG of the |1"^. 

Bisect FQ in H, and join EH. 

Then ||™ ABGD is twice A ^^^, by the preceding deduction ; 

and A EFG is twice A EFH ; I. 38, Gor, 

.', r ii^az) = A EFG, 

4. If a II™ and a triangle which are between the same parallels be 

equal, the base of the triangle is double that of the ||°^. 

Let ABGD a H'^, and EFG a triangle, which are between the 

same parallels AE, BG, be equal ; 

the base FG of the triangle shall be double of BG, the base 

of the II™. 

If not, make FH = twice BG, and join EH, 

Then ||™ ABGD = A EFH, by the preceding deduction. 

But \rABGD =aEFG; 

A EFH = A EFO, which is impossible ; 
FO = twice ^a 

5. Let ABGD be a |I™, and let 0, a point within it, be joined to 

A, D, B, G, 

Through draw EF \\ AD or BG, meeting AB, GD in E, F. 
Then A GAD = J ir AEFD, and A OBG =i\r EBGF; 1. 41 
.-. A GAD + A OBG = i ir -4^ZD + i |I™ ^.BOF, 

= i ir -4-B(7Z). 
The theorem is true when O is taken outside the \J^, pro- 
vided O lie anywhere between ^D and BG produced. If 
lie anywhere else, it is the difference of the A s GAD, OBG 
instead of the sum, which is equal to half the ||™. 
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6. Let EF and QH drawn througli il and (7 be |) BD^ FO and 

HE drawn through ^ and i> be || AG. 

Then A ABD =i r -^^^A and A CBD = i r BOHD; L 41 

/. A ^5i> + A CBD = i IP? ^J^'^D + i ir BOHD; 

.-. quadrilateral ^^ai) = i ir iKFGfjy. 

7. Let the diagonals of the quadrilateral ABCD (fig. to preceding 

deduction) intersect at O. 
Join EG. 

Then a EFG = i r ^^G^^. /. 34 

But ABCD = i r -EFGfJJ, by the preceding deduction ; 
.-. ABCD = A EFG, 

Now A EFG has its sides EF, FG respectively equal to BD, 
AC, and z EFG = L AOB. I. 34 

The second part of the deduction follows from the fact 
that each of the quadrilaterals == a triangle which has two 
sides respectiyely equal to the diagonals, and the contained 
angle equal to any of the angles at the intersection of the 
diacronals. 



PEOPOSinON 42. 

L Make z D right, and repeat the construction and proof of the 
proposition. 

2. Let FECG be the given ir (fig. to L 42), D the given angle. 

Produce GE its own length to ^ ; at ^ make l GBA ^ l D^ 
and let BA meet GF or GF produced at A. Join AG 

ABC is the required triangle. 

3. Make z D right, and repeat the constmction of the preceding 

deduction. 

4. Make a |p^ = the given triangle, and then, by the fourth deduc- 

tion from L 35, construct a rhombus = the li™. 



PROPOSITION 43. 

1. EF divides ABCD into the Ip- AEFD, EBGF. 

GH divides ABCD into the |p»« ABGH, HGGD. 

EF and GH divide ABCD into the IP" AEKH, KGCF, 

EBGK, HKFD. 
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The arms of the angles of every one of the eight H™" are 
either parallel to the arms of the angles of ABGD, or coin- 
cident with them ; .*. the angles are equal. /. 34^ Cor. 

2. Complement BK = complement KD ; I. 43 

.-. BK + EH = KD + EH; 

ir AG = ir ED. 

Again BK + OF = KD + OF; 

\\^ BF =: W"^ DO. 

3. If the diagonal AC do not pass through K, let it cut KG at L; 

through L draw MN || AD, cutting AB and CD at M 

and N. 

Then complement BL = complement LD ; L 43 

. * . BL is greater than KD, 
much more then is BK greater than KD^ 
which is impossible ; 

,'. AC must pass through K. 

4. By the eighth deduction from I. 27, a rhombus is a ||™. 

Let ABCD be a rhombas (fig. to I. 43). 
Because HK is |1 DC, .'. L HKA = z DCA, L 29 

= I DAG; L 5 

.-. HK^ HA. I. 6 

Hence by the first deduction from I. 34, AEKH is a rhombus. 

5. The proof of this deduction is the first part of the proof of 

II. 4. 

6. The proof of this deduction is the first part of the proof of 

II. 7. 

7. If EK and KG (fig. to prop.) be respectively = HK and KF^ 

the complements BK and KD will be equal in all respects, 
for then all their sides and angles will be equal, each to each. 
Now when ABCD is a rhombus, EK = HK and KG = KF, 
by the fourth deduction from L 43. 



PEOPOSITION 44. 

1. Make z D right, and repeat the construction and proof of the 

proposition. 

2. Let AB be the given straight line, C the given angle, DEFO 

the given ||™. 
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Piodace EF its own length to H, and join DH, 
Then A DEH = |h DEFO, by the third deduction from 
1.41. 

Bisect AB at K^ and on AK describe a \^ LAKM =i 
A DEH^ and having L LAK - L C, /. 44 

Join LB. 

Then A i>ilJB = ir LAKM, by the third deduction from 
1.41, 

= \rI>EFG; 
and z Zr^5 = z C 

3. Let AB be the given straight line. 

On AB construct, by the preceding deduction, a A LAB = 
the given 11"^. If Z be the middle point of AB, frbm K draw 
KN ± AB, and meeting a parallel to AB through L at the 
point N, Join NA, NB. 

Then A NAB is isosceles, by the sixth deduction from L 4 • 
and A NAB = A LAB, /. 37 

= the given I|™. 

4. Let ABG be the given triangle, D the given area. 

Convert D into an equivalent triangle H ; I, 37, Cbr. 

bisect AB at E, and on EB describe a \^ EBFO = JI, 

and having i EBF = z ^-8(7; ' /. 44 

Join JIj?; 

Then a ABF = ir ^^i^G', by the third deduction from L 41 



PROPOSITION 45. 

1. Yea. 

2. Make z ^ right, and repeat the 

construction and proof of the 
proposition. 





3b Let AB be the given straight line. 

Describe a rectangle =.the given rectilineal figure, by the 
preceding deduction; convert the rectangle into an equiva- 
lent triangle ; and on AB describe a rectangle = the triangle, 
by the first deduction from I. 44. 
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4 The given area of the rectangle is assmned to be some rectilineal 
figure ; this deduction, therefore, reduces to the preceding. 

5. By L 37> Cor. convert the given rectilineal figure into an 

equivalent triangle ; then apply L 42. 

6. Let A and B be the two given rectilineal figures. 

Make a \\^ CDEF = A, and on FE^ on the opposite side from 
CD, construct a |pa FEOH = J5, and having z FEG = i D. 
Then as in I. 46, GDOffiaA ir, and it is = -4 + J5. 

7. Let A and B be the two given rectilineal figures, A being the 

greater. 

Make a H"" CDEF = A, and on FE, on the same side as CD, 

construct a T FEOff = B, and having i FEG = the 

supplement of l D, 

Then EG and i^^ will fall on ED and FC; and CDGHmSL 

be a ir = -4 - 5. 



PEOPOSITION 46. 

1. It would have been sufficient to say that a square is a quadri- 

lateral which has all its sides equal and one of its angles a 
right angle ; the other angles could then have been proved to 
be right angles. 

2. Let ABCDy EFGH be two equal squares. 

If AB be not = EF, let AB be the greater. 

From BA, BC cut off BK, BL each = EF ; join KL, AC, 

EG. 

I KB = EF 
JuAbKBLjEFG, ] BL = FG 

I I B = 1 Fj 
.'. A KBL = A EFG, /. 4 

= i EFGff, 
= i ABCD, 

= A ABCt which is impossible ; 
.\AB = EF. 

3. AObWBD; I, 28, Cor. 

.-. -4-Bi)aisaII"». /. 33 

Because AB = AC, .'.all the sides of ||™ ABDG are equal, 
by the first deduction from I. 34 ; 

and because i A ia right, . * . all the angles of ||"^ ABDO are 
right, by the third deduction from I. 34. 
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4. By constniction ABDG is a rhombus ; 

. *. it is a 11"^, by the eighth deduction from I. 27. 
But since l A^a right, 
.'.all the angles are right, by the third deduction from L 34 

5. Let ^C7 be the given diagonal. 

Bisect AC at E; from E draw BED ± AG, and make EB^ 
ED each = AE or EG; join AB, BG, GD, DA. 

Then AB = BG, by the sixth deduction from I. 4 ; 
hence also BG = GD, GD = DA ; 
.'. ABGD is equilateral. 

By the first deduction from I. 32, z s ABE, EBG are each 
half a right angle ; . ' . z ABG is right. 
Hence also, z s BGD, GDA, DAB are right. 



PROPOSITION 47. 

1. Let A and B be sides of the two given squares. 

Construct a right-angled triangle with A as base and B as 
perpendicular, by the eighth deduction from L 23. The 
hypotenuse of this right-angled triangle will be a side of the 
square required. 

2. Let A, B, and G be sides of the three given squares. 

Find, by the preceding deduction, D a side of the square 
equal to the sum of the squares on A and B; 
then find E a side of the square equal to the sum of the 
squares on D and G. 

3. Let A and B be sides of the two given squares. 

Construct a right-angled triangle with the less of the two as 
base and the greater as hypotenuse. The other side of this 
right-angled triangle will be a side of the square required. 

4. Let ^ be a side of the given square. 

Take a straight line B = A, and apply the first deduction 
from L 47. 

5. Let ABDG (fig. to I. 46) be the given square. 

Join AD, BG intersecting in E. 

Then, by the tenth deduction from L 4, and the sixth deduc- 
tion from L 10, AE and EB are equal, and z AEB is right ; 

.-. AB^ = AE* + EB* = 2 AE* ; 

.*. AE\%9k side of the square required. 

B 
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6. Let ^ be a side of the given square. 

Take two straight lines B and O each = A, and apply the 
second deduction from L 47* 

7. For AL^ (see fig. to the fifth deduction from I. 47) = AB^ 

+ BD^ = 2 AB^, 

8. By the fifth deduction from I. 47 (see fig. thereto) AB^ = 2 AE^ ; 

and by the preceding deduction AD^ = 2 AB^ j 
.',AI^ = 4AE^. 
Now AD = 2 AUy by the tenth deduction from I. 29. 

9. Let ABGD be the given rectangle, AG and BD its diagonals. 

Then AC^ = AB^ + BCP", and BD^ = BG^ + GD^; 
.'. AG^ + BD^ = ^^ + 2 BG^ + GD^, 

= AB^ + BG^ + C7Z)2 + 2>^2. 

10. Let ABGD be a rhombus whose diagonals AG^ BD intersect at E. 

Then by the sixth deduction from 1. 10, AE = EG, BE = ED, 
and the angles at E are right ; 
.-. AB^ + BG* + GD^ + DA^ 

= AE^ + E& + BE^ + EG^ +. GE^ + ED^ + DE^ + EA\ 
= 4AE^ + ^BE^, 
= AG^ + -Bi>a, by the eighth deduction from I. 47. 

11. Let ABG and DEF be two triangles having AB = DE, 

BG = EF,a,nd z s O and i^ right 

Then AB^ = AG^ + GB^, and DjET^ = DF^ + ^^2 

But AB^ = DE^; .-. ^(7^ + GB^ = i)#a + FE\ 

Now O^ = i?W» ; .-. AG^ = DF\ and ^C = DF. 

Hence A s ^-BC, DEF are congruent /. 8 

12. Let ABG be a triangle, and let ADhQ drawn ± BG, 

Then ^jB^ - AG^ = (5i>a + ^i)^) - {GD^ + ^2>2)^ 

13. Let ABG be a triangle having z C7 acute. 

From G draw 02) ± GB and = (7^, and join BD, 

(BG=BG 
In c^sBGDy BGA, }gD=GA 

i L BGD is greater than l BGA ; 
.*. BD is greater than BA ; /. 24 

.•. BD'^ is greater than BA\ 
But jBi)a = 5(72 + C7D2 = 5(78 + (7^9^. 
. •. BA^ is less than BG^ + O^a. 

14. Bepeat the previous construction and proof, substituting obtuse 

for acute, less for greater, and greater for less. 
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15. Let ABC he a triangle, right-angled at C, and let AH, BK be 

the medians from A and B, 

Then 4^^ + ABK^, 
« 4^C2 + 4 GB^ + 4 5(72 + 4 05:2^ 

= 4^^2+5(73 +4503+^1 C«, by eighth deduction froml.47, 
= 5 ^(72 + 6 jBC2 = 6 ^^. 

16. Let ABG be an equilateral triangle with AD ± 50, and 

therefore bisecting BG, by the third deduction from L 26. 

Then AB^ = AL^ + BD^ = -4i>a + J BG\ by the eighth 
deduction from L 47 ; 

.-. AB^ = AD^ + i AB^; 

.-. I ^52 = AD^, or 3 ^52 = 4 ili>2. 

17. Let ^5 be the given straight line, M a side of the given square. 

At B make i ABD = half a right angle ; -with A as centre 
and M as radius describe a circle cutting BD at D; draw 
DG ± AB, AG and GB are the required parts. 

For z GBD = half a right angle, z DCTB is right ; 
.-. z 5DC7 = half a right angle ; .'. GD = GB, 
Hence -4(72 ■{■ G& = AG^ + GB^ = AU^ = M\ 
If the circle described with A as centre and M as radius does 
not meet BD, then the problem is impossible, for the square 
on M is too smaU. If the circle meet BD at one or more 
points such that the perpendiculars from these points to ^5 
do not meet AB, the problem is impossible, for the square on 
M is too large. 

18. Let AB be the given straight line. 

At A make z BAD = half a right angle, and at B make 
z ABD = one-fourth of a right angle, and let AD, BD meet 

at D. From D draw DO ± AD and meeting AB Skt G. 

AG and GB are the required parts. 

For z ADB = f of a right angle ; /. 32 

.'. z GDB = i of a right angle ; 

.-. GD = GB and z AGD = half a right angle; /. 6, 32 

.-. AD = GD. L 6 

Now AG' = ADi + C2>2 = 2 CZ)2 = 2 GB^. 

19. Let ABG be a triangle having z G obtuse. 

Then, by the fourteenth deduction, AB^ is greater than 
AG^ + BGK Suppose the lengths of ^C and BO to remain 
constant, but z C7 to become more obtuse ; 
then -4(72 + BG^ remains constant, but AB^ increases. 
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Hence when i Cia bs obtuse as possible, that is, when AC 
and BGaxe in the same straight line, ^1^ is still greater than 
AG^ + BC\ 

and ^^ is a straight line divided into the two parts AC^ BC. 
20. Let A BCD be the rectangle, P any point. 

Through P draw EPF \\ AB or CD, and consequently ± AD 
or BC, and let it meet AD, BC, or these lines produced, at E 
andjP. 

Then PA^ + PC^ = PE^ + AE^ + PF^ + CF^ 
and PB' + PD^ = PF^ + BF^ + PE^ + DE^ 
But AE = BF, and CF = DE ; L 34 

.-. PE* + AE^ + PF^ + CF^ = PF^ +BF^ + PE^ + DE^j 

.-. PA^ + PC^ = PB^ + PD^. 



21. The square BO and A FBC could not be between the same 

parallels unless AO and AC were in the same straight line ; 
and the square CH and A BCK could not be between the 
same parallels unless AB and AH were in the same straight 
line. 

22. For z FAB and z ^^(7 are each half a right angle by the third 

deduction from I. 8, and z BAC is right ; 
.*. AF and AK are in the same straight line. /. 14 

23. For z ^^^ and z ^(TH' are each half a right angle by the third 

deduction from I. 8, and they are alternate ; 
.-. BG is II CH, L 27 

24. If d^ABD be rotated anti-clockwise round B through a right 

angle, BA will fall on BF, because z ABF is right, 

and A will fall on F, because BA = BF. 

And BD will faU on BC, because z DBG is right ; 

and D will fall on C, because BD = BC 

Hence AD will coincide with FC, and A ABD will coincide 

with i^FBC, 

Similarly for ab ACE, KGB, 

25. Since AD, after being rotated through a right angle, coincides 

with FC, before rotation AD must have been x FG. 
Similarly for AE and KB, 

26. Because the four angles ABC, FBD, ABF, CBD = 4 rt z s, 

/. 13, Cor. 2 
and Z B ABF, CBD are each right ; 
.'. z s ABC, FBD are supplementary. 
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2:j. In AS FBD, ABC, }bD = BO • 

( z FBD is supplementary to z ABC ; 
.'. t^FBD = A ABC. L 38, C7or. 

Similarly a iTCiJ? = A ABC, 

28. Let 7^ be the point where FO meets LA, 

Then since (^^ is ± ^5, and ^Tis ± jB(7, 
.'. z OA T = I ABC, by the nineteenth deduction from 1. 32. 
Hence Ln GAT, ABC are congruent, and AT = BC. I, 26 
If 3^' be the point where KH meets LA, it may similarly be 
proved that AT' =^ BC ; 
,', T and T' are the same point. 

29. It has been proved in the preceding deduction that A s OA T, 

HTA are = L ABC. 

[ QA-BA 

In AS QAH, BAC, \ AH = AC 

{ L QAH = L BAC; L 15 

.-. A OAH = A BAC. I. 4 

Since OAHT is a r, .'. A OTH = A OAH, L 34 

30. If A UBD be rotated anti-clockwise through a right angle, BD 

will fall on BC, because I DBC is right, 
and D will fall on C, because BD = BC. 
Also since z UBA is right, being supplementary to z ABF; 

/. 5 CT will faU along 5A 
Since i) coincides with C, and 2)27 is ± ^£7, and CA ia 

±BA; 

therefore i> 27 coincides with CA, and A UBD with t^ABC. 

Similarly A VEC may be made to coincide with a ABC, 

31. Since DF^ = DlP+UF^=z AC^ + (2 AB)^ 

EK^ = EV^ + FZa =^5> + (2^C7)«; 
.-. DF^ + EK^=: 5AB^ + 6^(7" =:5BC^. L 47 

32. 2>^ + FQ^ + Gf-EP + HK^ + iT^* + -KZ)> 

= -403 + (2il5)« + il-B9 + BC^ + iiaa + ^^ + (2 ^C7)-^ 

= 6^(73+ 6^jBa+ 2502 = 85(78. 

Sa Since z ^jB^ is right, 

.'. z ^5/ is complementary to z FBM ; L 13 

.-. z ABI^L BFM. 7.32 

Now, since the hypotenuses AB, BF of the right-angled as 
ABI, BFM are equal, 
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.'. t^ ABISb congnient to A BFM, 
Similarly ta AOI \e oongment to A CRN. 
U. FM= BI, and KN=^CI; .'. FM-¥KN= BC. 
BN = BO+GN = BO'\-AI=IL + AI = AL. 
Similarly CM = AL, 

35. If A ABC be rotated anti-clockwise through a right angle, BA 

will fall on BF, because z ABF is right, 
and A will fall on F, because BA = BF, 
And BC wiU fall along BP, because i CBP is right 
Since A coincides with F, and AOa xAB, and FP is X FB ; 
.'. AC coincides with FP, and A ABC with A FBP. 
Similarly a ACB may be made to coincide with a KGQ. 

36. Since BP and CQ are each = BC, .*. BP = CQ; 

and BP is || CQ; /. BCQP is a r. /. 33 

Now since z P^C and z ^CQ are right, 
.*. all the angles are right ; 
and since PB = BC = CQ, .*. all the sides are equal /. 34 

37. Since BP and -4 ^T are each = BC, .-. BP = AT; 

and^PisM^T; .\ ABPT ia a W"' ; 7.33 

and \\^ ABPT = ir BL, I. 36 

Similarly ACQT is a |h, and = ir CL. 
^ AT and D^ are parallel, and equal, since each = BC ; 

.-. ADBTi%tk\ri 7.33 

and r i47>5?' = ir BL. 7. 36 

Similarly ^ J^CiT is a |r, and = ir CT^. 

39. Since PP and DU are each = AC, ,'. FP = 7)^7'; 

and FP is || 7>C7', since each is ± P^; .-. DFPU is a ir. 
Now ir DFPU=^ 2 A DUF= 4 A 7)£rj5 = 4 a ^(75. 
Similarly for EKQ V. 

40. Since AH and Z>tr are each = AC, .•. il-S" ^ DU ; 

and ^TT is I| T^CT, since each is ± jBCT"; .*. ADUH is a ||» 
Now \r ADUH=^2lBDU (I. 41) = 2 A ABC. 
Similarly for AEVO. 

41. AE was proved ± 5JSr, by the twenty-fifth deduction from I. 47, 

and AE was proved |i CT, by the thirty-eighth deduction 
from I. 47 ; 

BKis 1. CT. 
Simihirly aPis ^ BT. 

42. In A TBC, TL, BK, CF are the perpendiculars from its 

vertices on the opposite sides ; 
.*. they are concurrent App. I. 3 
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43. For A HAX = A KAX. I. 37 

Add to each A BAX ; .-. A BHX = A BAK, 

But A BAK =^ ti BAG (L dl) ; .\ aBHX^lBAG. 

Similarly for A CGW. 

44. Since the equal A s WGG, XBH stand on equal bases GG, BH, 

/. their altitudes must be equal (/. 39) ; .\ AW = AX. 

45. Since A GWG = A GAB; and a WAO = a XAB; I. 4 

.-. A GWG - A WAG = A GAB - a XAB ; 
.-. A AGW = A BGX, 
Similarly A ABX = A BGW. 

46. Since A ABX = A BGW, 

.-. A ABX - A BGW:^L BGW - A BOW ; 
.-. A wax = A BOG, 

47. If A ^£(7 be rotated clockwise round A through a right angle, 

AB will fall on AG^ since L BAG is right ; 

and B will fall on G^ since AB = .^G^. 

And AG will fall along A F, since z (7^ Y is right ; 

and BG will fall along (7i?, since GR was drawn x BG, 

Hence A BAG will coincide with A GA T, 

Similarly for A ZAH. 

48. Since AZ=^AB=^BU, and AZ is || BU; .-. CTZis ll BA. I. 33 

But i> IT" is II BA, since each is X FU ; 

.*. i)^ produced passes through Z, 
Similarly EV produced passes through T» 

Joia GW, VW, 
Since uir= CV = AG, kAAW^AX, 

.-. Trr=Z(7;and rr = ^C'=(7Z; 

.-. AS WTV, XGK are congruent (I. 4), and L VWT = 

L KXG. 
But AS WAGy XAB are congruent; /. 4. 

.-. L GWA^iBXA. 
Now L KXG=^ L BXA (L 16) ; /. L VWY =^ L GWA ; 

.-. by the second deduction from 1. 14^ GW, FTF are in one 
straight line. 
Similarly HX, UX are in one straight line. 

49. It may be proved, as in some of the preceding deductions, that if 

A ABI be rotated clockwise round A through a right angle, 
it will coincide with A AGG' ; if it be rotated anti-clockwise 
round A through a right angle, it will coincide with A AZH', 
Also that if A AGIh^ rotated clockwise round A through a 
right angle, it will coincide with a A TG'; if it be rotated 
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anti-clockwise round A through a right angle, it will coincide 
with AHH'. 

60, Since by preceding deduction AO' = AI and AH' = AI, 

AG' = AH'; 
IB = m! L 34 

GR + HS^GG' 4- HW + G'R + H'8, 
= BI + CI + ^/ + AI, 
= B0 +2AL 
But MN = BO ^\■BM+ON = BO^\'AI + AI; 
,'. GB + H8=^ MN. 

FM + KN = BG, by the thirty-f ourth deduction ; 
and GB-^HS= B0-\- 2AI; 
.'. FM -^ GB + H8 -^^ KN =^2{B0 + AI). 

If the quadrilateral AGBB be rotated anti-clockwise round 
A through a right angle, it will be found to take the position 
AB8Z, since AG = AZ ; .*. GR = B8, 

Since the quadrilateral AGBB is congruent to the quadri- 
lateral ABSZ, 

.* . BB = Z8 ; and CB = HZ, by the f orty -seventh deduction ; 
.-. CB = H8. 



PROPOSITION 48. 



1. No. Because in the proof of the proposition it is stated that 

AD» + AC^ = C£^ (L 47) ; and this is so only if z DAG 
be right Now if BA be produced to D, i DAG can be 
right only if i BAG is right, and that is what is to be 
proved. 

2. If z BAG he not right, from A draw AD ± AC, on the same 

side as AB, and = AB, and join CD. 

Then, as in the text, CD is proved = CB ; 
therefore on the same base AC and on the same side of it 
there are two triangles BAG, DAG having AB =: AD, and 
CB =s CD, which is impossible. /. 7 

Hence z BAG must be right. 

3. Let ABGhe a triangle, and let AB* be less than BG^ -f CA*; 

L (7 must be acute. 

For if L Gwere right, AB* would be = BG* -f CA*; L 47 
and if z O were obtuse, AB* would be greater than 
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BG^ + GA^, by the fourteenth deduction from L 47. 
Hence z G must be acute. 

4. Let ABG be a triangle, and let A& be greater than BG^ + GA^; 

L G must be obtuse. 

For if z O were right, AB^ would be = BG^ + GA^ ; L 47 
and if z (7 were acute, AB^ would be less than BG^ + GA\ 
by the thirteenth deduction from L 47. 
Hence i G must be obtuse. 

5. 6^ = 3^ + 4^ because 25 = 9 + 16 ; hence the angle opposite the 

side 5 must be right. 

6. Let ^^ be the given straight line, B the given point in it. 

Draw any other straight line, and measure off on it 5 equal 
parts. With B as centre and radius equal 3 of these parts cut 
AB at G ; with B as centre and radius equal 4 of these parts 
describe an arc of a circle ; with G as centre and radius equal 
6 of these parts, describe an arc cutting the former arc in 
D. DB ia ± AB, 

For GJy^ = BG^ + BJD^, smce 6" = 3^ + 4»; 
.'. z J5 is right. /. 48 

7. (a) Let 2n + 1 denote the less side about the right angle ; then 

the greater side about the right angle will be 2n^ + 2», and 
the hypotenuse 2n^ + 2» + 1. 

Now since (2»» + 2» + 1)» = 4»* + 8«8 + 8n^ + 4» + 1, 
and (2n« + 2»)a + (2n + l)^ = 4»* + Sn^ + 8n2 + 4» + 1 ; 

.*. if integral values be assigned to ti in the expressions 
2n + 1, 2n^ + 2n, 2n^ + 2n + 1, numbers will be obtained 
representing the sides of right-angled triaugles. 

{h) Let 2n denote one of the sides about the right angle ; 
then the other side about the right angle will be n^ - 1, 
and the hypotenuse 7*^ + 1. 
Now since (w^ + 1)2 = »* + 2n^ + 1, 
and (»» - 1)2 + (27i)a = n* + 2na + 1 ; 

.'.if integral values be assigned to n in the expressions 2n, 

n? - 1, n' + If numbers will be obtained representing the sides 

of right-angled triangles. 

To show that the two rules are fundamentally the same, 

denote the less side about the right angle by n ; then accord- 

n^ — 1 n^ + 1 
ing to the first rule the other sides will be —^ — and — - — . 

These values are the halves of the values 2n, n^ - 1, and 
n^ + 1 obtained by the second rula 
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DEDUCTIONS. 

1. Let ABCD be a trapezium whose parallel sides are AD, BC, 

AD being the less, and let E be the middle point of AB, and 
F the middle point of GD. 

Join AC, DB, AF, DK 

Then A ABD = A ADG. I. 37 

Now A AED = half of A ABD, and A DFA = half of 

A ADC; 7.38 

.-. A AED = A DFA, and EF is || AD. L 39 

Through F draw QH 1| ^.B, meeting AD at (? and BG at ^. 
Then from the congruency of as DFO, CFH we have 

DG = cjy. 

Hence AD -v BG = {AG -- DG) + (Cfi' + BH), 

= AG + BH=2EF. 

2. Let AGBD be a trapezium whose parallel sides are AD, CB, 

AD being the greater, and whose diagonals are AB, GD. Let 
E be the middle point of AB, and F the middle point of GD. 

Join AF, DE. 

Then A ABD = A ^i>C. /. 37 

Now A AED = half of A ABD, and A DFA = haLE of 

A ADG; I. 38 

.-. A AED = A -DiM, and JS^i^is 1| AD. I. 39 

Through i^draw GH || AB, meeting AD at G^ and BG at iT. 

Then from the congruency of As DFG, GFH we have 
DG = GH. 
Hence AD - BG = {AG + DG) - {GH - 5£0, 

3. Let ABCD be a trapezium whose parallel sides are AD, BG, 

and whose diagonals are AG, BD. Let E be the middle 
point of AB, F the middle point of GD, and let EF meet AC, 
BD at (? and H. 

Then ^^ is || BG by the first deduction. 
Now since, in A ABC, EF is drawn through E, the middle 
point of AB, parallel to BG, 

.-. EF Insects AG at (?. ilpjp. /. 1, Cor. 1 

Similarly EF bisects j?i> at iT. 
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4. Let A BCD be a quadrilateral, AG, BD its diagonals; and let 

Ej F, G, H,K,Lhe the middle points of AB, BG, GD, DA, 
AG, BD respectively. 

Then in A ABG, EK is |1 BG and = half of BG, 
and in L DBG, LG is |I BG and = half of BG ; App. I. 1 
.-. EKOL is a ir. /. 33 

5. In the figure to the previous deduction, EKOL is a ||"^ ; 

.'. EG bisects KL, by the tenth deduction from I. 29. 
Similarly HKFL is a ir and HF bisects KL ; 
.'. EG, HF, KL are concurrent. 

6. Let ABG be a triangle, AH the median from A, and G the 

centroid. From A, B, G, G, H let there be drawn A A', BB', 
GG\ GG', HH' ± Xr, a straight line outside the triangle. 

Then BB' + GG' = 2 HH'. App. L 1, Gor, 2 

Now since AG — 1 GH (App. L 4, note), if AG be bisected 
at P, and PP' be drawn l. XY, and through H there be 
drawn HQ II X F and meeting A A' in Q, it may be proved 
that AA* + 2 HH' = 3 GG' ; 

/. AA' +BB' + GG'=3GG'. 

If X F cut the triangle so that A, B,G lie on one side of it 
and G on the other, it will be found that A A' + BB' - GG' 

= 3 GG' ; a XT cut the triangle so that il, ^ lie on one side 
of it and G, G on the other, GG' - AA' - BB' = S GG' ; if 
X T pass through the centroid G, so that A, B lie on one side 
of it and G on the other, A A' + BB' = GG'. 

7. Let X F be the given straight Une, A and B the given points 

situated on the same side of X Y. 

From A draw AG ± XY, and produce it to .^' so that 

A'G = AG; join A'B cutting XY&tD. 

D is the required point. 

Join AD, take any other point EiaXY, and join AE, BE, 
A'E. 

Then AD = A'D, and AE = A'E ; L 4 

.-. AD + DB = A'D + DB, and AE + EB = A'E + EB. 
Now A'D + DB, being = ul'-B, is less than A'E + EB ; I. 20 
.-. AD -^ DBvA less than AE + EB, 

When il and ^ are on opposite sides of XY, join AB 
cutting X F at Z>. 2) is the required poiut. 

Take E any other point in X 7, and join AE, BE. 
Then^^ + ^^ii greater than ^^; /. 20 
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. and AD -{- DB = AB ; 

AD + i>^ is less than AE + EB. 

8. Let X F be the given straight line, A and B the given points 

situated either on the same side or on opposite sides of X Y. 
Join AB^ bisect it at 0> and draw CD x AB and meeting 
XFatZ). 

Then AD = BD (I. 4), and the difference between AD and 
BD is the least possible. 

It was intended that this deduction should be : Find a 
point in a given straight line such that the difference of its 
distances from two given points may be the greatest possible. 

Let XF be the given straight Une, A and B the given 
points situated on the same side of X Y, 
Join AB^ and produce it to cut X F at D. 

D is the required point. 

Take E any other point in X F, and join AEy BE. 

Then AE '^ ^^ is less than AB ; I. 20, Cor. 

and AD ^ DB = AB ; 

AD -' DB is greater than AE *- EB. 

When A and B are on opposite sides of XF. 
From A draw AG ± XF, aud produce it to ^' so that 
A'C =AC; join A'B cutting XFat Z). 

D is the required point 

Join AD, take any other point E in XF, and join AE, 
BE, A'E. 

Then AD = A'D, and AE = A'E; I. 4 

.'. AD '^ DB = A'D -' DB, and AE '^ EB ^ A'E -' J^A 
Now ^D' '^ DB, being equal to ^'^, is greater than 
A'E^EB; 1.20, Cor, 

.-. AD '-' DBia greater than AE *- JKB. 

9. Let ABC, DBC be two triangles on the same base BG and 

having GA = OZ), and let /. AGB be right. 
From D draw DjE? ± -BC7 or 5(7 produced. 

Then DE is less than DC (L 19, Cor.), and consequently 
less than AG. Hence the altitude of A ABC is greater 
than that of A DBG; 
.*. A ^5(7 is greater than A i>5(7. 

10. Let DAB, EAB be two triangles of equal area standing on 
the same mde of the same base AB, and let DAB have 
DA = DB. 
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Join DE^ wbich ya \\AB (I. 39), and produce it to X and 

r. From A draw AG ± XY, let AG, BD be produced to 

meet at A', and join A'E, 

Then l ADG = L DAB, L 29 

= I DBA, I. 6 

= L BDE, I. 29 

= I ADG, I. 15 

A'G^AG. 7.26 

Hence from the seventh deduction AD •{■ DB is less than 

AE + EB. 

11. Let ABG be a triangle whose base BG passes through a given 

point P and is there bisected, and let ADE be another 
triangle having the same vertical angle, and whose base DE 
also passes through P, Suppose D to fall between A and B, 
and E on AG produced. 
Through G draw GF \\ AB and meeting DE at F, 
Then A 5P2) = A OP-F. /. 26 

Add to each of these equals the figure ADPG ; 
,\ A ABG = quadrilateral ADFG; 
.'. A ^^C is less than A ADE. 

12. Let ^^C7 be an isosceles triangle having AB = AG ; in ilC7 

take any point E, and produce AB to i> so that BD = (7^, 
and join DE : it is required to prove DE greater than BG. 

Through D draw DF \\ AG, and through G draw CP || JKZ>, 
and join BF. 

Then i)PjE?(7 is a ir 5 
.'. DF = GE = DB, and /. DBF = z DPA 
Because DF iB\\AG,,',l BDF is supplementary to z ^. 7. 29 
But I BDFiB supplementary to z DBF + L DFB; 7. 32 
.-. L DBF + L DFB - I A; 

twice I DBF = i A,ot i DBF= half of i A; 
.*. BF is II the bisector oi L A. 
Now the bisector of z ul is A.'BG; 
.-. 5^ is XjBa 
Hence FG, and consequently X>^, is greater than BG, 

13. Let ABG be an isosceles trian^e having AB = AG, and from P, 

any point in the base BG, let P^, PP be drawn ± GA, AB : 
it is required to prove PE + PF constant. 

To find the constant value of PE + PF, from B draw 
BK ± (Til. Then if the point P, which may be situated 
anywhere on BG, coincide with B, the perpendicular PF on 
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AB vanishes, and the perpendicular PE on GA becomes £Ky 
BO that BK is the constant valne of PE + PF, 

To prove PE + PF = BK, Produce EP, and from B 

draw BM || AC, and consequently i. EM, 

Then z MBP = z (7, /. 29 

= I FBP; I. 5 

/. A 8 ^5P, FBP are congruent, arid Pif = PF. I. 26 

Hence PE + PF = PE + PM = ^A", since BMEK is a ||™ 

If P is situated in GB produced, the same construction and 
proof will hold, only for PE + PF there must be substituted 
PE - PF. 

14. li^tABG be an equilateral triangle, and from P, any point inside 

the triangle, let PD, PE, PF be drawn ± BG, GA, AB : it is 
required to prove PD + PE + PF constant. 

To find the constant value of PD + PE + PP, from A 
draw AH 1. BG. Then if the point P, which may be 
situated anywhere inside ABG, coincide with A, the perpen- 
diculars PE, PF on GA, AB vanish, and the perpendicular 
PD on BG becomes AH, so that AH is the constant value 
of PD + PE+ PF. 

To prove PD -^ PE ■{■ PF = AH. Through P draw a 
parallel to BG meeting AB, AG at B', G' and AH at H'; 
and from B' draw B'K' J. -40'. 

Then A ^^'C' is equilateral, ^fi^' = B'K', and 5^'jff = PD. 
But PE + PF= B'K', by the preceding deduction ; 
.-. PE + PF=AH'; 
.-. PD + PE + PF=:H'H+AH' = AH. 

If P is situated outside the triangle, but in the region 
bounded by BA, BO produced, the same construction and 
proof will hold, only for PD + PE + PF there must be 
substituted PD - PE + PF; and if P is situated outside 
the triangle, but in the region bounded by BA, GA prodaced, 
the same construction and proof will hold, only for PD + PE 
+ PF there must be substituted PD - PE - PF. 

15. Let ABG be a triangle, AX, BY, GZ the three perpendiculars. 

Then AX + XB is greater than AB, 
and AX + XG is greater than GA ; I. 20 

2 AX + BG is greater than AB + GA. 
Sunilarly 2 BY + GA is greater than AB + BG. 
and 2 GZ + AB is greater than GA + BG ; 
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.-. 2 {AX + BT + CZ) + AB + BG + GA\& greater than 

2{AB+ BC-¥ 04); 
.•. 2 {AX + BY + CZ) is greater than AB ■\- BO ^ CA ; 
.-. AX-\-BY+CZ ia greater than J (4J5 +5(7+04). 
Again 2 AX is less than 45 + 04, /. 19, Oor. 

2 5r is less than AB + 50, 
2 OZ is less than 04 + BG ; 
.'. 2 {AX + BY+ GZ) is less than 2 (45 + 50 + 04) ; 
AX + BY+GZ is less than 45 + BG + GA. 

16. Let ABG be a triangle, and let AD be x 50; if 40 is greater 

than 45, it is required to proye i GAD greater than 
I BAD, and GD greater than BD, 

Since 40 is greater than AB, .'. z 5 is greater than z O; 
.*. complement of z 5 is less than complement of z O; 
.*. z BAD is less than z GAD. 

Again since 40 is greater than 45, 
.'. 40 2 is greater than 45^; 

.-. 42)3 + 2X78 ig greater than AD^ + 2)5>; /. 47 

.-. DG* is greater than 2)5*, and DO than i)5. 

17. Let 450 be a triangle, and let AD bisect z BAG ; if 40 is 

greater than 45, it is required to prove GD greater than BD, 
From 40 cut off AE = AB, and join DK 
Then A s BAD, HAD are congruent ; /. 4 

.-. 5i> = ED, and z -4i>5 = z 4DJ&. 
Now z DEG is greater than z ADE; I. 16 

z i)^0 is greater than z ADB, 
But z ^D5 is greater than z O; 7. 16 

z 2)^0 is greater than z O; 
.*. DG is greater than 2>j^, that is, than DB. 

18. Let ABG be a triangle, and from A let the median 4^ be 

drawn; if 40 is greater than 45, it is required to prove 
z 54 J7 greater than z GAH. 
Produce AH to D, making HD = AB, and join GD, 
Then a s ABH, DGH are congruent ; /. 4 

.-. ^5 = 2)0, and z 54 JJ = z GDH. 
Now since 4 O is greater than AB, .• . 4 O is greater than DG ; 
.'. L 02)^3" is greater than z 04/^; 
.'. z 5-4-firis greater than z 045". 

19. Let 450 be a triangle, and from A let there be drawn AD 

X 50, 42^ bisecting z 540, and 42^ bisecting BG: it is 
required to prove that AE lies between AD and 4^. 



78 KET TO BUOLID's ELEMBNTS. [B06k L 

If AB =: AC, ihe three strfught lines AD, AE, AF 
coincide. Let therefore AG he greater than AB. 
Since AD is X BG, 

.\ I GAD is greater than z BAD, by the 16th deduction ; 

.'. AE, the bisector of z BAG, lies between AD and AC. 
Since ^^ is a median, 

.*. I BAFia greater than z GAFhy the eighteenth deduc- 
tion; 

.*. AE, the bisector of z J^ilC, lies between AF and ^B. 
Hence AE lies in position between AD and ^i^; 

^i^ lies in magnitude between AD and AF, 1, 19, Cor. 

20. Since the sum of the perpendiculars from the vertices of a 

triangle on the opposite sides is greater than the semiperi- 
meter, by the fifteenth deduction ; and since, by the preced- 
ing deduction, the sum of the angular bisectors is never leas 
than the sum of the perpendiculars; the first part of the 
theorem is proved. 

Again since the sum of the three medians is less than the 
perimeter, by the fourteenth deduction from I. 20 ; and since, 
by the preceding deduction, the sum of the angular bisectors is 
never greater than the simi of the medians ; the second part 
of the theorem is proved. 

21. Let ABC be a triangle, having AG greater than AB ; iromB 

and G let BD and CE be drawn x AG and AB respectively. 

From GA cut off CF = BE, and join BF. 
Because ACis greater than AB, 
.'. L EBG is greater than z FCB. 

(EB = FG 
In £:,a EBG, FCB, }bC==GB 

i z ^jB(7 is greater than iFCB; 
.-. EC is greater than FB. L 24 

But FB is greater than DB ; L 19, Cor, 

.*. EG is greater than DB. 

[In this proof it is assumed that F does not coincide with D. 
If it were possible for F to fall on D, EG would stiU be 
greater than BD.] 

22. Let ABC be a triangle having AG greater than..^^, and let 

BK, GL be the medians drawn to them, and intersecting 
at Gf. 

Draw AH the third median, also passing through O. App. L 4 
Then BO is less than GO, by the seventh deduction from L 25. 
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Now BO is two- thirds of BK, and CO is two- thirds of CL; 
,'. BK is less than GL. 

23. Let ^^C be a triangle having AG greater than AB^ and let BE^ 

GFy the bisectors of /b ABG, AGB, meet ^(7, ^^ in E 
ondF. 
Because ^C is greater than AB, 

.*. z ^J?(7 is greater than lAGB; 

.*. z J^^C is greater than i FGB, and z ^^^ greater than 

Z-4C7i?: 

Make z ^^^ = z AGF, and let ^ZT meet AE at ^, and 

Ci?^ at O, 

Because z ^^(7 is greater than z ^(7j?, 

and z ^J?^ is equal to z AGF; 

.-. z ZT^a is greater than z HGB; 

.*. HO is greater than HB, 
Produce BJBf, and make BK = C75'; 
through K draw JTi/ ll ^(7 and meeting BE produced at L, 

I z KBL = z HGG 
In AS J?A^2>, CHGf, \ L BKL = z GHQ L 29 

( J5JS: = GH; 

.'. BL = GO. I. 26 

Now BE is less than BL, and GO less than (7i^; 

.'. ^J^ is less than (7i^. 

[This solution was given by Jacob Thompson Bunne in the 
Ladles, Farmer's, and McUhematical Almanack for 1862 
(Dublin), p. 131.] 

24. Let ABG (fig. on p. 302 of EucUd) be right-angled at A. 

From BA cut off BE = J5i); through E draw ^^ || AG, 
meeting BG at jP, and through F draw J^67 |i BA, meeting AG 
atG. 

Then A s £^^, ^i>^ are congruent ; /. 26 

/. BF = BA, and AD = EF = AO; L 34 

.-. BF + ^2> = 5^ -f -4Qf. 
Now since z ^(7C7 = z ^^C7 = a right angle ; 

.\ #0 is greater than OG; L 19, 0(^, 

,'. BF + FG + AD is greater than BA + AO + OG. 

25. Let ABG be a triangle (fig. on p. 100 ot Euclid), AIT, BK, GL 

the three medians intersecting at O. 

Then AO + BO ia greater than AB; 

I {AH -{■ BK) is greater than AB. 
Hence also | {BK -\- GL) is greater than BG, 

F 
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and I (GL ^AH) \a greater than CA ; 

,\ I {AH ■¥ BK + GL) is greater than AB + BG + GA : 
AH + BK + GL) is greater than f {AB+BG+GA). 

26. At either end of the perpendicular and on opposite sides of it 

draw straight lines making angles equal to half of an angle of 
an equilateral triangle ; at the other end of the perpendicular 
draw a straight line at right angles to the perpendicular and 
meeting the two other straight lines. 

27. Let ^^C7 be the given vertical angle. 

Bisect it by AD, and from AD cut oS AE = the given 
perpendicular; through E draw a straight line at right 
angles to AE, and meeting AB, AG at B and G, 

ABG is the required triangle. 

28. Let EF be the given perimeter. 

Bisect EF at D, and draw DA _L EF and = the given per- 
pendicular. Join EA, FA ; at A make l EAB = i E, and 
I FAG = L F,md let AB, AG meet ^^at B and G. 

ABG is the required triangle. 

29. Let ^^ be the given hypotenuse. 

At B make z ABD = the given acute angle, and from A 
draw AG ± BD. ABG is the required triangle. 

30. Let BG be the given side. 

At G draw GD ± BG; with B as centre and a radius equal 
to the given hypotenuse cut GD at A. 

ABG is the required triangle. 

SL Let BD be the given sum of sides. 

At D make i BDA = half of a right angle, and draw 
BE J. BD meeting DA at E. With centre B, and radius 
= the given hypotennse, describe a circle, cutting DE at A ; 
from A draw AG ± BD, ABG is the required triangle. 

For z GAD = half of a right angle ; .\ GA = GD, 
and GA + GB = BD. 

If the circle cut DE at another point A\ between D and E, 
there will be another solution. 

32. Let BD be the given difference of sides. 

At D make z BDA = half of a right angle, and draw BE 
± BD, meeting DA at E. With centre B, and radius = the 
given hypotenuse, describe a circle cutting DE produced at 
A ; from A draw AG A. DB produced. 

ABG is the required triangle. 
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For L GAD = half of a right angle ; .*. CA = CD, 
and CA - CB = BD. 

If the circle cut ED produced at another point A', there will 
be another solution. 

33. Let CD be the perpendicular from the right angle O on the 

hypotenuse, and BC the given side. 

Construct, by the thirtieth deduction, a right-angled triangle 
BOD of which BO is the hypotenuse and CD one of the 
sides. From O draw CA ± BG, and produce BD to meet it 
at A, ABC is the required triangle. 

34. Let CD be the perpendicular from the right angle G on the 

hypotenuse, and CE the median. 

Construct, by the thirtieth deduction, a right-angled triangle 
CDE of which CE is the hypotenuse and CD one of the 
sides. Produce DE both ways to A and B, making EA and 
EB each = EC, and join AC, BC. 

ABO is the required triangle. 
For I ECA = z -4, and l EOB = i B; /. 5 

.'. I ACB=:iA + L B; 
.*. A ACB IB right. 

35. Let BD be the given sum of sides. 

At B make l DBA = the given acute angle ; at D make 
I BDA = half of a right angle, and let BA, DA meet at A. 

From A draw AC ± BD. ABC is the required triangle. 

For I CAD = half of a right angle ; 
.-. CA = CD, and GB + CA = BD. 

36. Let BD be the given difference of sides. 

At B make z DBA = the given acute angle ; at D make 
z BDA = the supplement of half of a right angle, and let 
BA, DA meet at A, From A draw AG ± BD produced. 

ABO is the required triangle. 
For I CAD = half of a right angle ; 
.-. CA = CD, and CB - CA ^ BD. 

37. When the given angle is acute : 

Let AB be the side adjacent to the acute angle. At B make 
I ABD = the given acute angla With A as centre and 
radius = the side opposite the acute angle, describe a circle 
cutting BD at O ; join AG. ABC is the required triangle. 
The side opposite the acute angle B may be greater than 
AB, equal to AB, or less than AB. 
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When it is greater than AB, the circle described will cut 
BD not only at C, but at another point C, on the opposite 
side of B from (7. Ji AC he joined, it will be seen that 
A ABO* does not fulfil the given conditions ; hence there is 
only one solution, namely a ABC. 

When it is equal to AB, the circle described will cat BD 
not only at C, but at B /thence there is only one solntioii, 
namely A ABC, 

When it is less than AB, the circle described may cut BD 
not only at C, but at another point 0\ on the same side of B 
as C7. If ^C be joined, it will be seen that L. ABC does 
fulfil the given conditions; hence there are two solutions, 
namely As ABO, ABG', If the circle described should meet 
BD at only one point C, there can be only one solution. If 
the circle described should not meet BD at all, the problem 
is impossible. 
When the given angle is right : 

Let ^^ be the side adjacent to the right angle. At B 
make z ABD right. With A as centre and radius = the 
side opposite the right angle describe a circle cutting BD at 
O; join AG, ABO is the required triangle. 

l^e side opposite the right angle B must, if the problem 
be possible, be greater than AB ; the circle described will 
consequently cut BD not only at (7, but at another point C 
on the opposite side of B from O. If AO* he joined, it will 
be seen that A ABO' does fulfil the given conditions ; hence 
there will be two solutions, namely as ABO, ABO', As 
these triangles are congruent, it is usual to say there is only 
one solution. 
When the given angle is obtuse : 

Let AB he the side adjacent to the obtuse angle. At B 
make z ABD = the given obtuse angle. With A as centre 
and radius = the side opposite the obtuse angle, describe a 
circle cutting BD at O; join AO. 

ABO is the required triangla 

The side opposite the obtuse angle B must, if the problem 
be possible, be greater than AB; the cirde described will 
consequently cut BD not only at O, but at another point C 
on the opposite side of B from O. If AO' be joined, it will 
be seen that A ABO' does not fulfil the given conditions ; 
hence there is only one solution, namely triangle ABO. 
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38. Let BO be the given aide. 

At B make z CBD = the given angle, 
and cut off BD = the sum of the other two sides. 
Join DO, at amake i DGA = l BDO, 
and let OA meet BD at A, ABO is the requized triangla 
For -40 = ^/) (I. 6) ; .' . BA ^ AO = BD. 

39. Let BO be the given side. 

At B make z OBD = the given angles 
and cut off BD = the difference of the other two sides. 
Join DO, at O make z DO A = the supplement of z ^i>C, 
and let OA meet ^i> produced at A, 

ABOia the required triangle. 
VotAO = AD{I.6); .' . BA - AO = BD. 

40. Let BD be the sum of the two sides. 

At D make z ^2>(7 = half of the given angle ; 

with B as centre and radius = the given side, describe a 

circle cutting DO at O. 

At amake z DOA = z J52)a, 

and let OA meet J?2> at A. Join ^(7. 

u1j8C7 is the required triangle. 
For z BAO = twice z ADO = the given angle ; 
and BA + A0= BD. 

The circle will in general cut DO at another point O*. If at 
C, z 2)C7'-4' is made = z 5i>(7, O'A' meeting 52> at u4', 
then A A'BO' will satisfy the given conditions. It may be 
proved, however, that A s ABO and A'BO' are congruent. 

41. Let BD be the difference of the two sides. 

At D make z BDO = a right angle + half of the given angle ; 

with B as centre, and radius =s the given side, describe a 

circle cutting DO at O. 

At O make z i>C7^ = the supplement of z ^i>(7, 

and let OA meet ^i> produced at A. Join ^(7. 

ABO is the required triangle. 
For z ^^C = z BDO - z 2)(7^, /. 32 

= z -Bi>(7 - (2 rt z s - z BDO), 

= 2 z 5i)(7 - 2 rt. z s, 

= 2 (1 rt I + i given angle) - 2 rt z s, 

= given angle ; 
and 5^ - AO=BD. 

42. Constructi by the thirtieth deduction, a right-angled triangle 
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ADB whose hyxwtenuae AE = the given bisector, and whose 

side AD = the given pezpendicnlar. 

At A and on opposite sides of AE make z s EAB, EAC, 

each ss half of the given angle, 

and produce DE to meet AB and AC at B and C. 

ABO is the required triangle. 

43. Let BD be the stun of the two sides. 

At D make z BDC = half of the first given angle^ 
at B make i DBG =s the second given angle, and let BG 
meet DG at G. 

At G make i DGA = i BDG, and let GA meet BD at il. 

^i?(7 is the required triangle. 
For I BAG = twice L ADG = the first angle ; 
L ABG = the second angle ; r. i AGB = the third angle; 
and^il + AG = BD. 

44. Let BD be the difference of the two sides. 

At D make i BDG = a right angle + half of the first given 

angle, 

at B make i DBG «= the second given angle, and let BC 

meet DG at G, 

At G make i DGA = the supplement of i BDG^ 

and let GA meet BD produced at A, 

ABG is the required triangle. 
For I BAG = ii BDG - z DO^, /. 32 

= z 5i>a - (2 rt. z s - z 52)(7), 

= 2 z -BDa - 2 rt. z s, 

s 2 (1 rt. z + i first angle) - 2 rt z s, 

= the first angle ; 
z ABG = the second angle ; .* . z AGB = the third angle ; 
and 5^ - AG=BD. 

45. Let DE be the perimeter. 

At D and i^ make z s J^Dil, i)^^^ respectively equal to half 
the base angles, and let DA, EA meet at A. 
At ^ make z DAB = z A and z EAG =iE, 
and let AB, AG meet DE at jB and a 

ABG is the required triangle. 
For z -4-BC7 = twice z A and z -4(75 = twice z -&; i. 32 
and AB = i>5, and AG = ^a 

46. Case first : When two sides and the median to the third side are 

given, as AB, AG, AH in the fig. on p. 100 of EucUd, 
Construct a A ABA' such that AB = one of the sides, 
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BA ' = the other side, and A A' = twice the median. Bisect 
A A' at ff; join BH and produce it to C7, so that HG = BH; 
join AC. ABG is the required triangle. 

For AS AHG, A'HB are congruent ; .-. AG = A'B, L 4 
Case second : When two sides and the median to one of them 
are given, as ABy BG, AH in the fig. on p. 100 of EucUd. 
Construct a A ABH such that AB = one of the sides, BH 
= half of the other side, and AH =i the median. Produce 
BH to G, BO that HG = BH, and join AG, 

ABG is the required triangle. 

47. Let BK, GL, in the fig. on p. 100 of Euclid, be the given 
medians, BG the given side. 

Construct a A BGO having BG = the given side, and BO, 
GO respectively two-thirds of the given medians. 
Produce BO to JST and C(7 to Z/, so that OK = half of BO, 
and OL = half of GO, 
Join BL, GK and produce them to meet at A, 

ABG is the required triangle. 
Let BK, GL be the given medians, AB the given side. 
Construct a A BOL having BO = two-thirds of the one 
median, OL = one-third of the other median, and LB = half 
of the given side. 

Produce BL to i4 so that LA = LB, and LO to C7 so that 
OG = twice LO; join AG, BG. 

ABG is the required triangle. 
The proof foUows from App. L 4. 

43. Construct a A OBG such that OB = two-thirds of the second 
median, OG = two-thirds of the third median, and OH (the 
median of A OBG drawn to BG) = one-third of the first 
median ; which may be done by the first case of the forty- 
sixth deduction. 

Produce BO to K and GO to L, so that OK = half of BO, 
and OL = half of GO, 
Join BL, GK and produce them to meet at A, 

ABG is the required triangle. 

49. Join BG in the fig. on p. 89 of Eudid. 

Then the square ABDG could be constructed, if A ABG 
could be constructed. Now in A ABG the angles are known 
and the sum of two sides ; hence, by the application of the 
forty-third deduction, the square can be constoucted. 

50l Apply the forty-fourth deduction. 
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51. In the fig. to Del 1 on p. 112 of Euclid, join AG, BD intenect- 

ing at E, 

Then AG, BD are equal, and bisect each other. 

Hence a EAB is isosceles, and if it could be constructed, so 

also could the rectangle. 

Now in L EAB the vertical angle AEB is known, and also 

the base AB ; at A and B, therefore, make L s BAE, ABE 

each = half the supplement of z AEB, 

52. In the fig. to Def. 1 on p. 112 of EwiUd, join AG. 

Then the rectangle ABGD could be constructed, if a ABC 
could be constructed. Now in A ABG, AG is known, the 
angle opposite to it (a right angle) is known, and the sum 
of AB and BG (half the perimeter) is known ; the solution 
therefore follows by the application of the fortieth deduction. 

53. In the fig. to Def. 1 on p. 112 of Euclid, join AG, BD intersect- 

ing at E. 

Then the rectangle ABGD could be constructed if A ABG 
could be oonstructed. 

Now since A EAB is isosceles, i BAG = half the supple- 
ment of z AEB, which is known; and i ABG is right. 
Hence in a ABG the angles are known and the sum of AB 
and BG (half the perimeter) ; the solution therefore follows 
by the application of the forty-third deduction. 

54. As in the previous deduction, the angles of a ABG are known, 

and the difference of AB and BG; the solution therefore 
follows by the application of the forty-fourth deduction. 

55. In the fig. on p. 73 of Euclid, join AD intersecting BG at E, 

Then AD, BG bisect each other ; hence |p ABDO could be 
constructed if A AEB could be constructed. Now in a AEB 
the three sides are known ; the solution therefore follows by 
the application of L 22. 

56. The solution follows by the application of the eleventh deduction 

from L 23, since in a AEB, AE, BE, and z AEB are 
known. 

57. When one angle of a ||"> is known, the others are also known, 

since they are either equal or supplementary to it ; hence in 
A ABG (fig. on p. 73 of Euclid), AB, BG and z ^ are known. 

By application of the thirty-seventh deduction, therefore, 
A ABG may be constructed, and thence ||"^ ABDG. 

58. Let ABG (fig. on p. 84 of Euclid) be the given triangle. 

Through A draw AG \\ BG, and bisect BG in E. With E as 
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centre, and a radioB = half of [AB -{■ AO) describe a circle 
cutting AG&t F; join EF, and draw CG \\ EF. 

Then ir FECQ = A ABO; I. 42 

EG+FG=^ 2EG=BG; and EF ■¥ CG=2EF=AB + AC. 

69. Let ir EFGH be inscribed in \ir ABGD, E, F, G, H being 

situated respectively on AB^ BC, CD, DA; join AG, EG 

intersecting at O. 

Since the sides of A AEH are respectively |i the sides of 

A CGFy and are drawn in opposite directions ; 

.*. A AEH is equiangular to L. CGF, by the fourth deduc- 
tion from I. 29. 

Now EH =GF(L 34); /. AE = CG. I. 26 

Hence as AGE, COG are congruent ; /. 29, 26 

.'. AG = CO, and EG =: 6^0, that is AC and i?(7 intersect 
at their middle points. 

But the diagonals of ti™ ABOD intersect at the middle point 
of^C7, 
and the diagonals of ir EFGH at the middle point of EG; 

.'. the diagonals of all the I)™* inscribed in ||"^ ABOD intersect 
at the point where the diagonals of |1™ ABOD intersect. 

60. Let ABOD be the given rhombus. 

Join ACt BD intersecting at ; 

bisect the four angles at O by the two straight lines EG 
and FH, ^ and (7 being situated on AB and CD, FandH 
on BO and DA. Jom EF, FG, GH, HE. 

EFGH is the required square. 
ABOD is a H™, by the eighth deduction from L 27 ; 

.'.E0= GO, FO = HO, by the twelfth deduction from L 34 ; 

.*. EFGH is a ||™, by the ninth deduction from L 27 ; 

.'. EFGH is a rhombus, by the sixth deduction from L 13, 
and the ninth deduction from L 34. 

Now by the third deduction from L 8, and by L 26, it may 
be proved that As AGE, AOH are congruent ; 

.•. OE = OH, and EG = FH ; 

.*. EFGH is a' square, by the tenth deduction from L 34. 

61. Let ABO be the given isosceles right-angled triangle, being 

the right angle. 

Trisect the hypotenuse AB at the points D, E; draw DG, 

EF JL AB, and meeting AC, BO respectively in G, F; join 

FG. DEFG is the required square. 

Because l A ia half of a right angle, and z ADG is right ; 
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.-. DQ = DA, Similarly EF^ BE; .'. DG = EF. 
Now DO and EFare parallel ; .*. DEFG is a ir ; 

.*. DEFO 18 a square, by the first and third deductions from 
L3i. 

62. Let ABDG (fig. on p. 89 of Eu/cUd) be the given square. 

At A make l BAE and i CAF each = one-sixth of a right 
angle, by the tenth deduction from L 32, and by I. 9 ; let 
AE meet BD at E, and AF meet CD at F; join EF. 

AEF is the required triangle. 
For LB ABE, ACF are congruent ; /. 26 

.*. L AEF is isosceles. 
Now I EAFss Irt. z-frt. z=frtz; 
.'. A AEF is equilateral, by the twcdfth deduction from L 32. 

63. Join PB, PG, PB\ PG\ BB, BB'. 

Then by L 38 

A A'OB' = A APB' ) 
lA'0G'=lAPG'\{1) 
A BVG' = A -B'iJa ) 

A 0"OP = A GBP, A BOG' =» A BEG [ (2) 

Hence from (1) by addition, 

A AVB' +A il'OC" +A -B'OC =A APB' + L APG 

+ A B'BG; 
.'. A -4'-B'(7' = A ABG - polygon PG'BOEB\ 

= A il-Ba - U'OC + COP + il'05 + B'OP 

+ 500' + -B'05), 
« A ^-BO - (^PO + GBP + ^P5 + BQP 

+ -Bi?a + -BQi?), by (2) 
= A PQR. 
[This solution is due to William Hopps, HulL] 

64. Produce HA to meet BG in N, 
Because il5 is i| HL, and ^^ is || BL, 

.-. i45Z/JJis a ir, and BL = -4^. 
Similarly AOMH is a r, and OM = iliT; 

/. -Bi> = Oif, and 5Cifi; is a ir. 

Because r -4-BjD^ = r ^-BJ&i?, /. 36 

and ir ^-BZ/fl" = ir LN; I, 35 

Similarly \r AGFG = r -flf^; 
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65. In the fig. to the preceding deduction, make L BAG right ; 

on AB and AG deacribe Bqnares ; and complete the rest of 
the constraction. 

Then BA, AG can be proved to be in the same straight 
line, as well as GA and AE, as in L 47 ; .*. AEHG is a ir. 
Hence A AEH can be proved congruent to L. BAG ; /. 4 

.-. AH^ BG, and L AHE = l BGA, 
Now L EAH^ L NAG{L 16) ; .'. L ANG = I AEH; 

.*. HN 18 X BG, and ir BGML is a rectangle. 
AJiaoBL:sAH=BG; 

.*. IP BGML is a square. 

The equality of BGML to the sum of ABLE and AGFG is 
established as in the preceding deduction. 

66. Let ABG be a triangle, and let the three concurrent straight 

lines ODy GE, OF be respectively ± BG, GA, AB or these 
sides produced : it is required to' prove 
AF^ + BD^ + GE^ = FB^ + DG* + EAK 
Join with the vertices A, B, G. 

Then AF^ + BD^ + GE^ = {AO^ - OF^ + {BO^ - OD^ 

+ (GO^ - OE^), L 47, Cor. 
and FB^ + DC^ + ^ul^ = {BO^ - Oi?'*) + (C70> - Oi>a) 

+ M0»- 0^«); L 47, Gor. 
AF^ + 5i>2 + CE^ = i^fia + i>C7a + JK4». 

This result is sometimes written — 
(AF* - FB^ + (5i>a - D(73) + {CE* - i^i42) = q. 

Conversely : 

If the sides of a triangle be divided so that the sums of the 
squares of the alternate segments taken cyclically are equal, 
the perpendiculars to the sides from the points of division are 
concurrent. 

Let ABG be a triangle, and let its sides or its sides 
produced be divided at F, D, E so that AF^ + BD^ + GE^ 
= FB^ ■¥ DG^ •{■ EA^ : 

it is required to prove that the perpendiculars to AB, BG, 
GA from the points F, D, E are concurrent. 

At -^ and -F' draw EG, FO 1.GA, AB, and let them meet 
each other at ; 
from draw OD' X. BG or BG produced. 

Then AF^ + BD'^ + GE^ = FB^ + D'G^ + EA\ 
But AF^ + BD^ + GE^ = FB^ + DG^ + BA^ ; 
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/. BD^ - BD'^ = DC* - D'G\ by Bubtraction. 
But BD* is greater than BD'\ since BD is greater than BD'; 

.*. D(P is greater than D'C^^ which is impossibla 
Hence the perpendicular from to BO must be OD, 

67. Appendix I. 2. 

Let ^, JT, 2/ be the middle points of the sides BG^ CA, AB 

of A ABG. 

Then AL = X5, BH = MG, GK = Z^ ; 

.-. -4^8 + 5J7« +GK^ = LB* + -ETCa + KA* ; 

.*. the perpendiculars to BG, GA, AB at £r, JT, // are con- 
current. 

Appendix I. 3. 

AZ* - ZB* = M^> + Za«) - {ZB* + ZG*) = AG* - BC*. 
Similarly BX* - XG* . = ^ Jja - ^ C7 « 

and GT* - T^a = 50* - AB*; 

.-. (^Za ^ ZB*) + (5X« - Xa*) + {GT^ - r4») = 0; 

.*. AX, BTf GZ are concurrent. 

68. Let ABG be a triangle (for convenience let i AGB be obtuse), 

and let BA be produced toB' ; let ^JV, ^^' be the bisectors 
of z ^^Oand z B'AG; from j£r,the middle point of ^a,let 
there be drawn HD, HD' respectively ± AN, AN* produced, 
and meeting the sides AB, AG, or those sides produced in 
E, F, E ', F' : it is required to prove 

i {AB + AG) = AE = AF= BE' = GF\ 
i {AB - AG) = BE = GF = AE' = AF\ 
Through G draw GOO' || AB, and meeting the perpen- 
diculars HD, HD' produced at O, O' respectively. 

Because i B'AN' = I AEF, and z GAN' = z -iif^fiT, /. 29 
.-. z ^-&J?'= z -4jra, and AE = ^Jl /. 6 

Because GOi% \\ AE, .-. Z GOF =^ i AEF= z OFGf; 
/. ai?' = OG^. 

But since A s ^J^^, GOH are congruent, /. 26 

.-. BE- GO =GF. 
Now i {AB + AC) = i {{AE + BE) + (AF - GF)], 

= i {AE + uli?'), 
AE ^ AF. 
Because z J5'il^^' = z ^'^-D', and z GAN' = z J"^i>', 

z E'AD' = L F'AD'; 
and since the angles at i>' are right, r. AE' ^ AF\ /. 26 
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Because L CF'O' = z AE'F' = i COT', L 29 

.-. CF' = CG'. 
But since as BE'H, GO'H are congruent, /. 26 

.'. BE' := CO' = CF'. 

Now i{AB + AC)^^{ {BE' + AE') + {CF' - ilJ?") }, 

5^' = CF\ 

Lastly i M5 - AC) = i {(.4^ + BE) - (^-P - CF)], 

= BE =: CF; 
and i M5 - ilC) = i {(5^' + AE') - (C!F' - AF')], 

= i (^i^' + ^i?") 
il^' = AF'. 
[Another proof of this theorem will be found in M'Dowell^s 
Exercises on Euclid and in Modem Oeometry^ section 112.] 

69. i ( z C + z J?) = z B'AN'= l CAN'^ l E'AD' = i F'AD' 

= I AEF = I AFE s= L COF = i HOC; 
i(z O - i B) ^i BHE = L CHO sa z .liV'a 

For i,C + I B = I B'AC ; L 32 

.-. \{L C + L B) = i B'AN' = C^iVT'. 
The other equalities follow by I. 15, 29. 

^(zC-z5)=i(z(7+z5)-zA 

= z AEF - L B, 

= z BHE. I. 32 

The other equalities follow by /. 15, 29. 

70. Let ABC be a triangle, and let BD which bisects z ABC, and 

CE which bisects z ^Ci?, be equal; to prove z ABO = 
z ^(7^. 

Through D draw Di?' |i jBu4, and through E draw ^^ |I BD 
and join (TF. 

If z -450 be not = z -4C5, let z ABC be the greater ; 
then z D^C is greater than z i^(75. 

/ DB = EC Hyp. 

In AS i)5C, J2?CA ] BC = CB 

i z i>5(7 is greater than z ^(75; 
.'. DC is greater than jF5. 7.24 

Now EB = DF, because BDFEiBA ir ; 
, • , DO is greater than DF; 
.', z DJf'O is greater than z DC7J?l 
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Again EG = BD (hyp.) = EF ; I. 34 

• •. I ECF-L EFG; L 5 

.'. L EOF - L DC^ is greater than L EFG - L DFG ; 
.-. I EGD is greater than z EFD ; 

.*. z ^aZ> Ib greater than z i?^2>; 7.34 

.'. L AGB is greater than i ABG, which is absurd. 
Hence z ^£C7 = z ^4(7^, and a ^£C is isosceles. 

[This proof is given by M. Descube in the Journal de 
MaZhimatiquea Slimentairea et SpSciales, 1880, voL iy., p. 
538. For a direct proof see the last reference given in the 
Euclid.] 

If the straight lines bisecting the angles below the base 
and terminated by the opposite sides be equal, the triangle 
is isosceles. The construction and proof of this case are 
closely analogous to those of the preceding, almost the only 
changes being that the pair of angles which were there 
subtracted are here added, and that subsequently 'greater 
than ' has to be replaced by ' less than.' 



LOCI. 

1. Let ABhe the given straight line, M the given distance. 

Take any point G in AB; draw GD ± AB, and = M; 
through D draw EF II AB, 

Then it may be proved by I. 28, 34, that the distance of 
any point in EF from AB = GD = M. 
If a similar construction be made on the opposite side of 
AB from EF, the distance of every point in this second 
parallel from AB will = M. 
2. Let BCD be the O^ of the given circle, A its centre, and M the 
given distance. 

Draw any radius AB ; produce AB to E, so that BE = M, 
and from BA cut off BF = M, With centre A, and radii 
AE, AF, describe two circles EGH, FKL, 

Hien if any other radius be drawn to meet the O^ BGD, 
EOH, FKL, it may be shown that the part of it intercepted 
between BCD and EOM, or between BGD and FKL^ = BE 
or BF = M. 

If jjf = AB, the 0<* FKL reduces to a point ; 
if if be greater than AB, the o <" FKL becomes impossible. 
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3. Let AB and CD (fig. to I. 15) intersect at E, and let FEO 

bisect z 8 AED^ BEC, and HEK bisect z s ^^A ^^G. 

Take any point P in EH, and draw Pif x ^^, and 
P JV ± CD. 

Then A s PjKitf, PEN are congruent ; /. 26 

.-. PM = PN. 

Similarly, any point in EFy EO, EK is equidistant from AB 
and CD, 

4. When AB and CD are parallel, the locus is a straight line 

parallel to AB and CD^ drawn through the middle point of 
any straight line which joins ABto CD. 

5. Let BC be the given base, M the given length. 

With B as centre and M as radius describe a circle. Then 
if any point A on the O** of this circle be joined to B and C, 
A ABC will be on the given base and have one of its sides = 
the given length. 

Similarly, if any point on the O** of the circle described 
with C as centre and M as radius, be joined to B and C, a 
triangle will be obtained fulfilling the given conditions. 

6. Let BC be the given base, i M the given angle. 

At B and on opposite sides of BC make z s CBA, CBA\ 
each = z M; then if any point be taken in BA or BA' and 
joined to B and C, a triangle will be obtained fulfilling the 
given conditions. 

Similarly, if at C, and on opposite sides of BC, z s BCA, 
BCA' be made each = l M^ any point in CA or CA' will be 
the vertex of a triangle fulfilling the given conditions. 
Let BA, CA meet at D and BA\ CA' at D' ; then DBD'C 
is a rhombus. 

When z iif is acute, the sides as well as the aides produced 

of the rhombus DBD'C constitute the locus ; when z if is 

obtuse, the sides produced alone constitute the locus ; when 

z if is right, the locus consists of the two perpendiculars to 

BC at the point B and C, 

7. Let A be the given point, M the given straight line. 

With A as centre and M as radius describe a circle. 
The O^ of this circle is the required locus. 
S. Let B and C be the given points. 

Join BC ; bisect it at D, and through D draw a perpendicular 
to BC. Any point in this perpendicular is equidistant from 
B and C7, and consequently the centre of a circle which 
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passes through B and O. This perpendicular, therefore, is 
the required locus. 
9. This is merely the preyious question expressed differently. 

10. The locus is the O^ of the circle described with the middle 

point of the base as oentre and with the median as radius. 

11. The locus consists of two paralleLs to the base, equidistant from 

it, and on opposite sides of it. 

12. The locus ia the same as in the preceding question, for if the 

triangles have equal areas, they will have equal altitudes. 

13. Let A be the given point, BO the given straight line, and let 

ADf AEhe two of the straight lines drawn from A to BG. 

Then the straight line joining the middle points of AD 
and A^ is parallel to DE, -^PP' ^' 1 

Hence the locos is the straight line parallel to BG, and 
equidistant from A and BG, 

14. By App. I. 1 and Cor. 1 it will be seen that the locus is a 

straight line parallel to the parallels and equidistant from 
them. 

15. 16. Since the diagonals of the H™* bisect each other, the locus of 

their intersection is the same as in 13. 

17. By the sixth deduction from I. 40, the median from the vertex 

to the base bisects every parallel to the base; hence the 
locus is this median produced indefinitely either way. 

18. The second deduction from I. 39 proves that the distance of the 

vertex of the right angle in a right-angled triangle from the 
middle point of the hypotenuse = half the hypotenuse ; hence 
the required locus is the O*^ of the circle described with the 
middle point of the hypotenuse as centre and half the hypot- 
enuse as radius. 

19. The second deduction from I. 39 proves that the distance of the 

middle point of the ladder from the foot of the perpendicular 
wall is always equal to half the length of the ladder ; hence 
the middle point of the ladder describes the fourth part of 
the o°^ of the circle whose centre is the foot of the wall and 
whose radius is half the length of the ladder. 

20. Let AB, GD be two equal segments of the straight line. 

Bisect BG in E, and from E draw a perpendicular to BG. 
This perpendicular is the locus. 

For if any point P be taken in this perpendicular, and 
joined to A^ B, (7, i>, it may be proved that 

z APE = I DPEy and z BPE = z GPE ; I. 4 
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.-. L APE - L BPE = I DPS - A OPE; 

.-. z ulP-ff = z DPa 
21. It is easy to see that the locus is the o^ of a cirole ; bnt the 

following proof may be given. 

Let AB (fig. on p. 72 of Eudid) be the given straight line, 

and D the centre of the circle on whose O ^ the extremity B 

moves, so that 2> is a fixed point. From 2> draw DG \\ BA 

and = BA ; then (7 is a fixed point. Now let A'B' be a 

second position of AB; A'B' is || AB and = AB^ and B* is on 

the o ^ of the circle whose centre is D, ^yP' 

Join GA, GA\ DB, DB\ 

Then ABDG is a ||» (I. 33) ; . • . GA = DB ; 

and A'B'DG is a r (I. 33) ; . • . GA = DB'. 

Now DB = DB' = a fixed distance ; 

• ' . GA = GA' s the same fixed distance ; 

.'. the extremity A when it moves is always at a fixed 

distance from the fixed point G, 

Hence the locus of ^ is the o ^ of a circle, whose centre is (7, 

and whose radius = the radius of the other circle. 
22L Of all the triangles whose base is the given base BG^ and whose 

median BK = the given length, let ABG be one. 

Through A draw A0\ KB meeting GB produced at 0. 

Then OB = jBC and OJ = 2 BK ; App, I. 1, Got, 1 

.' . O is a fixed point, and OA a fixed distance. 

Hence the vertex A is situated at a fixed distance (twice the 

given median) from a fixed point ; 
.*. the locus of ^ is the o*^ of the circle described with O 

as centre, and radius twice the median from B, 
23. Of all the triangles whose base is the given base BC^ and the 

difference of whose sides s the given difference, let ABG be 

one. 

Bisect the interior vertical angle BAG by AD ; 

from B and draw BD and CE ± AD, 

and let BD, GE meet the sides AG, ABiaF and G : 

it is required to find the locus of the points D and E. 

By application of I. 26 it may be seen, on comparing 

l^aAEG, AEG, that GE = EG, and AG = AG; 

and on comparing As ADB, ADF, that BD =s DF, and 

AB = AF. 

Hence the given difference of sides AB-A O^t AB—AO= BO, 

or =AF-AO=^GF, 

G 



96 KEY TO EUOLID's ELEMENTS. [BOidi L 

Take H the middle point of BG, and join ED, HE, 
Then HD = \ CF, and J5r» = i BO. App. L 1 

But becaiue BO is a fixed straight line, H its middle point is 
a fixed point ; 

and it has been shown that the distances of the points D and 
E from the fixed point H are each = half the given differ- 
ence of sides ; 

.*. the locns of D and E is the o** of a cirde whose centre 
is H and whose radios s half the given difference of sides. 

24. Of all the triangles whose base is the given base BO, and the 

sum of whose sides = the given snm, let ABO be one. 
Bisect the exterior vertical angle BAF or OAO by DAE ; 
from B and Odraw BD and OE ± DAE, 
and let BD, CE meet the sides ^C, il^ in i^ and O' : 
it is required to find the locus of the points D and E, 

By application of I. 26 it may be seen, on comparing 
A AEOy AEO, that OE = EG, and AG = AG; 
and on comparing lb ADB, ADF, that BD = DF, and 
AB = AF. 

Hence the given sum of sides AB + AG = AB + AG = BO, 
or =AF-\-AG = CF. 

Take H the middle point of BO, and join HD, HE, 
Then HD ^ i OF, and HE = \ BO. App. I. I 

But because BO is a fixed straight line, H its middle point is 
a fixed point ; 

and it has been shown that the distances of the points D and 
E from the fixed point H are each a half the given sum of 
sides; 

.*. the locus of D and E is the o°" of a circle whose centre 
is H, and whose radius = half the given sum of sides. 

25. Let AB, BO, GD be the three given sides, A the given diagonal 

of the quadrilateral. 

(1) Since AB, BG, AG are given, A ABC can be deter- 
mined. /. 22 
But since in the A AGD only AG and GD are known, 

the vertex D cannot be determined. 

Its locus is the o ~ of a circle with centre O and radios CD. 

(2) Let E be the middle point of BD. 

Then since from a fixed point B a variable line BD is drawn 
to the O*^ of the circle whose centre is C and radius CD, 
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the locus of the middle point of BD is the O^ of another 
circle. App, I. 6 

The centre of that circle will be (7, the middle point of BO, 
and its radius will be OEj^wYdch. = ^ CD. 

<3) Let JF' be the middle point of ^(7; 
join EF and bisect it at ff. 

Then since from a fixed point F a variable line FE is drawn 
to the O^ of the cbrcle whose centre is G and radios OB, 
the locos of ff, the middle point of F£l, is the o^ of another 
circle. ^PP» /• 6 

The centre of that circle will be K, the middle point of FO, 
and its radios wiU be KH, which = i OE, and .' . = i CD. 



BOOK IL 

PROPOSITION 1. 

1. Let AB and CD be two straight lines (fig. to 11. 1) ; 

and let CD = 2 CE: 

it is reqoired to prove AB • CD =s 2 AB • CE. 

From (7 draw CO ± CD, and = AB ; L 11, 3 

through O draw OHJH CD, 

and throngh E aad D dnw EK, DH }li CO. I. 31 

Becaose CE^ED, .-. CK = EH. I. 36 

Hence CH = CK + EH, 

= 2CK; 
.-. 0C'CD = 20C'CE; 
.-. AB'CD=:2AB'CE. 

2. Let AB and CD be two straight lines (fig. to II. 1) ; 

and let CE = EF = FD : 
it is reqoired to prove AB- CD = 3 AB • CE. 
Make the same constroction as in 11. 1. 
Becaose CE = EF = FD, .'. CK = EL= FH. I. 36 
Hence CH - CK + EL + FH, 

^SCK; 
.'. OC'CD^ZOC'CE; 
:. AB'CD^ZAB'CE. 
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3. Let AB and CB be two equal straight lines (fig. to II. 1). 

From O draw CO ± CE, and = AB; L 11, 3 

through O draw QK \\ CE, and through E draw EK |i CO. 

Then CK = AB - CE. 
But since ^^ = (7i7, and CO = ^^; ^^i?., (7on««. 

CO = (7^. 
Hence the rectangle CK has two conterminous sides equal ; 
.*. all its sides must be equal ; /. 34 

.*. it is a square; 
.\AB'CE=:CE\ 

4. Let AB and CD be two straight lines, let ABhe divided inter- 

nally at O into any two segments, and let CD be divided 

internally at E and F into any three segments : 

it is required to prove AB'CD = AO-CE + AO-EF 

+ AO*FD + OB»CE+OB'EF'{'OB'FD. 

AB»CD = AB'CE + AB.EF + AB-FD. IL\ 

But AB^CE^AO'CE ^OB'CEy II. I 

AB.EF = AO'EF + OB-EF, IL 1 

AB'FD = AO-FD +OB.FD; IL 1 

.-. ABCD = AO'CE +AO'EF+AO*FD 

+ OB'CE + OB'EF -^ OB'FD. 



PROPOSITION 2. 



1. Take Off = AB. I. 3 

ThenOH.AB = Off'AC-^Off'CB; IL 1 

AB^ = AB'AC + AB-CB. 

2. Let ^^ be divided internally at O and jD ; 

to prove ^jB* = AB - AC ■{■ AB - CD + AB - DB. 
Take another straight line EF = AB. I. 3 

ThenEF'AB =EF'AC + EF»CD + EF'DB; IL 1 
-4£« = -45.^(7 + -45. aZ>+ ^5.2)5. 

3. Let ^5 be divided internally at C, D, E: 

it is required to prove 

AB^ = AB'AC + AB'CD + AB'DE + AB'EB. 
Take another straight line FO = AB. I. 3 

Then FO - AB = FO - AC + FOOD + FO- DE 

-hFO'EB; IL\ 
.'. AB^ = ABAC + AB'CD + AB'DE+ AB'EB. 
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4. Consider AG and CB as two stnught lines ; 

then AB is the sum of the two straight lines, 

and AB^ is the square on the sum of the two. 

Also AB « AO is the rectangle contained by the sum and one 

of the straight lines ; 

and AB • GB is the rectangle contained by the sum and the 

other of the straight lines. 

5. Consider AB and AG as two straight lines, of which AB is the 

greater; 

then GB is the difference between the two straight lines. 

Now AB'^ s= the sqnare on the greater of the two straight 

lines; 

AB 'AG = the rectangle contained by the two straight lines ; 

AB • GB = the rectangle contained by the greater and the 

difference between the two. 



PROPOSITION 3. 



1. Take OH = AB, I. 3 

ThesiiOH'AB+ OH-GB^GHAO: IL I 

.-. QH >AB =^ QH 'AG - GH GB ; 
AB^^AB'AG- AB'GB. 

2. Consider AB and BG as two straight lines ; 

then AG is the snm of the two straight lines ; 

and AB - AG = the rectangle contained by the snm of the two 

straight lines and one of them. 

Also AB^ = the sqnare on that one of the straight lines ; 

and AB • GB = the rectangle contained by the two straight 

lines. 

Now AB-AG^ AB^ + AB . CB. IL 3 

3. Consider AG and AB as two straight lines, of which AB is the 

less; 

then GB is the difference of tiie two strai^t lines. 
Now AB • AG = the rectangle contained by the two straight 
lines; 

AB^ = the sqnare on the less ; 

AB • GB = the rectangle contained by the less and the differ- 
ence of the two straigjht lines ; 
zsiSlAB'AG^ AB* + AB - GB. //. 3 



100 KEY TO Euclid's elements. [Bocft n. 



PEOPOSITION 4. 

1. HFwAOK. 6. CK. 

2. ADEB, 6. HF. 

3. Gnomon ^JT^. 1. AO + OE, 

4. Gnomon -4 -F'jr. or 2 AC- CB. 

8. Consider ^C and CB as two atraiglit lines ; 

then AB is the sum of the two straight lines, 

and AB^hA the square on the sum of the two straight lines. 

Also AC^ -{- CB^ is the sum of the squares on the two straight 

lines; 

and 2 AO* CB is twice the rectangle contained by the two 

straight Hues. 

Now AB^ is greater than AC^ + OB^ by 2 AC- OB. 11. 4 

9. Let AG and GB be equal ; 

then AB^ = AG^ + GB^ + 2 AG- GB, II. 4 

== AG* •{- AG^ -{- 2 AG ' AG, 
^^AGK 

10. Let il^ be divided internally at G and D. 

On AB describe the square AEFB, and join BE. L ^ 

Through (7 and 2) draw GHK, DLN \\ AE or BF, 

meeting BE in H and L, and EF in K and N ;, 

through H and L draw RHM8, POLQ \\ AB or EF, 

meeting AE, GK, DN, BFinR, H, M, 8, and P, Q, L, Q. 
Then it may be proved, as in IL 4, that RK, OM, DQ are 

the squares on AG, GD, DB ; 

that AG, ifi?' are each = AG - DB; 

that Pff, HN are each = AG * GD ; 

that GL, L8 are each = GD . DB; 

and that these nine figures make up AEFB. 

Hence AB^ = AG* + GD* + DB* + 2AG'DB + 2 AG -CD 

+ 2 (7Z> . DB. 
IL Let AG =sa,GD=s b, DB = e; then ^jB = a + 6 + c. 

Now ui^a - (a + 6 + c)2 = a3 + 6« + c« + 2a6+ 26c 

+ 2<»; 

and AG* + C7i>" + DB* + 2 AG'DB + 2 AGCD 

■{■2CD-DB, 

asa^ + 6" + c? + 2ac + 2a6 + 2 6& 
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PROPOSITION 5. 

1. By CD\ For OB^ - CD^ = AD - DB ; 

that is, AGCB- CD^ = AD-DB. 

Hence, if jD be any point in AB^ the rectangle AD • DB is 

always less than the square on AC^ the half of AB, by CD^ ; 

.*. AD • DB increases as CZ>^ diminishes ; 

.'. AD • DB is greatest when OD^ is least, that is, when the 
points D and O coincide. 

2. AD ' DB diminishes as OD^ increases, that is, as the point D 

moves faxther from C, the middle of AB. 

a ^C = i ^5 = i {AD + DB). 

Cut off from ilCa part AB=DB. 

Since AC = (7j8 and .i^ = DB, 
.-. ^a = CD, and C72> = i ^i> = i M2> - AE) 

= i (-42) - DB). 

4. CEGD asid LEFM. 

5. CEFB. 6. JD^flf^r. 

7. Consider ul2> and DB as two straight lines ; 
then GB = half the sum of AD and DB, 
and (7D = half the difference of AD and DB. 
Now AD'DB^GB^ - C7i>» //. 6 

& Perimeter of the rectangle AD 'DB = 2 {AD + DB) 
= 2 AB = 4 (7J5 = perimeter of the sqnare on GB. 

9. CB^ was shown to be greater than AD - DB by CD*; 

and the perimeter of the square on GB was shown to be equal 
to the perimeter of the rectangle AD • DB. 

10. Construct a rectangle whose sides shall be the sum and the 

difference of the sides of the two given squares. //. 5, Gor. 

11. AD^ + DB^ + 2 AD - DB = AB\ a fixed magnitude ; //. 4 

.*. AD^ + DB^ will be least when AD • DB is greatest, 
that is, when D is the middle point of AB, by the first 
deduction from XL 6. 

12. Let A ABG be right-angled at O; 

then AG* = AB^ - BG^, L 47, Gor. 

« {AB + BG) . (^-B - BG). II. 6, Gor. 



102 KET TO euolid's blbmbnts. [Bo<dc n. 



PROPOSITION 6. 

1. AD • DB mfty be less than, equal to, or greater than AG • OB, 

Vor^AD'DB = OD" - CB^ = CD* - AOOB; II.6 

.'. AD'DB-A0'0B^CD}-2AC'CB, . 

= 0D» - 2 CB\ 
Now, when D is near to B, GD^ may be less than 2 GB^ ; 
as i> moves farther from B, GD^ increases while 2 GB^ always 
remains the same. Henoe GD^ will become = 2 GB\ and 
greater than 2 (75', as D continues its movement 

2. For AD*DB = GD^ - GB^ ; IL 6 

and, as D moves farther from 5, OD^ increases, while GB^ 
remains constant; 
.*. AD • DB increases as D moves farther from B, 

a AG = ^AB=^i (AD - DB), 

Produce GAiioE making AE = DB. 

Since AG = GB, and AE = DB, 
.-. ^a = OD, and CD = i -KZ) = i (^D + ^^ 

4. GEGD and i^j^ZAf. 

6. j&J^Gfiy. 6. GEFB. 

7. Consider iiD and DB as two straight lines ; 

then GD = half the sum of AD and DB, 

and (Tfi = half the difference ot AD and DB, 

l^ow AD . DB = GD^ ' GB\ IL6 

8. Perimeter of the rectangle AD • DB = 2 (ulZ> + DB) 

= 4 (72) s perimeter of the square on GD. 



PROPOSITION 7. 



1. HFbxAGK. 8. Gnomoa^iT^. 

2. ^i>JgrA 4. CiT. 

6. ^a^ + GB^ =:HF+ GK; and ^5», the square on the differ- 
ence of AG and GB = ADEB, 

Hence ^1(7' + C75' exceeds AB^ by the gnomon ^iTi^ + CK, 
that is, by 2 -4(7. CB. 
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6. Consider AO and CB as two atraight lines ; 

then AB is the difference of the two straight lines, 

and AB^ is the square on the difference of the two straight 

lines. 

Also AO^ -¥ CB^ is the som of the squares on the two straight 

lines; 

and 2 AO • CB is twice the rectangle contained by the two 

stnught lines. 

Now AB^ is less than A(P •{• OB* hj 2 AC - CB. 11. 7 

7. For AC* + CB*-2A0'CB = AB*, II. 7 

that is, the sum of the squares on AC and CB is greater than 
twice the rectangle AO • CB by AB*. 
When AB* vanishes^ that is, when AC becomes » CB, 
fche sum of the squares on AC and OB = 2 AC 'OB. 

8. Let AB be divided internally at C, 

and let AG* + C5' = 2 ^O- CB. 

Then AC* + C75" - 2^0- (75 = 0; 
.'.{AC- CB)* = 0; 
.'. AO - CB== 0, that is, AC = CB. 



PEOPOSITION 8. 

1. AEDO. 2. KLMir. S. AK, CL, DM, EN. 

4. The square on the sum of AB and BO is AEDCj 

and the sum of the squares on AB and BO is the figure 

ABLMOE. 

Hence the excess of the former above the latter = OL + DM 

= 2AB'BC. 
6. The sum of the squares on AB and BO is the figure ABLMOE ; 

and the square on the difference of AB and BO is KLMN. 

Hence the excess of the former above the latter ^ AK + EN 

^2AB'BC. 



PEOPOSITION 9. 

1. Compare the 'Otherwise,' for the first part 

Again considering AD and DB as two straight lines, 

AO = i {AD + DB), and (72> = J {AD - DB), by the third 

deduction from H. 6. 

Now AD* + DB* = 2 AC* + 2 CD*. II. 9 
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2, By 2 CD\ For AD* + 2)jB« = 2 A(P + 2 CD\ 

= AO* + OB' + 2 02>». 

a If D be «iy point in AB, AD* + DB* ia greater tlian 
iia» + CB\ a fixed magnitude, by 2 C72>« ; 
.'. ilD* + DB* diminiBhes as 2 CD* diminiahes, 
that is, as D moves nearer to G. 
Hence AD* + DB* is least when D and (7 oomcid& 

4. AD* + Z>j8' increases as 2 CD' increases, 

that is, as 2> moves nearer to either end of AB. 

5. 4.CD* -^r 2AD ' DB ^ 4lOD* -¥ 2{PB* - CD*), II.5 

= AOD* +2{AC*-CD*), 

= 2 AC* -^2 CD*, 

= AD* + DB*. IL9 

6. Let EAB be an isosceles triangle, having i E right, and let D, 

any point in the base AB, be joined to E; 
it is required to prove 2ED* = AD* + DM 
Draw i^a X ^-B. /. 12 

Then since z ^ is half a right angle, and z ACE is right ; 
.-. I CEA = half a right angle ; /. 32 

AC = CE, 1. 6 

Also AC=i CB, by the third deduction from I. 26. 
Hence 2i^D2 = 2EC* + 2 CD*, I. 47 

:=: 2 AC* + 2 CD*, 
= u4D>+DM //.9 



PROPOSITION 10. 



1. Compare the * Otherwise ' for the first part. 

Again, considering AD and DB as two straight lines, 

(7D = i {AD +'DB), and -4(7 = i {AD - DB), by the third 

deduction from XL 6. 

Now AD* + DB* = 2 AC* + 2 CD*. 11. 10 

2. By 2 CD*. For AD* + D5» = 2 ^0" +2 CD^, //. 10 

= ^a>+ CB*-{-2CD*. 

3. If D be any point in AB produced, AD^ + DB* is greater than 

AC* + CB*, a fixed magnitude, by 2 CD* ; 
.'. AD* + DB* diminishes as 2 CD* diminishes, 
that is, as D moves nearer to C. 
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4. 4aD«-2i4i>.i)5 = 4CZ)« - 2{CD* -CB\ U.S 

= AD* + DB*. II. 10 

5. The proof of tihis ia identical with thepgoof of tiie aixth deduction 

from n. 9, the only attention required being the addition of 
the word 'produced.' 



PROPOSITION 11. 

1. For the angle snppleinentaiy to z BAOis right ; /. 13 

and z FAH of the 8q[aare on AFib right 
Hence AH mnat coincide -with AB 

2. VoT AB 'Bff= AH ' Bff ^ BH*{lL2i,9ad AH* = AM' Aff; 

.'. Aff'Aff=Aff'BM + BH*; 

.-. ^IT'iiiris greater than ^^-^jB: 
Now these two rectan^^ea have the same base AH; therefore 
the altitode AH moat be greater than the altitade BH. 

3. Let Off meet ^Ji* at iT. 

Triangiee FABy HAG are oongment ; /. 4 

.-. I FBA = I HCA. 
Bat I HCA + I ilJ7a= a right angle; 
.*. L FBA + Z ^J7a=«ri^taDgIe; 
.-. z ^^^ + Z £irir = a right angle; 
.*. z £^J7 = a right angle. /. 32 

4. Let^B^anda^inteiBectatO. 

Because ^^ = ^j; .\ I FBF = L BFB. /. 5 

But z ABFia the complement of z AFB; 

.'. z ^J?^ is the complement of z ^^^. 
Now z J?Oir 18 the complement of Z J^^^, by tiie preceding 
deduction ; 

.*. z BOKy and consequently z EOC, =» z ^1^^. 
Again, becanae ab ^^^^ uiC/fT are oongnient; /. 4 

.-. z ABF= L ACH; 

.-. L EOC=^L,ECO; .\E0:=ISC(L6) = EA. CoiuL 
Hence z^-40 + z EGO^ z ^04 + z E0C{L5) = /.AOC; 

.*. by the third deduction from L 32» z AOG is righl 

& Bocanae z ^'illT' ia right, and z ^il(7iari^t; 

. '. BA and ^J7' are in the same straight line. /, i^ 



106 KET TO BUCLID'S ELEMENTS. [BOOk H 

6. Sinoe H'B • BA = AH'\ 

.*. H'Bia divided internally in medial section at A ; 
.'. Aff' is greater than AB, by the second deduction from 
ILll. 

7. Let CH' meet BF' at K', 

Triangles F'AB^ H'AO are congment ; /. 4 

.-. L F'BA=^lH'OA, 
But L H'GA + L AH'C = a right angle ; 

.•. L F'BA + I AH'O = a right angle; 

/. I BK'ff's a right angle. /. 32 

8. Let ^J^and GH' intersect at a. 

Because JSB = EF\ .'. z EBF* = z EF'B. /. 5 

Bat z ^JSJT'' is the complement of z AF'B; 

.*. z ^^i^' is the complement of z i^^JP''. 
Now z ^O'JT' is the complement of z ^jSJ^', by the preced- 
ing deduction ; 

.-. z BOK*, and consequently z j^C/CT, = z -452?". 
Again, because As ABF\ AOH' are congruent, /. 4 

.-. z ^5J^' = z ^OIT'; 

.-. z ^aa = z ECO; .-. iZfCy = ^(7 (L 6) = i^-4. Cofw*. 
Hence z JK40' + z ECa = z iZTO'^ + z -^(/a /. 5 

= z iicya; 

.*. by the third deduction from L 32, z A(yO is light. 

9. Because HBBA^ HA\ 

.*. ^Tfi is divided externally in medial section at A ; 
and because H'B . BA = H'A^ 

.'. ^'5 is divided internally in medial section at A. 
10. Since ABia divided internally in medial section at H, and AB, 
BH, HA are respectively = OD, DL, LG; 

.*. GD is divided internally in medial section at L. 
Since GF-FA^ AB^ (IL 11) = AG\ 

.*. (7F is divided internally in medial section at A ; and con- 
sequently LQ is divided internally in medial section at H, 
Since GF^ FA, AG vae respectively = AF', F'G, GA, 

.*. AF* is divided at G, and consequently H'Q* at L', inter- 
nally in medial section. 

Since, by the preceding deduction, H'B is divided internally 
in medial section at A, 

. *. L'D is divided internally in medial section at*C 
The eigbt straight lines divided internally in medial section, 
are: 
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AB at H, CD at L, GF&t A, LG at H, AF' at (7, H'Q' at 

L\ H'B at A, and l^'JD at C. 

Hence the following eight straight lines are divided externally 

in medial section : 

BBntA, LD atCAF at C, ffG at L, OF' at A, LV a,t H ', 

AB at ff\ and CD at i^'. 



PEOPOSinON 12. 

1. B0^'{-0A^ + 2BG'CD = AB\ 77.12 

a=.4(7> + CB^+2AC . aj^; 77. 12 
.-. 2BG'OD = 2AG'OF,tmdBC*OD = ACCF. 

2, From D draw Di? x ^(7 produced. 7. 12 

Then z i>(7^ = an angle of an equilateral triangle ; /. 29 
and CD = 2 CE, by the eighth deduction from I. 9. 

Hence BD^ = BC^ + CD^ + 2BC' CE, IL 12 

= -8(7« + Ci)«+ BO 'CD. 

a AC* + 3 OD" = AB\ Hyp, 

= 5C7« + jG4> + 2BC'0D; IL 12 

3 CD' = 5(7* + 2BG'GD; 
^OD^ = ^a^ + OD^ + 2BG'GD, 

= BD^; 77.4 

2 0D=tBD. 

4. The proposition becomes IL 4. 



PEOPOSITION 13. 

1. BG^ + C7u4» - 25(7. CD = AB\ 77. 13 

= u4(7» + CB^ ^2AG'GE; IL IS 
.-. 2BG'CD=: 2AG'GEy and ^C- CD = AC - CE. 

2. From 7) draw 7>i^ ± 5(7. 

Then z 7)(7J!7 = an angle of an equilateral triangle ; 7. 29 
and CD = 2 CE, by the eighth deduction from I. 9. 

Hence BD^ = BG^ + GD^ -2BC- CE, IL 13 

= BC^ + GD^^ BG'GD. 
a u4(7« + 3(77>a = ^fl3, J7yp. 

= 5(7« + (7u48 - 2 BC^CD: 77. 13 
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S0D^rzBG*-2B0'0D; 
.'. ^0D^ = BC^ + CD^-2BG'CD, 

:=^BD^; ILl 

2GD = BD. 

4. The propofiitiQii beoomea IL 7. 

5. Let A ABG have AB^ greater than BG^ + GA* : 

it is required to proye z G obtnse. 

If z C be right, AB^ = BG^ + GA^; L 47 

and if z Obe acute, AB^ is leas than BG^ + GA^ ; IL 13 
L G must be obtuse. 
& Let A ABGha!7^ AB^ less than BG^ + (7^1': 
it is required to prove i G acute. 

K z O be right, ^jB^ = BGf + 04*; /. 47 

and if L (7be obtuse, iijS> is greater than ^C^ + Cil>; //.12 
z G must be acute. 
7. Let A i4^C7 have ilj5 » ^(7, and let ^i> be the projection of 
BGonAB: 
it is required to prove BG^ b2AB' BD. 

AG^ = AB^ ■^BG*'2AB' BD. IL 13 

.-. BG^ ■'2AB'BD^0, since AB* = AG^; 
/. £a« = 2 u4^ . BD. 



PROPOSITION 14. 



1. Let BHF be a semicircle (fig. to II. 14), HE a perpendicular to 

BF from any point H in the arc. 
Bisect BF in O, and join Oil. 
Then BE - EF =z GF\~ QE\ IL 6 

= G^ir* - 0E\ 

= fi'^'*. /. 47, Gor. 

2. Let 4j5 be the given straight line, M a side of the given square. 

Bisect ABskt G; find a square which is less than GB^ by IP, 
by the third deduction from I. 47 ; and from PB cut off GD 
equal to a side of this square. 

ADy DB are the required segments. 
For AD'DB= GB^ - GD\ IL 6 

M may be as small as we please, but it must not be greater 
than half of AB. 
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3. Let ABhe the given straight line, M a side of the giyen square. 

Bisect AB at O; find a square which is greater than CB* by 
M\ by the first deduction from L 47 ; and from (/^produced 
cut off CD equal to a side of this square. 

AD, DB are the required segments. 
For AD'DB= GD^ - CB^, 11. 6 

= if«. 
M may be as small or as large as we please. 

4. Let ^7> be the given straight line, M a side of the given squai«u 

From D draw DE X AD, and = M; join AE, and at E 
draw EB ± AE, and meeting AD produced at B, 

AD ' DB is the required rectangle. 
Bisect ABmGf and join OE. 

Then AD ' DB := OB* - CD\ //. 5 

= OE* " 0D\ by the seventh deduction 

from L 32, 
= DE\ L 47, aor. 



DEDUCTIONS. 



1. Let ABO be an isosceles triangle, having AB = AO, and from 

A let AD be drawn to cut BO internally or externally at D : 
to prove BD'DG= AB* - AD* or = AD* - AB*. 
Draw AE ± BO. 

(1) AB* - AD* 

= BE* - ^i>", by the twelfth deduction from L 47, 
= {BE + ED) . {BE - jKZ>), //. 5, Cor. 

= (jB^ + ED) ' {CE - ED)j 

= BD»Da 

(2) ili)a _ ^^2 

= JKD" - 5^^ by the twelfth deduction from L 47, 
= (ED + BE) . {ED - BE), 11. 6, Cor. 

= {ED + BE) . (J^Z) - EC), 
^BD'DO. 

2. Let A BCD be a ||™, ^4(7, J9D its diagonals intersecting at E: 

to prove AB* + jBC" + CD* + 2)4» = AC* + 5i)>. 

Since the diagonals of a |p^ bisect one another ; 
.-. AB* + B0*=:2 AE* + 2 -8^, App. 11. 1 

and (72)3 + 2>^a =, 2 ^^« + 2 Di?'. -4i?^. //. 1 
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Henoe AB'^ + jBC7» + (72)« + DA^ 

= 4 AB^ + 2 jB^» + 2DJ^, 
= 4 u4JBy> + 4 5^, 
= ^a» + JJ2>«. 

3. Let A BCD be any quadrilateral, ^, ^, 6^, iJ the middle points 

of the Bides AB, BO, CD, DA : 

it is required to prove AC^ + BD^ = 2 EG^ + 2 ^jET* 

Join EF, FG, GR, HE. 

Then EFGH is a 11™, by the third deduction from I. 39 ; 
.-. EG^ + FH^ z=EF^ + FG^ + GH^ + EH^, by the 

second deduction. 
= 2EF^ + 2EH^; 
.'. 2 J^G^» + 2 FH^ = 4 iS7^ + 4 ^iJ", 

= i4(7« + J5i)>. 

4. Let A BCD be any quadrilateral, E and ^ the middle points of 

its diagonals AC, BD: 

to prove AB^ + BC^ + CD" + D>1« = AC^-h BD^ + 4 EF*. 

Join i9^, ^/>. 

Then^5« + BC^ ^ 2 AW + 2 ^5«, App. IL 1 

and ai>a + i)iia = 2Ji^» + 2^2>>; App.II.l 

.-. i45» + 50« + C72)» + DA^ = 4 ^ J?> + 2 ^5> + 2 ED*, 

:=^4.AE* + 4BF* + 4FE*, 

App. II. 1 
= AC* + -Bi)2 + 4jP^2. 

5. The sum of the squares on the sides of the triangle = twice the 

square on half the base together with twice the square on the 
radius of the circle ; App. II. 1 

and the base of the triangle is constant, and so is the 
radius. 

6. Let A BCD be the ||™, whose diagonals AC, BD intersect at E, 

and let F be any point on the o^. 

Then AF* + CF* = 2 AE* + 2 EF*, App. IL 1 

and BF* ■{' DF* = 2 BE* + 2 EF* ; App. II. I 

.: AF* + BF* + CF* + DF* « 2 AE* + 2 BE* + 4 EF*, 

= a constant 

7. For the sum of the squares of these distances is double of the 

sum of the squares of the two radii. App, IL 1 

8. Let A ABC be right-angled at C, and D the middle point of the 

hypotenuse AB. 
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Then 2 AD^ + 2 DC^ = AO^ + 0B\ App. IL 1 

= ^5», /. 47 

.-. 2 2>C7« = 2 ^2>a, and DG = AD = DB. 
9. Let ^^(7 be any triangle, AH, BK, CL its three mediaoB inter- 
secting at O, -^PP' !• 4 
Then 2 AB* + 2 BC^ = 4 iUT^ + 4 5Za, il;)p. //. 1 
2BC^ + 2 GA* = 4 5Xa + 4 CZ;^ -4p/?. 77. 1 
2GA^ +2 AB^ = 4 GIP + 4 ilJ3^«; -4i?p. 77. 1 
.-. 4 (u45* + BG^ + C^2) 

= 4 (^^« + ^ie:»+aL») + 4AK^ + 4Bl^ + 4lgh^ 

:= 4 {AB^ + BK^ + GL^) + GA^ + AB^ + BG\' 
.-. 3 {AB^ + BG^ + GA^) = 4 {AH^ + jB^> + GL^). 
Again, since 2 ul JT = 3 AG, 2BK =^Z BG,2GL = S GG, 

App. 7. 4 
.-. 4 {AH^ + 5^3 + C7i») = 9 (-4Gf» + J?(?> + Cflf") ; 
.-. 3 UB« + 5(78 + GA^) = 9 (-4(?» + -BG^» + GG^). 

10. 2 Pi?» + AB^ + (7i>a 

= 2 PR^ + 2 ^P2 + 2 .4P« + 27)i2> + 2 (7fi>, 
= ^i?' + BR^ + 2 u4P2 + 2)i2a + C«» + 2 2)i?», 
= 2 Ji^a + 2 iJ-S" + 2 ^C' + 2QR^ + 2AP^ + 2 7)iJ«, 
= }u47>» + JulCa + J-Ba> + i BD^ + i 45> + i C77)». 
2 e-S'^ + 502 + DA^ 

^2Q8^ + 2BQ^ + 2BQ^ + 2A8^ + 2 D8*, 

= BS* + GS^ + 2 BQ^ + AS^ + DS^ + 2 AS^, 

= 2AP^ + 2 Pi8« + 2 BC» + 2 GR^ + 2R8^^-2 AS*, 

= \ AB* + i BD* + iBG*-\-\GD* + \ AG* + i AD*. 

11. Let ABGDE be any pentagon, P, O, ^, K, L the middle points 

of the respective diagonals AG, BD, GE, DA, EB: 
if FG, GH, HK, KL, LF be joined, it is required to prove 
3 {AB* + BG* + GD* + DE* + EA^ = ^C« + BD* + Ci^' 
+ 7)u4> + EB* + 4(P0« + GH* + JETfiT* + iTi;" + LF% 

From the quadrilateral ABGD, 
AB* + 5a» + GD* + 7>il8 = ulC^ + BD* + 4 i^», by the 
fourth deduction ; 
from the quadrilateral BGDE, 

BG* + GD* + DE* + EB* = J5i)8 + 0^ + 4 (?iP; 
from the quadrilateral GDEA, 
GD* + DE* + JKi4» + AG* = CJlja + T)^!^ + ^HK*; 
from the quadrilateral DEAB, 

DE* + -E7^a ^. ^jja + ^^a - 2)u4» + EB* + 4 JTi*; 

H 
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from the quadrilateral EABC, 

EA^ + AB^ + 50" + CE^ = EB^ + A(P + 4 LF^. . 

Add these results together ; then 3 {AB^ + BG^ + OZ)* 

+ DjE^a + ^u4«) + {AG^ + 5i)a + GE^ + DA^ + ^^8), 

= 2(iia> + J?i)» + C^" + BA^ + ^jB«) + 4 (J?^Gt2 ^. Qfjya 

.-. 3 {AB^ + jBC« + OD^ + DE^ + ^ul^) = AG^ + 5i>" 
+ ajr» 4- DA^ + JKBa + 4 (^G^a + (7^> + HK^ + ^i^ 
+ -&-F3). 
[See Solutions of the Principal Questions o/Dr HutUyrCs Gourse 
of McUhematics, by Thomas Stephens Davies (1840), p. 313.] 

12. Let G be the middle point of AB, and any other point ; 

join OA, OB, OG, 

Then OA^ + 05" = 2 AG^ + 2 0(7». u4i?i?. //. 1 

Now 2AG^iaA fixed magnitude ; 

.*. OA^ + OB^ will increase or diminish as 2 0(7" increases 
or diminishes ; 

/. OA^ + OB^ will be the least when 200" is least, 
that is, when coincides with O. 

13. Becanse AG = AE, .*. z AGE = half of a right angle, 

and EG^ = 2 ^O". 
Because BG = DF, and 52) = #0, 
.-. 50 =F BD = DF=fFQ, that is, i>0= DO; 
.*. z i>00 = half of a right angle, and GO^ = 2 02)". 
Because L s .^40^, 2)00 are each = half of a right angle, 
.*. z EGG is light. 
Now -42)" + 2)5" = iKF*" + ^O", 

= J^O", /. 47 

= EG^ + 00", 7. 47 

= 2^0" + 202)". 

These figures may be derived from those in the text by 

rotating through a semi-revolution round AE as an axis the 

triangle GAE, and round EF as an axis the triangle OEF. 

14 (1) In the fig. on p. 302 of EucUd, find E the middle point of 
BG, and join AE. The proof will be the same as in the 
fourth deduction from IL 14. 
Or thus, without finding E: 

BG^ = 5^» + AG^, I. 47 

= (52)" + 2)^") + {GD^ + DA^, I. 47 

= BD^ + GD^ +2 2)u4». 
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But BG^ = BD^ + CD^ -\-2BD'CD; IL 4 

.-. BD^ + CD^ + 2 DA^ = BD^ + CD^ -^2BD'CD; 

DA^ = BD ' CD. 
(2) BD^ = BD BG - BD ^ GD, II, S 

= BD>BC-AD^; by (1) 

/. 52)2 + ^2>2 = BD . ^a; 

^i?2 = BD . ^a /. 47 

15. See the seventh deduction from IL 7. 

16. Let At Bf Ghe three unequal straight lines : 

it is required to prove 

A^ + B^ + G^ greater than A-B + B-G+G-A, 
A^ + B^is greater than 2A -B, 
B^ + G^ia greater than 2 B - G, 
and G^ + A^ia greater than 2G'A,hj the fifteenth deduc- 
tion ; 

.-. 2{A^ + B^ + C>) is greater than 2 (^.5 + 5. (7+ G-A); 
.-. A^ ■\' B^ + C* is greater than ^ -B + B-G + G'A. 

17. Let Af B, Ghe the three unequal straight lines : 

it is required to prove 

{A + B-\- Gf greater than Z{A»B + B -G ■{■ G-A), 

{A + -B + (7)» = ^2 + ^s + (72 4. 2 ^ . 5 + 2 5 . C 

+ 2 C7 • ^, by the tenth deduction from 11. 4 ; 

.-. (-4 + 5 + C7)2 is greater than A-B + BG ■¥ G -A 
+ 2A'B + 2B'G-¥2G'A; by the sixteenth deduction, 

.-. (A + 5 + C)2isgreaterthan3(u4.5+ B-G+G-A), 

18. Let ABG be a triangle : it is required to prove 

AB^ + BG^ + GA^ less than 2 {AB - BG + BG - GA 
+ GA • AB). 

AB is less than BG + GA ; I, 20 

AB^ is less than AB -BG + AB» GA. 
Similarly BC^ is less than BG - AB + BG - GA, 
and GA^ is less than GA'AB + GA- BG ; 

.'. AB^ + BG^ + GA^ is less than 2 {AB - BG ^ BG - GA 
+ C^ . AB). 

19. Let ^5(7 be a triangle, and let BE, GF be the medians drawn 

from B and G : ii AG \b greater than AB, it is required to 
prove BE less than GF. 

AG^ + BG^ = 2AF^ + 2 GF^, 
and ^^a ^. 5C72 = 2 ^^a + 2 BE\ App. IL 1 

But AG^ -¥ BG^ is greater than AB^ + 5(7»; 
.-. 2-4-^" + 2 C7^» is greater than 2AE^ + 25^2. 
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Now 2 AF* is less than 2 AE\ since AF is less than AE ; 
.'. 2 Ci^' is greater than 2 J9j;'; 
.'. £i7 is less than C^. 

[Another proof of this theorem is given in Catalan's 
Th^or^mea et ProbttmM de QiomStrie £fUmentaire (6eme gd.), 
pp. 2, 3.] 

20. AD.DB- AE'EB = ((7J5« - CD^ - [CB* - CE^, IL 5 

= CE^ - CD\ 

= (C^ + CD) . (CTflr - C72>), //. 5, Cor. 

== {CE + CD) ' DE, 
= CE'DE + CD'DE; 
.'. AD'DB = AE'EB-\- CE-DE + CD - DE. 

[It should perhaps have been stated that D and E lie on 
the same side of C7.] 

21. Bisect L ABC by BE, 

Then 5^ = AE, BE = -5(7, and ED = OZ). 
Because AC^ = ^jB> = uiD^ + DB\ 1. 47 

and AE^ = jBC^ = i>C^ + DB^; L 47 

.-. AC^-\- AE^ =AD^^DC^-^2DB\ 
But u4C2 + AE^ = 2^2)" + 2i)0»/ IL 10 

.-. 2u42)» + 2i>a«= ^i)2 + DO* + 2DB^; 
.-. u4i>a + DC* = 2 DjB«. 

22. Let CD be the given straight line. 

Find the side of a square = 3 CD\ by the second deduction 
from L 47 ; from DC produced cut off DA = this side, and 
from CD cut off CB = CA, 

CD is divided internally at jS as was required. 
For AD^ + DB^ = 2 05* + 2 CD^ ; IL 10 

.-. 3 CD^ + DB^ = 2CB^ + 2CD«; 
.-. CD* + DJ5* = 2 C5*. 

23. (1) AH^ = AB'BH= (BH + AH) . J5iJ, 

= 5£r* + ^fi'-5^; 

AH ' BH =^ Am ^ BH\ 

= (.ijy + -BiJ) . US - BH). II, 5, Cor. 

AH'^ ^AB'BH\ 

= (5JI' - AH') . 5£r', 

AW . B^T' = 5JI'« - AH'\ 

= (5fr'+ ^iT') . {fiW - AH'). II. 5, Cor. 
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(2) AH' (AH - BE) = AH^ - AH BH, 

t= AH'^ - (Am - BH\ by (1) 

^J?' . M^T' + BH') = ^JJ'» + AW ' BH', 

= i45 . BH' + ^iST' . BH\ 
= JJJSr . (^5 + AH% 
= -BH'>. 

(3) AB^ + J5^> = (5fl' + AH)^ + 5fl'a, 

= 2 5jEra + 25^. ^Zr+ il^^ //. 4 

= 2 BH'(BH + ^J7) + ui^«, 
= 2 5j5'.^5 + ^Z?^ 
= 2 ^fi^> + ^^», 
= 3 AH^ 

AB^ + BH'^ = (BE'- AE')^ + BE'^, 

= 2 -Bjya _ 2 jB-ET' • ^ JST' + ^^'a, //. 7 
= 2 J?J5r' . (BE' - il^') + ^jya, 
= 2 5Jr' . il-B + AE'\ 
= 2 ilJ7'» + AE'\ 
= 3 ^JBT". 

(4) (AB + BE)^ = AB^ + BE^+ 2 45 . BE, II. 4 

= 3 AE^ + 2 ulfi^^ by (3) 

= 6 u4£r2. 

{AB + jBJT')' = -45a + BE'* -^^AB' BE', 11. 4 

= 3 4H'»+ 2u4£r'a, by (3) 

= 6 AE'^ 

(5) (4ir - BE)^ = 45^ + 5fl^a - 2 AE-BE, 11. 7 

= ^JT* + -Bfi^a - 2 U^a _ ^^8)^ by (1) 
= AE* + 5Jy> - 2 u4Ja^« + 25J^^ 
= 3 BE* - AE\ 

(BE' - AE')* = BE'* + AE'* - 2 JB^^' . AE', II. 7 
= BE'* + ^ZT'a - 2 (BE'*-AE\hy (1) 
= 5£r'a + AE'* - 2 5Zr'2 + 2 uijy'», 
= 3 ^^'2 - BE'*. 

(6) (45^ + BE)* = 4fi^« + 55^a + 2AE>BE, IL 4 

= AE* + BE* + 2 (AE* - BE*), by (1) 
= AE* + 5^2 + 2AE* ^2BE*, 
= SAE* - 5Jy«. 
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{AH' + BH'f 

= AH'^ + BW^ + 2 AH' . -Bfl^', //. 4 

= AH'* + 5-ff'> + 2 (i?£r'» - ^fl''^, by (1) 

= AH'* + BH'* + 2-BJy'« - 2i4J7'2, 

= 3 BH'* - .iir'». 

(7) {AB + iliJ)« 

= AB* + ilJ7» + 2-45.-4^, //. 4 

= (AH + BH)* + ^£ra + 2 {AH + JJfl^) • uliJ, 
= ^AH* + 5i5r> + ^AH'BH, 11. 4 

= 4^^ + BH* + 4 MJ5P - BH\ by (1) 

= 8i4^»- 3-BJ5r». 

(AH' - AB)* 

= ^^a + AH'*-2AB'AH', IL 7 

= (BH' - ^ir')» + i4^'> - 2{BH' - ^^') .4^', 
= 4 il^'s + 5J?'« "^AH'- BH', IL 7 

= 4 ^ir'2 + 5fl-'a - 4 (5JI'« - i4^'«), by (1) 

= SAH'*-SBH'*. 



= 3 4fi^ - 5^5^ + u45^, 

i45> + AH'*= (BW-AH')* + ^jy'>, 

^ZAH'* - BH'* + AH'*, 
= 4kAH'*'BH'*. 



by (6) 



by (5) 



24. BG* = ^i?» + ^^2 ±2AB'AQ, II. 12, 13 
5(7» = AB* + ^(73 ± 2^(7. ^P; //. 12, 13 

/. 2BG* = 2AB* db 2^5 . AQ + 2^C» ± 2^(7- ^P, 
= 2ul5.M5±^e) + 2 AC ' (AG zk AP), 
= 2AB»BQ-{-2AG'CP. 

25. Let A ABG be right-angled at (7, and from the hypotenuse AB 

let there be cut off AD = AG, taid BE = BG: 
to prove DJE* = 2 -4j& • DB. 

By the tenth deduction from IL 4 it is proved that 
AB* = AE* + jg72>» + DB* -{- 2 AE - ED + 2 ^i^ . 1)5 

+ 2 ED * DB 
.'. AB* + DE*, 

= (AE* + J^D^ + 2AE' ED) + (i)^^ + DE* + 2ED' DB) 

+ 2AE'DB 
= AD* + 5ij;a + 2AE'DB, IL 4 
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AB^-^2AE'DB; 7.47 

.-. DE^=^ 2 AE ' DB. 

Since ^ DE^ = AE • DB, express DE by an even whole 
number, and resolve half of its square into two factors 
AE.DB; 

then AE ^ DE, DB + DE, and AE -{- DE ■\- DB will 
represent the two sides and the hypotenuse. 

Let DE = 2; then AE - DB = 2 =^ \ x % 
IiAE=l,DB=^2,DE=2, 
AE + DE =3,DB+ DE = 4,AE+ DE+ DB = 6. 

Let DE = 4; then AE-DB = 8 = 2x4 or 1 xa 
If ^^ = 2, i>5 = 4^ i>J?= 4, 

AE-^ DE= 6, DB + DE= 8, AE+ DE+ DB= 10; 
iiAE=l,DB=S,DE = 4, 

AE + DE = 6, DB + DE = 12, AE + DE + DB =^ 13; 
and so on. 
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1. Since A ABC is given, its sides AB, ^(7 are given ; 

.*. the sum of the squares of AB and AG is given. 
Find M such that M^ = AB^ + -4C7»; /. 47 

the question is now reduced to App. II. 4 

2. Since A ABC is given, its sides AB, AC are given ; 

.*. the difference of the squares of AB and ^C7 is given. 
Find M such that M^ = AB^ - AC^, or AC^ - AB\ by the 
third deduction from I. 47 ; 
the question is now reduced to App. IL 5. 

3. Of all the triangles whose base is the given base BC, 

and the sum of whose sides is given, let ABC be one ; 

and let CD drawn i. AC meet the bisector of the exterior 

vertical angle at D, 

From D draw DE x BA produced, and join BD, 
Then A s ACD, A ED are congruent ; /. 26 

.-. AC = AE, and DC = DE; 
.-. BE = BA + AC, and is consequently given. 
Now BE^ = BD^ - DE\ /. 47 c<yr. 

= BD^ - DC^; 
.-. BD^ - 2)02 is given; 
.'. the locus of Z> is a straight line. App, Jj, 5 
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4. Of all the triangles whose base is the given base BG, 

and the difiference of whose sides is given, let ABC be one ; 
and let CD drawn i. AC meet the bisector of the interior 
vertical angle at 2). 

From D draw DE i. AB or AB produced, and join BD. 

Then ^a A CD, A ED are congruent ; /. 26 

.-. AC = AE, and DC = DE; 

.'. BE = AB — AC OT AC - AB, and is consequently 
given. 
Now BE^ = BD^ - DE\ 1. 47, Gor. 

= BD^ - DC^- 
,\ BD^ -DC^ is given; 
.*. the locus of jD is a straight line. App, II. 5 

5. Let ^j6 be the variable chord, E the fixed point situated either 

inside or outside the given circle. Let F be the middle point 
of AB, and O the centre of the given circle ; 
join OA, OE, OF, EF, 

Since l AEB is right ; 

.'. FE = FA, by the seventh deduction from L 32 ; 
and since AF = BF, 

.'. OF is X AB, by the first deduction from L 8. 
Hence OF^ + FE^ = OF^ + FA\ 

= OA^, L 4n 

= a constant magnitude. 
Now OFE is a triangle whose base OE is fixed, and the sum 
of the squares of whose sides OF, FE is constant ; 

.*. the locus of ^ is the O^ of a circle whose centre is the 
middle point of OE. App. II, 4 

When the fixed point E is on the o*^ of the given circle, 
F the middle point of AB, being always equidistant from 
A, E, B, by the seventh deduction from I. 32, may be proved 
to be the centre of the given circle ; 
Hence in this case the locus reduces to a point. 

When the fixed point E is inside the circle, the middle 
point of AB describes the entire circle whose centre is the 
middle point of OE; when E is outside the circle, the middle 
point of AB describes only part of the circle whose centre is 
the middle point of OE; and when j^ is on the O**} the 
middle point oi AB remains fixed. To obtain a clearer idea 
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of the connection of the three cases, suppose AE, BE to meet 
the o^ of the given circle again at G and D. 

In the third case C and D will be coincident with E. 
Then the middle points of AB, BG, GD, DA will describe 
the entire drcle whose centre is the middle point of OE, 



BOOK III 

PROPOSITION 1. 



1. In the given circle draw two chords not parallel The straight 

lines which bisect the chords perpendicularly will intersect at 
the centre of the circle. 

2. Take any point in the arc, and join it with the ends of the arc. 

The straight lines bisecting these two chords perpendicidarly 
will intersect at the required centre. 

3. Let A, By G he the three points. 

Join AB, AG, and bisect them perpendicularly by DF, EF 
intersecting at F, F is the centre of the required circle. 

The problem is impossible when DF, EF do not intersect, 
but are parallel ; this will be the case when the three points 
A, B, G are in the same straight line. 

4. Let A and B be the given points ; GD the given straight line. 

Join ABj and bisect it perpendicularly by EF which meets 
GD 9.t F, F\b the centre of the required circl& 

For FA = FB, L 4 

The problem is impossible when EF, GD do not intersect but 
are parallel ; this will be the case when CD is x AB or AB 
produced. 

5. Let A and B be the given points, M the given straight line. 

Join A By and bisect it perpendicularly by GD. With A or 
B as centre and M as radius cut GD at the points E, F. 

E OT Fis the centre of a circle such as is required. 
The problem is impossible when the circle vdth ^ or £ as 
centre and M as radius vrill not cut GD ; this will be the 
case when M is less than half AB. 
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6. They are ooncurrent at the centre of the circle. ///. 1, Cor, 1 

7. Let A be the point outside the circle BCD^ and let AB, AC 

drawn to the O** be equal. 

Join BC. 

Then A ABC is isosceles, and the bisector of z BAC will 
bisect BC, a chord of the circle, perpendicularly; 
.*. this bisector will pass through the centre of the circle. 

8. The reasoning is the same as in the preceding deduction. 

9. Take any point outside or inside a circle, or on its O^, and from 

it draw two equal straight lines to the O*". Bisect the angle 
contained by these two straight lines, and a diameter will be 
obtained. This diameter may be bisected, or another point 
may be chosen, and another diameter obtained. The two 
diameters intersect at the centre. 



PROPOSITION 2. 



1. Let ABO be a circle (fig. to III. 2), D its centre, and, if possible 

let the straight line AB cut the O^* at A, E, B, 

Draw the three radii DA, DE, DB, 
Since DA = DB, .-. i DAB = z DBA ; I. 5 

Since DA = DE, .*. i DAE = z DEA ; I. 5 

/. z DEA = z DBA, which is impossible. /. 16 

Hence AB cannot cut the o*^ at more than two points. 

2. Let A be the given point, BC the first given straight line, D the 

second. 

With A as centre and D as radius describe a circle cutting 
BC or BC produced at the points E, F. 

E OT F ia the centre of a circle such as is required. 
Two circles may be drawn when the circle whose centre is A 
and radius D meets BC at two points ; when it meets BC at 
only one point, only one circle can be drawn ; and when it 
does not meet BC at all, no circle can be drawn. These three 
cases will happen when D is greater than, equal to, or less 
than the x>erpendicular drawn from A to BC, 
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PEOPOsrnoN 3. 

1. No. Both may be inside the ciide, or botii ontside^ or one 

inside and one oatBid& 

2. The sides of the triangle are chords of the circle ; 

.*. the perpendicolaiB to them from the centre will bisect 
them. 

3. Let ACDB be a sirai^t line catting two concentric circles, the 

outer one in A and B^ and the inner one in O and D : 
to prove AG = BD. 
Find O the common centre, and draw OE ± AB. 
Then AE = BE, and OE = DE; IIL 3 

.-. AE - CE=BE - DE; .\ AC = BD. 

4. Let P be the XM>int inside the circle. 

Find O the centre of the drde, join OP, and draw 
APB ± OP and meeting the 0«* in ^ and B. 
Then OP bisects AB, III. 3 

5. Let AB and OD be two parallel chords in a drcla 

The diameter which bisects AB is also ± AB ; 
.*. it is also ± OD, by the second deduction from L 29 ; 
.'. it also bisects CD. 

6. Draw any two parallel chords in the dzde ; join their middle 

points, and a diameter will be obtained. This diameter may 
be bisected, or another pair of parallel chords may be drawn, 
and another diameter obtained. 

7. Let OAB be an isosceles triangle, and with centre O let a circle 

be described cutting the base AB in and D : 
to prove AC = BD. 

Draw OE ± AB. 

Then AE = BE, by the third deduction from L 26 
asid CE=DE; jji^^ 

.\ AE^OE = BE-DE; .\ AG = BD. 

8. Let two circles cut each other at A and B, and through A and 

B let there be drawn the two parallels* Cil A EBF meetine 
the circles at G, D and E, -F' respectively. 

Find G and H the centres of the two circles, and draw 
KOM, LHN ± GD and EF, and therefore (| each other 
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Then KMNL ia a r ; .-. KL = MN. 
Now KL^KA -{-LA ^^AC^-IAD^^ CD; 
and MN=z MB •{- NB = i EB •¥ i BF = i EF ; 

.'. CD =s EF 

9. In the figure to the preceding deduction let CAD, E'AF' be the 
two straight lines drawn through A^ and making equal angles 
with OH the line of centres. 

Since OH bisects AB perpendicularly, by the tenth 
deduction from L 8 ; the part of the figure on tiie same side 
of OH as A would, if it were rotated round OH as an axis, 
coincide with the part on the same side ba B ; and E'AF' 
would occupy the position of EBF^i because they make equal 
angles with OH Hence this deduction is reduced to the 
preceding. 



PROPOSITION 4. 

1. They must both be diameters. 

2. Let ABCD be a ||"^ whose vertices Ay B, C, D Bxe on the o^ 

of a circla 

Since its diagonals AC, BD bisect one another, by the 
tenth deduction from L 29 ; 

.*. AC and BD must be diameters of the circle, and con- 
sequently equal. 

3. Every |i°^ which has its vertices on the O^ of a circle, has its 

diagonals equal ; 

.'.it must be a rectangle, by the seventh deduction from 
L34. 



PROPOSITION 5, 

1. Tes. They may be concentric. 

2. It may be a diameter of one of them, but not a diameter of 

both, because if it were a diameter of both, the middle point 
of this diameter would be the centre of both circles. 

3. Let two circles intersect at A and B, and let iii? be a diameter 

of one of them. 

Then (7, the middle point of AB, is the centre of this circle. 

Let D be the centre of the other circle and join DC 



i 
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Since AB is a chord of the second circle^ and DO drawn 
through the centre bisects it, 
.\ DCiB ±AB. - 111.3 

4. Let G be one of the points of intersection of two circles whose 

centres are A and B. 

Join AG, BG. 

Then the sum ol AG and BG is greater than AB, I. 20 
and the difference of AG and BG is less than AB. I. 20, Gor. 

5. If the distance between the centres of two circles be less than 

the sum, and greater than the difference of their radii, the 
two circles will cut one another. 

Let A and B be the centres of the two circles, a and h their 
radiL Denote AB by e, and suppose a to be greater than b. 

With centre A and radius a describe a circle cutting AB 
or AB produced at D; with centre B and radius b describe 
a circle cutting BA or BA produced at B. 
Then BE will partially overlap AD, and consequently one 
point E of the circle whose centre is B wiU fall inside the 
circle whose centre is A. 

Let the circle whose centre is B cut AB produced at E'. 
Since c is greater than a - b; .'. e + bis greater than a ; 
.*. AE' is longer than AD, and consequently the point E' 
will fall outside the circle whose centre is A. 

Hence, since dicles ore continuous cuires, the circle whose 
centre is B wiU cut the circle whose centre is A. 



PROPOSmON 6. 



1. Since the centre of a circle is inside the circle, and since two 

circles which touch externally are each outside the other, two 
such circles cannot haye the same centre. 

2. If two circles meet each other at any point, they cannot have 

the same centre. 

3. Let the circle whose centre is B faU inside the circle whose 

centre is A. 

Join AB, and produce it to meet the two circles at G and D 

Then AD and BG are the two radii, 
and AD - BG=AB'\-GD; 
.'. AB is less than AD - BGhy CD. 
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4, Let the centres of the two circles be A and B. 

Join AB, and let it meet the two circles at D and O. 

Then AD and BO are the two radii, 
and AD + BG=AB - CD; 
/. AB is greater than AD + BG by CD. 
6. n the distance between the centres of two circles be less than 
the difference of their radii, one of the circles will be inside 
the other, and not touch it. 

Let A and B be the centres of the two circles, a and b 
their radii Denote AB by e, and suppose a to be greater 
than 6. 

With centre A and radios a describe a circle cutting AB 
produced at D; with centre B and radius b describe a circle 
cutting AB produced at E, 

Since a - 6 is greater than c; .'. a is greater than c + b; 
.*. ^i> is longer than AE, and consequently the point E will 
fall inside the circle whose centre is A. 

If F be any other point on the circle whose centre is B, 

then AF is less than AB + BF; I. 20 

.*. ^J^ is less than AE, and consequently than AD, 

Hence every point on the circle whose centre is B must be 

inside the circle whose centre is A. HI, D^, 1, Cor, 2 

If the distance between the centres of two circles be 
greater than the sum of their radii, the circles will be outside 
each other and will not touch. 
The proof of this may be left to the reader. 



PROPOSITION 7. 



1. Because OP + PC is greater than 00, and 00 = OD; 

.-. OP + PC is greater than OD, or OP + PD; 
.*. PC is greater than PD. 

2. Let P be any point inside the circle ABC (fig. to III. 7) ; 

then PA is the greatest straight line that can be drawn from 
P to the 0"«, and PD is the least 

Now PA + PD = a diameter of the circle, which is a con- 
stant length. 

3. If from AD there be cut off AE = DP, then E will be a point 

such as is required. 
For EA = PD, and .-. ED = PA, 
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It is easy to show that OJBI = OP ; and therefore if on any 
diameter tiiere be taken points F, O, &c., such that OF, OG, 
&c. =: OP, the points F, G, ko. will also be points satisfying 
the requirement. 

Since OF = OF = OG - &c = OP, the points E, F, G, &c. 
will lie on the o ^ of a circle whose centre is and radius OP. 

(PO = PO 
4. In AS POA, POB, \0A = 0B 

{ I POA is greater than z POB; 
.-. PA is greater than PB. L 24 

lPO = PO 
In AS POO, POD, ]OG = OD 

( z POC is greater than z POD; 
/. PO is greater than PD. /. 24 



PEOPOSITION 8. 



1. PE + OF is greater than OP, that is, than PD + OD; L 20 

and OF = OD ; .'. PJ^ is greater than PD. 

2. PF+OFia greater than P^ + OF; I. 21 

and OP = OF; .'. PP is greater than PF. 

3. Let P be any point outside the circle ABG (fig. to IIL 8) ; 

then PA is the greatest straight line that can be drawn from 
P to the 0<*, and PD is the least 

Now PA - PD = a diameter of the circle, which is a con- 
stant length. 

4. If the point P, which may be situated either inside or outside 

the circle, gradually approach the o^, the straight line PA 
gradually approaches in magnitude to the diameter of the 
circle, and PD gradually diminishes. If P at last reaches 
the O^, PA becomes a diameter, and PD vanishes. 
Hence, when P is on the O**, either the sum or the difference 
of the greatest and least straight lines that can be drawn 
from it to the O^ is constant. 
6. AD = 0A +OD = OB + OF; and OB + O-^is greater than 
BF, L 20 

iBO = GO 
Again, in as BOF, COF, lOF^OF 

( z BOF is greater than z COF; 
.*. BE is greater than OF, /. 24 
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6L PFG would at length become a tangent to the ciicle. 

7. Snppoae the tangent from P to the circle to be PL. 

Then since PL may be considered as drawn from P to the 
concave part of the O?, PL is less than PO ; and since PL 
may also be considered as drawn from P to the convex part 
of the 0<*, PL is greater than PF, 

8. If PFG revolved round P, clockwise tiQ F and G coincided at 

Lf and anti-clockwise till F and G coincided at L\ then PL 
and PL' would be two tangents drawn to the circle from P, 
and the straight line LL' would separate the concave from 
the convex part of the o^ viewed from P. 



PEOPOSITION 9. 



Since from D, a point inside the circle, two equal straight 
lines DAf DB are drawn to the o^, the bisector of L ADB 
passes through the centre. Let DE be that bisector. 
Simikrly, if DF be the bisector of L BDG^ DF passes 
through the centre. 
Hence D must be the centre. 



PROPOSITION 10. 

1. Repeat the proposition, substituting for * cut,* the word 'meet,' 

and for the authority IIL 5, the second deduction from IIL 6. 

2. They must coincide. 

3. Suppose the circle ABG to remain the same, but that the radius 

of circle EBG increases in length. If G and D continue to be 
the points in which the circle EBG cuts the circle ABG^ the 
arc GD will grow less and less curved as the radius of EBC 
increases, and finally, if the radius of EBG be regarded as 
infinitely long, the arc GD may be regarded as a straight 
line. 

Hence, since the circle EBG cannot cut the circle ABG in 
more than two points, the straight line GD cannot do so 
either. 
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PEOPOSmON 11. 

1. Let A and B be the centres of two drdeB which touch inter- 

nally at C. 
Join AB and produce it to G, III. 11 

Then AC and BC are radii of the two circles, 

and AG - BG = AB, 

2. Let A and B be the centres of two circles which touch inter- 

nally at G, Through G let GSD be drawn cutting the two 

0«» at E and Z>. AD shall be |1 BK 

Join AB and produce it to G. III. 11 

Since BG = BE, .-. z BGE = z -BJ^C; /. 6 

since AG = AD, .-. z -4(72) = z -42X7. /. 5 

But z BGE = z -4(72); .'. z 5^0 = z -42>C; 

.-. AD is II 5i^. /. 28 

3. Let two circles whose centres are F and O cut each other at the 

points B and G. Suppose the two circles to remain constant 
in size, but to move so that their centres may approach each 
other ; then the points of intersection B and G will approach 
each other, and at length coincide. But since the straight 
line FO (or FO produced) always bisects BG, FO must pass 
through the point in which B and G coincide, that is, through 
the point of contact of the two circles. 



PEOPOSITION 12. 

1. Let A and B be the centres of two circles which touch exter- 
nally at G. 
Join AB, which passes through G. II L 12 

Then AG and BG are radii of the two circles, 
and -4a +-8(7 = -4-8. 
ta 2. Let A and B be the centres of two circles which touch exter- 

nally at G. Through G let EGD be drawn cutting the two 
O^VktE and D. AD shall be ji BE. 

Since BG = BE, .'. z BGE = z BEG; I. 6 

since AG = AD, .\ z AGD = z ADG. I. 6 

But z BGE= L AGD; .\ z BEG = i ADG; 
.-. -42> is II BE. I. 27 
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3. Repeat the proof of the third dednotion from III. 11, but 
sappose the centres of the two circles to recede from each 
other. 



PROPOSITION 13. 

1. Let A and B be the centres of two circles, and leb AB he 

= the smn of the two radii 

If A and B cut each other at G and X>, 
then AG + BG = the sum of the two radii 
Bnt AG + JSa is greater than AB, I. 20 

which is impossible. 
Hence the two circles do not intersect. 

Nor can each lie entirely outside the other without touching, 
for then the sum of the radii would be less than AB. 
Hence the circles must touch externally. 

2. Let A and B be the centres of two cirdes^ and let AB be = the 

difference of the two radii 

If A and B cut each other at G and D, 
then AG - BG = the difference of the two radii 
But AG - BG is less than AB, L 20, Gor, 

which is impossible. 
Hence the two circles do not intersect. 

Nor can one lie entirely inside the other without touching, 
for then the difference of the radii would be greater than AB, 
Hence the circles must touch internally. 



PROPOSITION 14. 

1. Since the chords are all equal, the perpendiculars drawn to 

them from the centre are all equai ///. 14 

But these perpendiculars are drawn to their middle points. 

III. 3 

.*. the distances of the middle points of the chords from the 
centre are equal ; 

.'. the middle points of the chords lie on the o^ of a 
circle. 

2. Let ^B be 8 inches and GD 6 inches. 

Find the centre of the circle ; 
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draw OEF ± AB and CD, meeting AB in ^ and (72) in F; 
and join OA, 00, 
Then AE = 4 inches, and (7^ = 3 inches ; ///. 3 

.*. the right-angled triangle OEA has OA = 5 inches and 
AE = 4 inches ; .'. OE = 3 inches. /. 47, Cor, 

Similarly the right-angled triangle OFG has 00 = 5 inches 
and OF — 3 inches ; 

/. Oi^ = 4 inches (I. 47, Cor.) ; .-. EF=OF-OE=^\ inch. 

3. Let AC, BD (fig. to III. 35) intersect at E, and make z AEF 

= L DEF ; F being the centre of the circle. 

From F draw FO ± AC, and i^fi^ x 52>. 

Then the right-angled A s FEO, FEH are congruent, 
and FG = FH, /. 26 

.'.AO^BD, IILU 

4. Eepeat the proof of the preceding dednction with reference to 

the fig. to m. 35, Cor. 

5. Let AB (fig. to III. 14) be a chord of fixed length. 

Find E the centre, draw EF ± AB, and join EA, 

Then EF^ = EA^ - AF\ I. 47, Car. 

Now EA ^ is fixed, since EA, the radius of the circle, is always 
the same; and AF^ is fixed, since -4^ is half oi AB (III, 3) 
a fixed length ; 
.'. EF^ and consequently EF is fixed. 

6. The converse to be proved is (fig. to III. 14) that if EF is 

fixed, AB is fixed. 

Now AF^ = AE^- EF\ I. 47, Cor. 

and AE^ and EF^ are fixed ; 
.*. AF^, and consequently AF, and its double AB, are fixed. 

7. Let -4 a and BD (figs, to IIL 35 and III. 36, Cor.) be equal 

chords : to prove AE = DE, and CE = BE, 

Find F the centre of the circle, draw FG ± AG, FH ± BD, 
and join FE, 

Since AC = BD, AG = DH, ///. 3 

and FG = FH ; ///. 14 

.-.in the right-angled AS FGE, FEE, GE = HE, by the 
eleventh deduction from I. 47 ; 
.-. AG + GE = DH+ HE,otAE=DE. 
Now since AC = BD, 

.', AC - AE = BD - DEin the first figure, 
and AE - AC = DE - BD in the second figure ; 
CE = BE. 
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PROPOSITION 15. 

1. Let P be a given point within a circle whose centre is 0, and 

let the chord AB drawn through P be X OP. 

Draw CD any other chord through P, and from draw 
OE X CD. 

Then OP is greater than OE, by the first deduction from L 19 
.'. ABia less than CD, III. 15 

and CD is any chord through P. 

2. Let AC, BD (fig. to III. 35) intersect at E, and let z FEA 

be greater than i FED : to prove BD greater than AC. 

If a chord A' EC were drawn on the other side of FE from 
AEC, and making with FE an angle equal to that made by 
AEGf it would be equal to AEC, by the third deduction 
from IIL 14. 
and it would be farther from the centre than BED, because 

L PJ^-4' is greater than z FED; 

.*. FH is less than the perpendicular from F on A'EO\ that 
is, FH is less than FO; 

.'. BD is greater than AC. III. 15 

3. Repeat the preceding proof with reference to fig. to III. 35, Cor., 

and quote the fourth deduction from III. 14. 

4. Let the two circles whose centres are O and H cut each other at 

A and B. 

Through A draw CAD \\ Off and meeting the two o^ at (7 

and D. CD is the greatest straight line. 

For through A draw any other straight line EAF meeting 
the 0«» at E and F. From O and ff draw OK, HL 
J. CAD, and OM, HN A.EAF; from JJ draw HP ± OM. 

Then it may be proved, as in the eighth deduction from 
IIL 3, that CD = 2 ifZr = 2 Off, and that EF = 2 MN 
= 2Pff. 

Now Off is greater than Pff; I. 19, Cor. 

.'. CD is greater than EF. 

If round ^ as a pivot the straight line EAF he supposed to 
revolve clockwise, the point E will move along the o<^ of the 
circle O till it coincides with ^; if the revolution be con- 
tinued, the point E will move round the O^ towards B, and 
the straight line EAF will now be AEF. When this is the 
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case, EF will = 2 AN - 2 AM, instead of as before 2 AN 
'\^2AM. Bvit2 AN '2 AM = 2 MN =2 PH; and GH 
is greater than PH, As the x)oiiit E moyes along the o*" 
towards B, it will be seen that the angle which OP makes 
with Off becomes smaller and smaller, and consequently 
that Pff becomes smaller and smaller. Now EF is always 
= 2 Pff; .*. EF becomes smaller and smaller. When E 
coincides with B, F also coincides with B, so that the direc- 
tion of the evanescent EF is that of the conmion chord AB, 
which is J. Off, by the tenth deduction from L 8. 



PROPOSITION 16. 



1. SeellL 17. 

2. For only one perpendicular can be drawn to a radius at its 

extremity. 

3. The straight line joining the centres of the two (or more) circles 

passes through their point of contact ; ///. 11, 12 

.*. the perpendicular to that straight line at the point of 

contact will be a tangent to both circles. ///. 16 

4. Let ^^ be one of the equal chords, C its middle point, and O 

the centre of the given circle. 
Join OG. 

Then ABw± OG. III. 3 

But OG is a radius of the circle on which the middle points of 
the equal chords lie, by the first deduction from III. 14; 
.*. AB is a tangent to this circle. 

5. Since the distance of the foot of the perpendicular from the 

centre on the straight line is less than a radius, the foot of 
the perpendicular must be inside the circle ; ///. Def. 1, Gor. 2 
.'. the straight line must cut the circle. 

Since the distance of the foot of the perpendicular from the 
centre on the straight line = a radius, the foot of the perpen- 
dicular must be on the O^ of the circle ; 
•*. the straight line must touch the drde. ///. 16 

Since the distance of the foot of the perpendicular from 
the centre on the straight line is greater than a radius, the 
foot of the perpendicular must be outside the circle. 

///. Def. 1, Gor. 2 
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and every other point in the straight line is farther distant 
from the centre than the foot of the perpendicular ; /. 19, Cor. 
.' . the straight line must lie outside the circl& 

6. From the centre of the given circle draw a straight line i. the 

given straight line, and at the points (two) where this straight 
line cuts the circle draw ta^ngents. 
The proof follows from L 28. 

7. From the centre of the given circle draw a straight line |1 the 

given straight line, and at the points (two) where this 
straight line cuts the circle draw tangents. 
The proof follows from L 29. 

8. Take any point in the given straight line, and at that point 

draw another straight line making the given angle with the 
given straight line. /. 23 

Employ the sixth deduction to draw two tangents || the 
second straight line. 

The proof follows from I. 29. 

If it be considered that at the point assumed in the given 
straight line, there may be drawn two straight Unes making 
with it the given angle, then there may be four tangents. 



PEOPOSITION 17. 



1. (a) AB^ + EB^ = AE^ = AG^ + ECK L 47 

But EB'^ = EO^; .-. AB^ =: AO^, and AB = AG, 
(6) Join BG, 

Because EB = EG, .'. L EBG = L EGB. L 6 

But I EBA = I EGA ; 
.'. L ABG = L AGB ; .-. AB = AG; L 6 

2. Triangles ABE, ilCT^ are congruent, by the previous deduction 

and I. 8 ; 
.•. z BAE = L GAE, 

3. Of the four angles of the quadrilateral ABEG, two, z ABE 

and z AGE, are right ; 
.-. I BAG + L BEG = 2 rt z s. 

The angle between two tangents to a circle is supplementary 
to the angle between the radii drawn to their points of 
contact. 



Book m.] PROPOSITIONS 16, 17, la 133 

4. Let BDG be the circle (fig. to III. 17), and A the external 

point. 

The points of contact of the tangents are determined by 
joining the centre E to F and O, the points where a perpen- 
dicular to All through D meets the circle AFQ. 
Now since this perpendicular meets the circle AFG in only 
two points^ there can be only two tangents. 

5. Let EFOH (fig. to IV. 7) be any quadrilateral circumscribed 

about a circle, and let the points of contact of the sides be 
A, B, C, D, 
Then FA = ED, FA = FB; III. 17, Cor. 

EF-ED + FB. 
Similarly HG = HD'\- GB ; 

.'. EF+HG = EH+FG. 

6. If a polygon of an even number of sides is circumscribed about 

a circle, the sum of the first, third, fifth, &c. sides is equal to 
the sum of the second, fourth, sixth, &c. sides. 

7. Let EFGH (fig. to IV. 7) be a |1"* circumscribed about a circle. 

Then by the fifth deduction EF + HG = EH + FG. 
But EF=HG,ajid EH ^ FG ; /. 34 

.-. twice EF = twice EH, and EF = Eff. 
Hence all the sides of EFGH are equal, and the \\^ is a 
rhombus. 

8. Since AB = AC, and EB = EC, this deduction is merely a 

statement in other words of the seventh deduction from I. 8. 



PROPOSITION 18. 



1. For they are both i. the diameter. 

2. Let AB, CD, two chords in the greater of two concentric circles, 

be tangents at the points E, Fto the smaller circle. 

Find O the common centre, and join OE, OF. 

Then O^is ± AB &nd OF ± CD. III. 18 

But OE = OF; .'. AB = CD. III. 14 

3. Since OE (fig. to previous deduction) is X ^^, 

.'.it bisects AB. III. 3 

4. Let P be the point inside the circle, M the given length. 

Take any point A on the o^ of the circle, and with A as 
centre and M as radius cut the circle at B ; join AB, and from 
0, the centre of the circle, draw OE l. AB. 
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With as centre and OE as radius describe a circle ; from 
P draw a tangent to the inner circle, catting the outer circle 
at G and D, CD is the chord required. 

For by the second deduction GD = AB = M. 

The given point may be outside the given circle ; when it is, 
the given length may be as small as we please, but not 
greater than the diameter of the given circle. When the 
given point is inside the given circle, the given length may 
not be less than the shortest chord that can be drawn through 
the given point (see the first deduction from EEL 15), nor 
greater than the diameter. 

5. Let ABG be a cirde^ and let DE be a secant cutting it at the 

points B and G. 

Find F the centre, and join FB, FG, 

Then A FBG is isosceles ; .-. L FBE = z FGD, I. 6 

Suppose DE to move gradually away from the centre ; then 
the points B^ G and also the straight lines FB, FG will 
approach one another and ultimately coincide. 
When FB, FG coincide, the secant DE becomes a tangent, 
and 1 8 FBE, FGD, which remain always equal, are adjacent, 
and consequently right. 

6. Angfiea AGD^ BDG axe light ; .-. AGiaWBD. /. 27or28 



PROPOSITION 19. 

1. No. 

2. The point of contact G may be considered as the middle of an 

infinitely small chord in the circle. 

3. In the straight line drawn through the given point ± the given 

straight line. 

4. The problem is generally impossible. It is possible when the 

perpendiculars to the two given straight lines at the two 
given points meet on the bisector of the angle contained by 
the stmght lines. 

5. Let BG (fig. to IIL 17), the chord of contact, cut AE at ff. 

Then A ABE is right-angled (IIL 19), and so is A AHB, by 
the eighth deduction from III. 17 ; 

.'. I EBH = L BAH, by the seventeentii deduction from 
L32. 
But L BAH = half of z BAG; 

.-. L EBH = half of l BAG. 
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PROPOSITION 20. 

1. No. 

2. In the figures to the proposition, if BE and EG be in one 

straight line, z BEG is a straight angle, and BAG is a semi- 
cirde; 
.*. Z BAG== half of i BEG = a right angl& 

3. Since the points B and G are fixed, and since the centre E is 

fixed, I BEG is a constant magnitude. 
Now wherever A is situated on the arc BAG, L BAG = half 
of z BEG; 
.*• z BAG is constant in magnitude. 



PROPOSITION 21. 



1. For z AEB = z DEG (L 16), and z -B^J^ = z C2)-fi?/ //J. 21 

.'. the triangles are mutually equiangular. /. 32, Gor. 1 

2. Bepeat the preceding proof with reference to the figure to IIL 

35, Oor., but omit the quotation L 15. 

3. Let A, B, G be the three points. 

Join AB, AG, and from B draw any straight line BD on the 
same side of BG aa A; from G draw GE, making with BD an 
angle GEB = z GAB, by the second deduction from I. 31. 

Then ^ is a fourth point on the o^. 

4. By the third deduction from in. 20, z 2> is constant; and 

I Aia constant ; 
.'. I A + I DiB constant. 

Now z -4 + z i) + z ABB + z AGD = 4 rt. z s; 
.'. z ABD + z AGD is constant. 

5. Yes. Because the reflex angle BDG may be shown to be 

constant; and the sum of the four an^es of the concave 
quadrilateral A BDG = 4 rt. z s. 

6. Join AD, 

Then z AGB = z ADG + L DAG, 

Now z AGB and z ADG are each invariable in magnitude, 

by the third deduction from IIL 20 ; 

•'. z DAGoT L DAE is invariable in magnitude ; 

.'. arc DE is invariable. 
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PROPOSITION 22. 

1. For the opposite angles are both equal and supplementary ; 

.*. they must be right. 

2. For L AED (fig. to IIL 36, Cor.) = l BEG, and i EBG 

= z EAD. IIL 22, Cw, 

3. Let ABCDEF (fig. to lY. 15) be a hexagon inscribed in a circle. 

Join BE, 

Since ABEF is a quadrilateral inscribed in a circle, 
I FAB + I BEF = 2 rt z s. 
Similarly i BOD + i BED = 2 rt. z s ; 
.-. z FAB + z BCD + z DEF = 4 rt. z s. 
Now the sum of all the angles of the hexagon = 8 rt. z s. 

/. 32, Cor. 3 

4. Let ACB be an arc of a circle on the chord AB^ and let C be 

any point in the arc. In the arcs ^C7 and CB any two points 
D and E are taken, and it is to be proved that the sum of 
the angles in the segments ADC, BEC is constant. 
Join AG, BG, AD, CD, BE, GE, 
Since ABGD is a quadrilateral inscribed in a circle, 

z ABC + z ADC = 2 rt z s. 
Similarly z BAG + Z BEG = 2 rt z s ; 

.-. z ABC + z -8^(7 + z ^2X7 + z 5^C = 4 rt z s. 
Now though z 8 ABC, BAG are not fixed in magnitude, their 
sum is fixed, since it differs from 2 rt z s by z ACB which 
is fixed ; 

.-. z ADC + z BEC is fixed. 

5. (a) At 0, the centre of the circle, make an angle AOB = one- 

third of 4 rt zs;. 

then z ACB at the O^ standing on the same arc = one- 
third of 2 rt zs; 

.*. z ADB in the conjugate segment = two-thirds of 2 rt. z s. 
(6) At O, the centre of the circle, make an angle AOB = one- 
fourth of 4 rt. zs; 

then z ACB at the o^ standing on the same arc = one- 
fourth of 2 rt. z s ; 

.* . Z ADB in the conjugate segment = three-fourths of 2 rt. z s. 
(c) At 0, the centre of the circle, make an angle AOB = one- 
sixth of 4 rt z 8 ; 
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then L ACB at the O^ standing on the same arc = one- 
sixth of 2 rt. z s ; 

.*. L ADB in the conjugate segment = five-sixths of 2 it. z s. 
{d) At 0, the centre of the circle, make an angle AOB = one- 
eighth of 4 rt. z s ; 

then z AOB&i the O^ standing on the same arc = one- 
eighth of 2 ri z s ; 

,'.lA DB in the conjugate segment = seven-eighths of 2 rt. z s. 
6. Because z s ACB, AOB are right, 

.*. the points A^ (7, B, are concyclic ; 

.-. z OAB = z OCB, and z OBA = z OCA, IIL 21 

Now z OAB = z 05-4 ; .-. z OOB = z 0G4 ; 

.-. Oa bisects z u4C7jB. 
?• Because z s ^(7J?, ^OJ? are right, 

.'. the points A, C, B, are concyclic ; 

.*. z OAB is supplementary to z 0(7B, ///. 22 

and z 05u4 = z 004. ///. 21 

Now z 0^-B = z OBA ; 

.'. z 005 is supplementary to z 00-4 ; 

.\ilBG be produced to B\ OG bisects z -405'. 

8. Let -450, 2)^^ (fig. to III. 26) be two circles, and let the 

chords BO, EFcat off the similar segments 5-40, EDF: the 
segments conjugate to these, BKG, ELF, will also be similar. 

Because segment BAG is similar to segment EDF, 
.\ L A=i I D; 

.*. the angle in segment 5JrO which is supplementary to 
z -4 = the angle in segment ELF which is supplementary to 

.*. segment BKG is similar to segment ELF. 

9. Let A, 5, O be the three points. 

Join AB, AG, and from 5 draw any straight line BD on the 
opposite side of BG from A; from O draw GE making with 
BD an angle GEB = the supplement of z 0-45, by the 
second deduction from L 31. 

Then ^ is a fourth point on the 0<^. 
10. A, Z, 0, F are concyclic, because zs AZO, AYO are each 
right, and therefore supplementary. ///. 22 

5, X, 0, Z are concyclic, because z s BXO, BZO are each 
right, and therefore supplementary. ///. 22 

0, Y, 0, X are concyclic, because z s GYO, GXO are each 
rights and therefore supplementary. ///. 22 
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A, Bj X, Y are concyclic, because i s AXB, A YB are each 
right, and therefore equaL ///. 21 

B, Ci Y, Z are concyclic, because L s BYG^ BZG are each 
right, and therefore equaL ///. 21 
C,A,Z,.X are concydic, because zs CZA, CXA are each 
right, and therefore equal ///. 21 



PEOPOSITION 23. 

1. Let ACB, ADB be two segments of circles on the same side of 

the same chord AB, and let ACB be greater than ADB. 

Then ADB must fall entirely within ACB. IIL 10 

Make the same construction as in the proposition, and prove 
by I. 16 that l AGB is less than i ADB, 

2. Join BD (fig. to III. 21), and let a circle be described through 

the pomts O, B, D, IIL 1, G<yr, 2 

Then, since L A — L G, segment BAD is similar to 
segment BGD ; 

and they are on the same side of the same chord BD ; 
.*. they must coincide, that is, G lies on the arc BAD, 



PEOPOSITION 24. 



1. For they may be made to coincide; hence the segments con- 

jugate to them, which are also similar to each other (IIL 22), 
must coincide (III. 23) ; . * . the circles are equal. 
Or, since the segments may be made to coincide, the two 
circles will then have more than two points in common, and 
are therefore coincident. ///. 10 

2. In these circles ABG and ABG' are similar segments, and they 

are on equal chords AG, AG' ; 

.*. these segments are equal ; 

.'. the circles themselves are equal, by the previous deduc- 
tion. 

3. Because z ABE + L BEG = 2 rt. z s, and z BAD + z ADC 

= 2rt. zs; 7.29 

/. z ABE + z BEG = z BAD + z ADC; 
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.-. L BEG = L ADG = L BCE; L 29 

BE=BC; /.6 

.*. the circles described about as j5C2>, BED are equal, by 
the previous deduction. 



PROPOSITION 25. 



1. By extending I. 28, Cor. thus : Straight lines which are per- 

pendicular to parallel straight lines are parallel, it will be 
seen that if DF and EF do not meet they must be parallel ; 
.', AB and BG must be parallel, which is absurd. 

2. Join^a 

Then, because L BAE = z ABE, EA = EB. I. 6 

Now A s ADE, GDE are congruent, and EA = EG; L 4 

.'. EA = EB = EG, and E is the centre of the circle of 

which ABG is an arc. ///. 9 

3. This is either HI. 1, Cor. 2, or III. 25 expressed in other words. 

The problem is impossible when the three points are in one 
straight line. 

4. They all pass through the centre of the circle described through 

the three vertices of the triangle. ///. 3 

5. Let A, B,GyDhe the four points (figs, to IIL 21 and 22). 

If A and G lie on the same side of BD, and I Ahe = i G; 
or if A and G lie on opposite sides of BD, and z ^ be sup- 
plementary to z G; the four points A, B, G, D are concyclic. 
Hence, if the problem be possible, the required point will be 
the centre of a circle described through any three of the four 
points. 



PROPOSITION 26. 



1. Join 5a 

Then z ABG = L BGD (L 29) ; .-. arc u4(7= arc BD. 
Hence also arc AG + arc GD = arc BD + arc GD, 
or arc AD = arc BG, 

2. Let ABG, DEF (fig. to IIL 27) be two equal circles, and let 

z BOG be greater than z EHF, 
At Q make z BQK = z EHF, 
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Then arc BK = aro EF. III. 26 

But aro BG is greater than arc BK ; 
.*. arc BG is greater than arc EF, 

3. Since the two angles are equal, the arcs on which they stand 

are equal; 

.*. each arc is a semicircle, and the diagonal a diameter of 
the circle. 

4. This follows from the previous deduction, because when two 

opposite angles of a quadrilateral inscribed in a circle are equal, 
each must be a right angle. ///. 22 

6. Let BAG (one of the figs, to IIL 27) be a segment containing an 
acute angle A. 

Then the conjugate segment BKG must contain an obtuse 
angle ; ///. 22 

.'. arc BAG must be greater than arc BKG, by the second 
deduction. 
But arc BAG and arc BKG make up a whole o^ ; 

.*. segment BAG must be greater than a semicircle, and 
segment BKG less. 

6. Let z BAG + L EDF =^ 2 rt. z s. 

In arc BG take any point O, and 
join BQ, GO, 

Then z BAG + L BQG 
= 2rt. zs; ///. 22 

.-. z BGG= I EDF; 
.• . arc BAG = arc EBGF. 

IIL 26 
But arc BAG + aro BOG 
= the whole O**; 
.-. arc EBGF + arc BOG 
= the whole O^. 

7. Apply the circle ABG to the circle DEF so that the centre O 

may fall on the centre J7, and so that OB may fall along HE; 
then B will fall on E, because OB = HE; 
and ^(7 will fall along HF, because L O = i H, 
and G will fall on F, because 00 = HF, 
Hence, since the circles coincide, ///. Drf, 1, Gor. 3 

the arc BKG coincides with the arc ELF ; 
.-. arc BKG = arc ELF, 

8. Let AG, BD (fig. to in. 35) intersect at E, 

Through B draw BL \\ GA, 
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Then L AED = l LBD. I. 29 

Now I LBD at the O"® stands on arc LD, which = arc AD 
+ arc AL = arc AD + arc BC, by the first deduction ; 
hence an angle at the centre equal to z LBD or z AED 
stands on an arc equal to half the sum of the arcs AD and 
BG. IIL 20 

9. Repeat the preceding proof with reference to the fig. to III. 35, 

Cor., substituting only — for +,and * difference* for 'sum.' 
10. Find the centre of the circle, and at it make an angle equal to 
the third, fourth, sixth, or eighth part of four right angles. 
The arc subtended by this angle will be the third, fourth, 
sixth, or eighth part of the O^. 



PEOPOSITION 27. 

1. Join Ba 

Then, since arc -4(7 = arc BD, L ABC = z BCD; IIL 27 
.-. AB is II CD. L 27 

2. Let ABG, DEF (fig. to IIL 27) be two equal circles, and let 

arc BC be greater than arc EF, 

Suppose arc BK =c arc EF, and join OK, 

Then z BOK = z EHF, IIL 27 

But z ^G^a is greater than z BOK; 
,'. L BOC is greater than z EHF. 

3. Let CE (fig. to III. 3) be a diameter of the circle ; 

then the arc CAE = the arc CBE\ ,•. z CAE = z CBE, 
But z CAE + z CBE = 2 rt. z s; ///. 22 

.*. z CAE or z CBE is a right angla 

4. Let BAC (fig. to III. 27) be a segment greater than a semi- 

circle; 

then BKC must be a segment less than a semicircle ; 

.'. z BAC must be less than z BKC, by the second deduc- 
tion. 
Now z BAC + z BKC = 2 rt. z s; ///. 22 

.'. z BAC mast be acute, and z BKC obtuse. 

5. Let arcs BOC and EBCF (fig. to the sixth deduction from HI 

26) be equal to the whole 0~: to prove z BAC supple- 
mentary to lEDF, 

Since arc BOC + aro EBCF = the o** = arc BOC 
+ 9X0 BAC; 
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.-. arc EBCF = arc BAG; /. L EDF=: L BQC. Ill, 27 
Now I BAG IB sapplementary to l BOG; 
ZjS^CisBapplementaiy to lEDF. 

6. Apply the circle ABG to the circle DEF so that the centre O 

may fall on the centre H, and so that OB may fall along 
HE; 

then B will faU on E, because OB = HE, 
and the arc BKG will fall on the arc EF, because the circles 
coincide. ///. Def. 1, Gor, 3 

Now since arc BG — arc EF, 

the point G will coincide with Fy and consequently OG with 
HF; 
.'. L BOG - L EHF, 

7. Let two circles whose centres are E and F touch each other 

internally at O, E being the centre of the inner circle. Let 
ABftk chord of the circle whose centre is F, touch the circle 
whose centre ia E Skt D: to prove z AGD = z BGD. 

Join (72), produce it to meet the large circle at O, and join 
ED, FO, Draw also the straight line GEF, IIL 11 

Then z EGD = z ^i>(7, and z -POi) = z 2^6^(7; /. 6 

.-. L EDG = I FOG, md FO IB \\ ED. 1,28 

Now j^i) is ± AB; III, 18 

/. i^^G^ is ± AB, and bisects -45 ; ///. 3 

.'. FO bisects z AFB, by the third deduction from L 26. 

Hence axe AO = arc BO ; III, 26 

and I AGO = I BGO. IIL 27 



PEOPOSITION 28. 

1. Since chord AG = chord BD, ,\ arc AG = arc BD; 

,'. L ABG= L BGD; 
AB\b\GD, 

2. Let A be the given point, and BG the given straight line. 

With B as centre and BA as radius describe an arc cutting 

BG9.\,D; 

with A as centre and AB as radius describe an arc BE; 

with B as centre, and a radius equal to the chord AD, cut the 

arc BE yslF, AF\b the straight line required. 
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3, Let two equal circles cnt each other at A and B, and let CD 
drawn through A meet the circles at G and D: to prove 
BG = BD. 

Since AB is a common chord in the two equal circles, it 
cuts off equal arcs from them. 

Now z BGA stands on the one arc, and z BDA on the 
other. 
.-. I BGA = L BDA ; 

BG = BD. I. 6 



PROPOSITION 29. 

1. Since axG AG = arc BD, 

.*. arc AG + arc GD = arc BD + arc GD; 

.*. arc AD = arc BG; .*. chord AD = chord BG. 

2. Apply the circle ABG to the circle DEF, so that their centres 

may coincide ; then the o**" will also coincide. Let the O" 
ABG be so placed that B coincides with U, and arc BOG 
falls along arc EIIF; 

then G will coincide with F, because arc BOG = arc EHF; 
.'. BG will coincide with FF; .'.BG= EF. 



PROPOSITION 30. 



1. The straight line joining their centres bisects perpendicularly 

their common chord, by the tenth deduction from L 8. 
.'. it bisects all the four arcs cut off by this common chord. 

2. If a diameter of a circle is ± a chord, it bisects the chord, 

and consequently bisects the arcs cut off by the chord. 

3. The distance AB may be bisected perpendicularly without AB 

being joined. 

With A as centre and AB as radius describe a circle, 
with B as centre and BA as radius describe a circle cutting 
the former one in two points. 

The straight line joining these two points will bisect AB 
perpendicularly, and consequently will bisect the arc ADB, 
4 Let AEB be any other triangle on the base AB, and having its 
vertex E on tiie arc ADB, 

J 
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From E draw EF ± AB. 

Then EF is less than EO, L 19, Cor, 

and oonsequently than DO. 

Hence the altitude of A EAB is less than that of A DAB ; 
/. A EAB is less than a DAB, 



PEOPOSITION 31. 



1. Let ABC he an isosceles triangle, having AB = AC. 

Take D the middle point of the base BC^ and join AD. 

Then la ADB, ADC are right, by the first deduction 
from I. 8. 

.*. the circles described on AB and AC aa diameters will 
pass through D, 

2. Let ABC be a triangle, and let ADhe ± BC or BC produced. 

Since z s ADB^ ADC are right, the circles described on ^^ 
and AC aa diameters will pass through D. 

3. To solve I. 11. Let ^^ be the given straight line, C the given 

point in it. 

Take any point D not in AB, and with D as centre and DC 
as radius describe a circle cutting AB at E; join ED^ and 
produce it to meet the circle at F; and join CF. 

Then FCE is a semicircle ; .-. z FCE is right 
To solve L 12. Let AB be the given straight line, C the 
given point outside it. 

Take any point D m AB ; join CD, and on it as diameter 
describe a semicircle CED cutting AB in E; join CE. 

Then z CED is right 

4. Take any point A on the O** of the circle, and with the set 

square draw AB, AC J, each other, and cutting the circle in 

BsoidC. 

Then BC is a diameter. 

Take another point on the O^, and draw another diameter. 

The two diameters will intersect at the centre. 
6. For z s ABE, ACE, being in semicircles, are right; 

. ' . AB and AC are tangents. 
6. Let the second circle pass through O the centre of the first, and 

intersect the first at the points A, B. 
Then A, 0, B, being three points on the O^ of a circle, 

will be the vertices of a triangle ; 
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.*. L AOB is less than a straight angle ; 
.*. the exterior segment of the first circle, whose base is AB, 
is greater than a semicirele ; 
.*. the angle in it is acute. 

7. AB is the radius of a circle ; on AB as diameter a circle ADB 

is described, and from B there is drawn BG a chord of the 
first circle, cutting the second circle at D. Join AD, 

Then z ADB being in a semicircle is right ; 
.-. -4i) bisects 5(7. ///. 3 

8. Let two circles intersect at A and B; through A draw AG a 

diameter of the one, and AD a diameter of the other; 
to prove G, Bt Din one straight line. 

Join BA, BGy BD. 

Then z s ABG, ABD are right ; 
.*. GB and BD are in one straight line. /. 14 

9. Let AB and GD be sides of the two given squares, AB being 

the greater. 

On AB as diameter describe a semicircle, and with B as 
centre and GD as radius cut the semicircle at E, 

AEisa side of the square required. 

For A AEB is right-angled ; 
.-. AE"" = AB^ - BE^ = AB^ - GD\ 

10. Let ABG be a triangle (fig. to IIL 31) right-angled at A^ and 

let E be the middle point of BG. 

The circle described on BG as diameter will pass through A^ 

and of this circle EA, EB, EG are radii, and therefore equal. 

11. If a point in one of the sides of a triangle be equidistant from 

the three vertices, the triangle is right-angled. 

Let ABG be a triangle (fig. to IIL 31), and let ^ be equi- 
distant from A, By G, 

With E as centre, and EA as radius describe a circle which 
will pass through B and G, 

Then BA C is a semicircle ; .* . z BA'C is right. 

12. Let the common tangent at A meet BG in E, 

Then EB = EA = EG; IIL 17, Gor. 

.'. L BAG is right, by the preceding deduction. 
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PEOPOSITION 32. 

1. Let ACt BD be two parallel tangents, A and B being the points 

of contact. 

Join AB, 

Then z CAB = the angle in the alternate segment AEB 
= I DBA. 

But z CAB + z DBA = 2 rt. z s ; /. 29 

.'. z 8 (Til^ and D^^ are right angles, and the alternate 
segment AEB is a semicircle, and AB & diameter. 

2. Let the two circles ABC, ADE (figs, to IIL 12, 11) toncb 

each other externally or internally at A, and let BAD divide 
the circles into pairs of segments. 

At A draw PAQ'a common tangent to the two circles. 

Then (fig. to IIL 12) z PAB = angle in segment ACB, 
and z QAD = angle in segment AED. 

Now z PAB = z QAD; 
.*. segment ACB is similar to segment AED, 

Again (fig to III. II) z PAB = angle in segment ACB, 
and Z PAD = angle in segment AED; 

.'. segment ilC!fi is similar to segment AED. 
Hence also in both figures the other pairs of segments are 
similar. ///. 22 

3. Let the two circles ABC, ADE (figs, to IIL 12, 11) touch 

each other externally or internally at A, and let BAD, CAE 
be drawn through ^ ; to prove BC \\ DE. 

It was proved in the preceding deduction that segment 

ACB is similar to segment AED ; .*. z ACB = z AED; 

.-. BCial^DE. 7.27 or 28 

4. Let AB, AG (fig. to III. 17) be two tangents to circle BDC, let 

BE drawn through the centre meet the O^ at H, and let 
BC, HC be joined. 
Then z BHC = z ABC - L ACB ; 

.'. twice z BHC= z ABC + z ACB; 

.*. supplement of twice z ^J7C7 = supplement of ( z ABC 
+ z ACB); 

.-. z 5C7£r + z C^JI - z -Bira = z -8-4(7; 
Now z BCff is right ; ///. 31 

.-. z J?(7fr - z JJiJa = z C^JST; 

.-. twice z (7^-£r= z BAC, 
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6. If any point B (fig. to IIL 32) be taken on the O^ of a circle 
ABG, and from it there be drawn two straight lines BD, BF, 
of which BD cuts the circle, and if z DBF be equal to the 
angle in the alternate segment, then BF is a tangent. 

From B draw BA ± BF, and meeting the O*^ B,t A, and 
join AD, 

Then i BAD = l DBF; Hyp. 

.'. L BAD + L ABD = L ABF, 

= a right angle ; 
z ADB = a right angle ; /. 32 

.*. ^^ is a diameter of the circle ; 
.'. BF'^A a tangent to the circle. ///. 16 

6. For z DAG = z DAE, IIL 27 

Now z DACot L BAG^ L BGA; L 6 

.-. z DAE^ L BGA; 
.*. AE is a tangent, by the preceding deduction. 

7. In the first fig. to III. 21 join ^C7, and produce BD to O. 

Then z GAD = z GBQ, IIL 21 

Now if BG rotate clockwise round B, the point D will 
approach nearer and nearer to B, and ultimately coincide with 
it. When D coincides with J?, BDG will be the tangent at By 
and z GAD will have become z GAB ; hence the angle 
made by BG with the tangent at ^ = the angle in the 
alternate segment GAB. 

In the first fig. to III. 22, produce GD to O. 

Then z ADQ = L ABG. IIL 22, G&r. 

Now if C(7 rotate clockwise round (7, the point D will 
approach nearer and nearer to G, and ultimately coincide 
with it. When D coincides with C, GDO will be the tangent 
at C7, and z ^i>(? will have become z AGO ; hence the 
angle made by (7^1 with the tangent at C7 = the angle in the 
alternate segment ABG. 



PEOPOSITION 33. 



1. If z ABG be made = z BAE, then AO = BG. I. 6 

2. Let BG be the given base. 

On BG describe a segment of a circle containing an angle 
equal to the given vertical angle ; 
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with B as centre, and the given side as radius, cut the arc of 
this segment at A, and join AC, 

ABO is the required triangle. 

3. On BC, the given base, describe a segment of a circle containing 

an angle equal to the given vertical angle; from B draw 
BD ± BG and = the given altitude ; through D draw a 
parallel to BG, meeting the arc of the segment in A, and join 
AG. A BG is the required triangle. 

4. On BG, the given base, describe a semicircle ; with B as centre, 

and the perpendicular as radius, cut the arc of the semicircle 
at D ; join GD, and produce it if necessary to meet at A the 
arc of a segment described on BG, and containing an angle 
equal to the given vertical angle ; join AB. 

ABG is the required triangle. 

6. On BG, the given base, describe a segment of a circle containing 

an angle equal to half the given vertical angle ; with B as 

centre, and the sum of the sides as radius, cut the arc of 

the segment at D ; join GD, at G make z DGA = l BDG, 

and let GA meet BD at A, ABG is the required triangla 

For L BAG = L ADG + L AGD, I, 32 

= the given angle ; 

and BA -{- AG = BA -{■ AD = BD, 

6. On BG, the given base, describe a segment of a circle containing 

an angle equal to a right angle increased by half the given 

vertical angle ; with B as centre, and the difference of the 

sides as radius, cut the arc of the segment at D; join GD, at 

G make i DGA = the supplement of z BDG, and let GA 

meet BD produced at A, ABG is the required triangle. 

For L BDG = 1 rt. z + ^ given angle. 
.•. supplement of z BDG = 1 rt. z - ^ given angle ; 

z AGD = 1 rt. L - \ given angle. 
Now z BAG = z BDG - z AGD, L 32 

= (1 rt. z + ^ given angle) 
- (1 rt z — -J- given angle), 
= given angle ; 
and BA - AG ^ BA - AD = BD, 
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PROPOSITION 34. 

Draw any chord cutting off a segment containing an angle equal 
to the given angle ; through the given point draw a chord 
equal to the other chord, by the fourth deduction from ILL 18. 



PEOPOSITION 35. 

1. Let the circles intersect at A and B, and through 0, any point 

in ^^, let there be drawn CD a chord in the one circle, and 
EF a chord in the other. 

Then CO -OD =^ AO-OB == E0» OF; 
.*. Cf E, 2>, F are concyclic. 

2. By the tenth deduction from IIL 22, A, B^ X, T are concyclic ; 

.-. AO'OX = BO'OT. 
B, C, r, Z are concyclic ; .-. BO'OT:=CO' OZ. 

3. Because IB G and D are right, 

.'. B, O, A E are concyclic ; .'. AB . AD = AC - AE. 

4. Because L ADE = l ACB, 

.-. J?, Cy Z), E are concyclic ; .-. AB . AD ^ AC * AE. 

5. Join P to O, the centre of the circle, and through P draw the 

chord CPD ± OP. 
Then AP PB = CP -PD =: CP\ 

6. To prove VL b. See figures thereto. 

In fig. 1, from AB cut off AF =i AC, join DF, BE. 
Then A s FAD, CAD are congruent, 

and z AFD = z ACD. /. 4 

Now z BFD is supplementary to z AFD ; I. 13 

I BFD is supplementary to z ACD; 
L BFD is supplementary to z i4JK5; ///. 21 

the four points By F, D, E 9j:e concyclic ; ///. 22 

AB'AF=AE' AD ; IIL 36, Cor. 

AB'AC=ED'AD + AD\ II, 3 

= BD'DC + AD^; IIL 35 

AD^ = AB'AC -BD • DC, 

In fig. 2, from BA produced cut oS AF ss AC, join 
DF, BE. 

Then as iMi>, CAD are congruent, 
and z AFD = z ilCZ). /. 4 
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Now L ACD = L BEA ; IIL 22, Cor. 

,'. L AFD= I BEA; 

.*. the four points B, E, F^ D are concyolio ; ///. 21 

.\AB'AF=AE'AD; 

:.AB>AG = ED'AD ^ AI>\ ILZ 

=:BI>'DG - AD^ ; IIL 35, Cor, 

AD^ = BD^DC - AB'AC. 
To prove VL a See figures thereto. 
Produce BA to F^ making AF =i AC, and EA to G, making 
AG = AD, Join FG, BE. 

Since z ABE is right, IIL 31 

.*. z BAE is complementary to z AEB, L 32 

Since z ADC is right, 
•*. z CAD is complementary to z ACD, L 32 

Now z ^Jg?5 = z -4Ci); ///. 21 

.*. z 5u4-& = z 042) ; 
.-. z i^^G^ = z a42>. /. 16 

Hence as FAG, CAD are congruent, 
and z FGA = z OD-4 ; /. 4 

.'. z i^6Jf-4 is right 
But because z s FGE, FBE are right, 
.*. the four points F, G, B, E are concyclic ; ///. 21 

.-. BA ^AF=. EA'AG; IIL 35 

.-. BA'AC^EA'AD. 



PEOPOSITION 36. 



1. Let the secant EGA pass through F, the centre of the circle, 

and let EB be the tangent. 

Join FB. 

Then z FBE is right. ///. 18 

Now AE'EG = FE^ - FG\ IL 6 

= FE^ - FB^ = EB^ L 47, Cor. 

2. Let the circles intersect at A and B, and let CD be a common 

tangent. 

Draw AB the common chord, and let it be produced to 
meet CD at E. 

Then EC^ = EA -EB = ED^ ; .-. EC = ED. 

3. Let the circles intersect at A and B, and let E be any point in 

AB produced. 
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From E draw two tangents EGy ED to the two circles. 
Then EG^ = EA -EB = ED^; .-. EG = ED, 

4. By the tenth deduction from IIL 22, B, G, T, Z are concyclio ; 

,'.AG'AY^AB'AZ, 

C,^,Z,X are concyclio J .\ BG -BX = BA-BZ. 
A, B, X, T are concyclio ; .-. GA-GT=:GB' GX. 

5. Let F be tiie given point, EG the given straight line, and E the 

fixed point in it, M^ the given square. 

Join EF; find the side of a square = EF^ - Jf«, 
by the third deduction from I. 47. 

With F as centre, and the side of this square as radius, 
describe a circle cutting EG at the points A and G. 
From E draw EB a tangent to this circle, and join FB. 

Then M^ = EF^ - FB^ = EB^ = EA -EG. 

6. If the secant EBD revolve anti-clockwise round E till the 

points B and D coincide, the two segments EB, ED will 
then be equal, and the rectangle EB • ED, which is always 
= AE ' EG, will then become EB\ 



PROPOSITION 37. 



1. For if not, let EB meet the circle again at D; 

then BE - ED = AE • EG = BE\ which is impossible. 

2. If EB be not a tangent to the circle, on the same side of EF as 

EB draw EO a tangent to the circle, and join FO, 

Then it may be proved, as in the proposition, that EG 
= EB; aiidFO=:FB; 

. ' . on the same base EF, and on the same side of it, there are 
two A s EFO, EFB having their pairs of conterminous sides 
equal, which is impossible. 

3. Let ^, ^ be the given points, GD the given straight line. 

Join AB, and produce it to meet GD iaE; 
on GD measure off EF such that EF^ = EA • EB, IL 14 
and through A, B, F describe a circle. ///. 1, G&r. 2 

There are in general two solutions to this problem, because 
EF may be measured off in either direction from E, When 
AB is II GD there is only one solution ; the point F is then 
the point of intersection of the perpendicular bisector oi AB 
with GD, When A and B are on opposite sides of GD, the 
problem is impossible. 
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4. Let A be the given point ; BO and BD, which intersect at jS, 

the given straight lines. Since A must be situated in one of 
the four compartments into which OB and DB produced 
divide the plane, let it be situated between BO, BD. 

Bisect I GBD by BM ; then the centre of the required 
circle will be in BM, Now since the required circle passes 
through A, it must pass also through another point A\ found 
by drawing from A a perpendicular to BM, and producing 
the perpendicular its own length to A'. The problem is now 
reduced to that of the preceding deductiou, and has conse- 
quently two solutions. 

5. Let BO and BD, which intersect at B, be the given straight 

lines, and A the centre of the given circle. Let the given 
circle be situated between BO and BD, 

On the opposite sides of BO, BD from A draw two straight 
lines parallel to BO, BD, and at a distance from them equal 
to the radius of the given circle. By the previous deduction 
describe a circle to touch these two straight lines and to pass 
through the centre of the given circle. The circle required 
will be concentric with the circle thus found, and will have 
its radius less than the radius of the circle thus found by the 
radius of the given circle. This procedure will give two 
solutions, since there are two solutions to the preceding 
problem ; in both cases the given circle will be touched exter- 
nally. 

Repeat the previous paragraph, substituting ' on the same 
sides of BO, BD as A,^ for * on the opposite sides of BO, BD 
from A,* * greater ' for *less,* and * internally* for * externally.' 

6. Let A and B be the given points. 

Take any point O on the O^ of the given circle, and describe 
a circle to pass through A, B, O. Let this circle cut the 
given one at D. Join AB, OD, and let them be produced to 
meet in ^; draw JSF tangent to the circle ABO ; and 
through A, B, F describe a circle. 

ABF is the circle required. 
Since two tangents can be drawn from E to the circle ABO, 
there are in general two solutions to this problem. 

[The methods of solution of the third, fourth, and fifth de- 
duction which are given here are substantially those of Vieta. 
See his ApoUonius GaUus, The construction for the sixth 
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dedaction here giyen appeared in the Monthly Review for 
October 1764.] 
7. Let CD produced meet AB at E, Describe, by the third 
dedaction, a circle to pass through (7, D and touch AB ; and 
let F be its point of contact with AB, 

GFD will be the maximum angle. 
Take any other point O in AB^ and join CO, DO, 
Let DO cut the circle GDF at H, and join CH. 

Then Z CHD is greater than z COD ; I, 16 

and z CFD = z CJy2>. ///. 21 

There are two maximum angles, since there are two circles 
which pass through C, D and touch A By and consequently 
two points of contact F and F*. 



DEDUCTIONS. 



1. Let ABG be the triangle. 

On AB and AC describe segments of circles each containing 
an angle = 1^ rt. z , that is, an angle = the exterior angle of 
an equilateral triangle. ///. 33 

Let the arcs of these segments cut each other within the 
triangle at O ; join AO^ BO, CO, 

Since z .405 = H rt. z , and z AOC = H rt z ; 

z BOO = li rt. z ; /. 13, Cor, 2 

.'. ABy BC, CA subtend equal angles at O. 

The problem is impossible if one of the angles of A ABC is 
greater than the exterior angle of an equilateral triangle. 

2. Let the two circles, whose centres are O and H, cut each other 

at A and B, 

Join Off, and on it as diameter describe a semicircle OPff, 
With ^as centre, and radius = half the given length, cut the 
arc of the semicircle at P ; join HP, and through A draw 
EAF or AEF \\ ffP, and meeting the two o«" at -BT and F, 
When A is between E and F, the sum, and when E is 
between A and F, the difiference, of the two chords is equal 
to the given length. 

Join OP, and produce it to meet EF at M; through ff 
draw ffN \\ OM, and meeting EF at N. 
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Then z OPH is right ; ///. 31 

/. /.E M and N are right ; /. 29 

.-. AE=^2 AM, 9;dAAF=2, AN. IIL 3 
Hence EF = 2 MN, 

= 2 PH, I. 34 
= the given length. 

3. Let A and B be the two given points, and let (7 be a point on 

the convex o** of the circle such that the tangent at G 
makes equal angles with AC and BC. 

Take any other point D on the o®», and join AD, BD, 
Let AD and the tangent at O intersect each other in E, and 
join BE. 

Then AD + BD is greater than AE + BE, L 21 

Now AE + BE is greater than AG + BC, as may be in- 
ferred from the seventh deduction of Book I ; 
.-. AD + BD is greater than AG + BC. 

4. Let AB he the diameter of the given semicircle, its centre, 

and let C be any point in ^^. With A as centre and AC sua 
radius, the semicircle CFD is described ; with ^ as centre and 
BC as radius, the semicircle COE is described ; and FG is a 
common tangent to these two semicircles : to prove that FG 
touches the original semicircle. 
Draw OH ± FG. 

Because AF, Off, BG are ± FG, III. 18 

.*. AF, Off, BG are parallel to each other. 
Because AO = BO, .-. Off = ^ {AF + BG), App. 1. 1, Cor. 2 

= i{AC + BC), ' 
= AO = BO; 
.\ ffiE in the O** of the original semicircle ; 
and since OJy is ± FG, 
.'. FG touches the original semicircle. 
[Ladi/s cmd OentlemarCa Diary for 1841, p 46.] 
6. Let BDC (fig. to III. 17) be the given circle, M the given 
length. 

Draw any radius EB, and from B draw BA ± EB and = M, 

Join AE cutting the 0«» at D ; from D draw DF ± ED and 

meeting EB produced at F. FD is the required tangent. 

For A s FDE, ABE are congruent, and FD = AB, I. 26 

= M. 
6. Let ^ 7^ be the tangent from A, and ff the middle point of BO, 
Join ffA, ffT. 
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Then A ATHiB right ; ///. 18 

.-. AH^ = AT^ -{• TH\ 7.47 

=zAT^ + BH^; 
.\2AH^=2AT^ + 2BH^; 
.-. 2AH^ + 2 Bff^ = 2 AT^ + 4 BH^; 
.-. AB^ + A(P =2AT^ + BG\ by App. IL 1, and the 
ninth deduction from II. 4. 

7. See the tenth deduction from IIL 22. 

Since B^ X, 0, Z are concyclic, 

.-. L OXZ = L OBZ, IIL 21 

= complement of L BAG^ 

= L OCYy 

= aOXY, 7/7.21 

since G, T, O, X are concyclic. 
Hence also z XTZ is bisected by BT, and z TZX by CZ, 

Again since B, G, Y, Zsae concyclic, 
r. A AYZ= L ABG, and z AZY= l AGB ; IIL 22, Cor, 
.*. A A YZ is equiangular to A ABC, 
Hence also as XBZ^ XYG are equiangular to A ABG. 

8. Let AX meet the drcnmscribed circle at X', and join GX'. 

Then z BAX =3 z OCX, because each is the complement of 

z ABG; 

and z ^^X = z XCT' ; 777. 21 

.-. z OOX = z XGX', 

Hence As OZO, CXX' are congruent, and XO = XX'. 7. 26 
Similarly for YO and ZO. 

9. From the preceding deduction it may be proved that A s BOG, 

BX 'G are congruent ; 

.*. the circle circumscribed about A BOG = the circle 
circumscribed about A BX'G, 

Now the circle circumscribed about A BX'G is the circle 
circumscribed about A AlBG ; 

.*. the circle circumscribed about A ABG = the circle cir- 
cumscribed about A BOG. 
Similarly for As AOB, CO A. 

10. Let the circles circumscribed about As BFDy GDE cnt each 
other at O. Join A OE, OF, 

Then Z DOF = supplement of z 5, 777. 22 

and I I>OE = supplement of z G; IIL 22 

z EOF ^ L B-v L O; 
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.-. I A + I EOF =z-4+zJ? + z C = 2rt. zs; 

.*. the points A, Ey O, F are concyclic. ///. 22 

11. Let ABG be any triangle, let i>, E, F be yertioes of the 

equilateral triangles described on BG, GA, AB respectively, 
and let G, H, K he the centres of the circles circumscribed 
about AS DBG, EGA, FAB: to prove a GHK equilateral 

Let the circles circumscribed about A s EG A^ FAB intersect 
atO; joinO^, OS, OG. 

Since L E = \ot2Tt zs; 

z -40(7 = |of 2rt. zs. ///. 22 

Similarly L AOB = | of 2 rt. z s; 
I BOG = J of 2 rt. z s ; 
.'. iDJf L B0G=2Tt. zs; 

/. the points D, B, 0, G are concyclic. ///. 22 

Hence the three circles pass through the same point 0. 

Again KH ia ± AO and KQ is x BO, by the tenth deduc- 
tion from L 8 ; and z ^OjB = | of 2 rt. z s ; 
.-. z J2^ = i of 2 rt z s. 1.32, Gor. 2 

Similarly z G and i H axe each » } of 2 rt. z s ; 
/. z OHK is equilateral. /. 6, Gor, 

12. Let BG be the given base, z M the given vertical angle. 

On BG describe a segment of a circle containing an angle 
equal to z if ; ///. 33 

from B draw BD ± BG, and equal to the given perpen- 
dicular. 

Through D draw DA A' || BG, and cutting the arc of the 
segment &t A, A '; join AB, AG, or A^B, A'G, 

ABG or A 'BG is the required triangle. 

13. Let BG be the given base, z M the given vertical angle. 

On BG describe a segment of a circle containing an angle 
equal to z if ; ///. 33 

bisect BG at II; with 11 as centre, and radius = the given 
median, describe a circle cutting the arc of the segment at 
A, A'; join AB, AG, or A'B, AV. 

ABG or A ^BG is the required triangl& 

14. Let BO be the given base, z M the given vertical angla 

On BG describe a segment of a circle containing an angle 
equal to z M; III. 33 

at X, the projection of the vertex on BG, draw XAi. BO, 
and meeting the arc of the segment at A ; join AB, AG. 

ABG is the required triangle. 
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16. Let BG be tlie given base, l M the given vertical angle. 

On BC describe a segment of a circle containing an angle 
equal to z M ; and complete the circle. ///. 33 

Find D the middle of the arc conjugate to the arc of the 
segment ; ///. 30 

join D to N, the point where the bisector of the vertical 
angle meets the base, and produce it to meet the arc of the 
segment at A ; join AB, AC ABC'ia the required triangle. 
For I BAN = L CAN. IIL 27 

16. Let BC be the given base, z M the given vertical angle. 

On BG describe a segment of a circle containing an angle 
equal to half of I M; IIL 33 

with B as centre, and radius = the given sum of sides, describe 
a circle cutting the arc of the segment at D; join BD, and 
let BD cut at A the arc of a segment described on BG and 
containing an angle = i M; join GAf CD, 

ABC is the required triangle. 

For I BAG = z BDG + z AGD; L 32 

iM^^lM+l AGD; 
z AGD = i I M=i ADG; 

AC = AD, I. 6 

and BA +AG= BD. 

Again, on BG describe a segment of a circle containing an 
angle = a right angle + half of z M; III, 33 

with B as centre, and radius = the given difference of sides, 
describe a circle cutting the arc of the segment at D; join 
BDj and let BD produced cut at A the arc of a segment 
described on BC, and containing an angle = i M; join GA, 
CD, ABC is the required triangle. 

For z BAG = z BDG - z AGD; /. 32 

zJlf=I rt. z + ^zJf-z AGD; 
L AGD = lrt L-\ lM^ L ADG; L 13 

AG = AD, 7.6 

and^J - AG=BD. 

17. Let XYZ be the given orthocentric triangle. 

Bisect z s X, F, Z by JTO, YO, ZO intersecting at 0. 
At X, 7, Zdraw BXG, CYA, AZB respectively ± XO, YD, 
ZO, and intersecting each other at the points A, B, C 

ABC is the required triangle. 

Compare the seventh deduction. 
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18. Let A and B be the centres of two circles, and let the circle A 

be greater than the circle B. 

With centre A^ and radius equal to the difference of tbe 
radii of the given circles, describe a circle ; 
and from B draw BG and BD tangents to this circle. 
Join AGj AI>, and let them meet the given circle A at JSJ 
and O; 

through B draw BF |] GA and BH \\ AD, meeting the o<* at 
^and H; and join EF, OH. 

Because AG = AE - BF, and AG = AW - GE ; 
.-. BF = GE. 

And BF is || GE ; .«. BGEF is a ir. /. 33 

Because L AGB is right, ///. 18 

I GEF is right, and l BFE is right; /. 29 

.*. EF is a tangent to both circles. 
Similarly OH is a tangent to both circles. 

Again, let A and B be the centres of the given circles. 

With centre A, and radius equal to the sum of the radii of 
the given circles, describe a circle. The rest of the construc- 
tion and the proof are as above, with this exception, that the 
two minuses must be replaced by two pluses. 

The tangents EF and OH in the first case are called direct 
common tangents ; the tangents EF and OH in the second 
case are called transverse common tangents. 

When the two circles touch externally, the two transverse 
common tangents become coincident, and there are then only 
three common tangents; when the two circles intersect, 
there are only two common tangents, direct ; when the two 
circles touch internally, the two direct common tangents 
become coincident ; when one circle lies entirely within the 
other, and does not touch it, there can be no common tangent. 

19. Let ABG be an equilateral triangle inscribed in a circle, and let 

D be any point in the arc cut off hjAG: 
to prove BD = AD + GD. 

Produce GD to E, making DE = DA, and join AE. 

Since A, B, G, D are concyclic, 
.-. z ADE = L ABG, III. 22, Gor. 

= i of 2 rt. z s ; 
.*. the isosceles A DAE must be equilateral by the twelfth 
deduction from L 32. 
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Hence in L% BAD, CAE, \ AD = AE 

( I BAD = i CAE; 
.-. BD = CE (I. 4) = CD + DA. 

20. Let ACBD be a circle, AB, CD two chords intersecting each 

other perpendicularly at E, 
Draw the diameter DF, and join AG, CF, FB, BD. 
Because DGF is a semicircle, z DGF is right ; ///. 31 
and z jBJ^C/ is right ; 

.-. GFiaJHAB, 7.28 

.*. &T0 AG = arc BF, and chord AG = chord BF. 
Now ^JS2 + ^(78 + jj^a + ^jrja = ^^ra + 52>>, /. 47 

= BF^ + BD\ 

= DF\ III. 31 ; 7. 47 

21. Let ABGD be the given quadrilateral ; let the circle of which 

AB is a chord out the circles of which AD and BGare chords 

at E, F respectively, and let the circle of which GD is a chord 

cut the cirdee of which AD and BO are chords at II, O 

respectively : to prove E, F, O, H concyclic. 
Join AE, BF, GO, DH, and EF, FO, OH, HE. 
Then ( z AEF + z ABF) + ( z AEH + z -47>7r) 

= 4rt.Z8, 777.22 

= z AEF + z ^-^JJ 4- z JP'^fi^; 

.-. z ABF + z ^7)^ = z T'^TT. 

SimUarly z GfiT' + z GDH ^ L FOH i 

.-. z -4-S-P + z CJJJP' + z -47)7r + z GDH 

= z -F'^JT + z T^Gf^'; 

.-. z ^^a + z i47)C = z FEH + z #(y^. 

But z -45(7 + z -47)0 = 2 rt. z s ; 777. 22 

/. z FEH + z FOH= 2 rt. z s ; 

.'. the points E, F, O, H are concyclic 777. 22 

22. Let ABGD be the given quadrilateral. 

The centre of the circle which touches DA, AB, BG inter- 
nally is found by bisecting z s ^ and B hy AE, BE which 
meet at E (compare App. lY. 1). Bisect zs C7 and D by 
GO, DO which meet at O ; (7 is the centre of the circle 
which touches internally BG, GD, DA. Let AE, DO meet 
at F, and BE, GO meet at H ; Fia the centre of the circle 
which touches GD, DA, AB internally, and ^the centre of 
the circle which touches AB, BG, CD internally : to prove 
E, F, O, H concyclic. 

E 
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Because z AEB + iz^+iz^ = 2rt. zs, /. 32 

and z GOD + izC7 + iz2) = 2rt.Z8; /. 32 

.'. z AEB + z (7(71> +i(z4+z-B+zC+z2>) 

= 4 it. z B ; 
/. z -4^5 + z (7(71) = 2 rt. z 8 ; 

.-. z FEH+ L FOH=2Tt. is; L 15 

•'. the points jB^ F,0,Haxe conoyclio. 

The centres of the circles described outside the quadri- 
lateral so as to touch the sides and the sides produced are 
found by bisecting the exterior angles a,t A, B, C, D, and the 
proof that they are concyclic is similar to the preceding. 

23. Let A BOD be a quadrilateral inscribed in a circle, let AB, DC 

meet at Ej and AD, BO at F: to prove that, if EG, FO 
bisect zsi^andi^, z ^OjP is right. 

Let FG meet AB at and OD at ff. 

Then z EGG = z -4 + i z ^, /. 32 

and lEHG- L DGF + \ L F. 7.32 

But z DOF- z A ; III. 22, Cor, 

lEQG^lEHG; 

L EGO = z EGH = a right angle. 7. 32 

[Other solutions will be found in Gatalan*s ThSor^mea et 
Prohl^mea de OSonUtrie SUmentavre (6^me ^), p. 38, and in 
Mathematical Questions with their Solutions from the Edtioa- 
iional TimeSj voL y. p. 105.] 

24. Let ABOD be a quadrilateral inscribed in a circle, let AB, DC 

meet at E, and AD, BO at F: to prove EF^ = the sum of 
the squares on the tangents from E and F to the circle ABC, 

Let O be the point in which the circle circumscribed about 
A BOE cuts EF; join 00, 

Then ( z iJOZ) + z 5^i>) + ( z 5(7(7 + z 5^(7) 

= 4 rt. z s, 777. 22 

= z -BC7) + z 5C<7 + z 7>CGf; 

z 5^2) + z 5^(? = z 7)a(?. 

But z DFO is supplementary to z BAD + z 5^(?; 7. 32 

.'. z i>-P(7 is supplementary to z 7)C(7 ; 

.'. the points O, D, F, O are concyclic. 777. 22 

Now since (7, Z), F, O are concyclic, 
.-. EF'EO = ED 'EG, 777 35, Cor. 

= square on tangent from E, III. 36 
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Since B^ C7, (7, E are conoydic, 

.-. FE'FO = FB' FC, III. 35, Cor. 

= square on tangent from F; III. 36 

and EF'EO + FE'FO = EF^. 11. 2 

25. Let ABG be a triangle (for convenience let il^ be greater than 

AG), and let PQ be the diameter of the circumscribed circle 
which is ± BGf Q being on the same side of BG aa A ; from 
P, Q let there be drawn PS, PT, and QU, QV respect- 
ively ±AB,AG: 

to prove AS=AT=BU=GV = i {AB + AG), 
and AU=AV=BS=: CT = i {AB - AG). 
Join P, Q with the vertices A,B, G. 
Since PQ is a diameter and is ± BG, 

.*. the arcs BP, GP are equal, and the chords BP, GP, as 
also the chords BQ, GQ. 
Because arc BP = arc GP, .'. L BAP = L TAP : III. 27 

.*. the right-angled as A8P^ ATP are congruent, /. 26 
and AS = AT,SP= TP. 
Since BP = GP, SP = TP, and z s at ^ and !r are right, 

.-. B8=GT. I.M 

Again since AP bisects L BAG, and AQ\% l. AP; HI. 31 

.'. AQ bisects l UA V ; 

.*. the right-angled as ^ XJQ, AVQ axe congruent, /. 26 
and AIT = AV,QU=QV. 
Since BQ = GQ, QU = gr.and zsat U and K are right, 

.-. BU^GV. 1.47 

Now i{AB-{-AG) = i {{AS + BS) + {AT - GT)}, 

= \{{AS + AT) + {BS - GT)}, 
= \(2AS):^i{2AT), 
^AS^AT. 

Also \{AB + AG) = \ {{BU + AU) -¥ {GV - AV)], 

= \ {{BU-^GV) + {AU- AV)}, 

= \{2BU) = \{2GV), 
= BU=GV. 
Similarly i {AB - AG) = AU = AV = BS = GT. 

26. To prove J ( z (7 + z -B) = QBG = QGB = QAB 

= QPB = QPG, 
i {I G - I B) r=. ABQ = AGQ = APQ 

= BPS = GPT. 
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Because L BQG = L BAG, IIL 21 

L C+ L B = L QBG + L QGB; I. 32 

.-. i(za+z^=z QBG = z QGB, 

= z QPG = z <2P5 = z QAB, III, 21 
Since half the sum of two magnitudes diminished by half 
their difference gives the less, and z QBG diminished by 
z QBA gives z B, 
.'. J ( z (7 - z 5) = z QBA, 

= z CC'^ = z QPJ. ///. 21 

Because z Q^P is right, ///. 31 

.*. z Q^^ is complementary to z i9^P. 
But z ^P/S' is complementary to Z SBP; 
.-. z Q5il = z 5P^ = z CP^. 

27. From Q, any point in the O** of the circle circumscribed about 

A ABG, let QX, QY, QZ he drawn ± BG, GA, AB respect- 
ively : to prove X, Y, Z collinear. 
Join XZ, YZ, AQ, BQ, 
Since z s QZB, QXB are right, Q, Z, X, B are concyclic ; 

.-. z BQX = z BZX. IIL 21 

Since z s QF^, QZA are right, Q, F, A, Z are concyclic ; 

.-. L AQY=i AZY. IIL 2.1 

Since z s 0F(7, QX(7 are right, Q, Y, G, X are concyclic ; 

.-. z XQF = supplement of z C. IIL2Q 

But L AQB = supplement of z (7; ///. 22 

.-. z .ig^ = z XgF; 

.-. z BQX = L AQY; 
.'. z BZX = z -4^F; 
.'. X, Z, Y are collinear, by the second deduction from I. 14. 

28. From Q, any point in the O ^ of the circle circumscribed about 

A ABG, let QX, QY, QZ be drawn making with BG, GA, 
AB the equal angles QXG, QYG' (O' is on GA produced), 
QZA : to prove X, Y, Z coUinear. 

JoinX^, YZ,AQ,BQ, 

Since zs QZB, QXB are equal, being supplementary to 
the equal z s QZA, QXG, .'. Q, Z, X, B are concyclic ; 
.-. z BQX = z BZX, IIL 21 

Since z QYA is supplementary to z QYG', it is also sup- 
plementary to z QZ^ ; . •. Q, F, il, ^ are concyclic ; 
.-. z -4eF= z AZY. IIL 21 

Since z QF(7 is supplementary to z QF(7', it is also sup- 
plementary to z QXG; ,'. Q, F, O, X are concyclic j 
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.-. I XQT= supplement of i C, IIL 22 

But I AQB = supplement oi i G ; IIL 22 

.-. I AQB = L XQT; 
.-. I BQX = i AQT; 
.'. z BZX = L AZT; 
.'. XjT,Z are coUinear, by the second deduction from 1. 14. 

29. Join PA, PB, PC. 

Because z s AZP, A YP are right, the points A, Z, P, Y 
are concyclic, and the circle which contains them has Oi, the 
middle point of PA, for centre, and is the circle circumscribed 
about A AZY, 

Because i s BXP, BZP are right, the points B, X, Z, P are 
concyclic, and the circle which contains them has Og, the 
middle point of PB, for centre, and ia the circle circumscribed 
about A BXZ, 

Because z s GYP, GXP are right, the points G, Y, P, X are 
concyclic, and the circle which contains them has O3, the 
middle point of PG, for centre, and is the circle circumscribed 
about A GYX. 

In A PAB, O1O2 ia || AB and = i AB; 
in A PBG, O^Os is || 5C and = i BG ; 
in A PGA, OiOi is |I GA and = i G4 ; App. /. 1 

.*. A OiOaOt has its sides respectively the halves of the 
sides of A ABG. 

But the sides of A ABG are fixed lengths; 
.*. the sides of A OiOfi^ are fixed lengths, and the 
A OiOaOs 18 constant in magnitude. 

Hence also the circle circumscribed about A 0\0%0z is con- 
stant in magnitude. 

30. Let ABG be a triangle whose sides BG, GA, AB are cut by a 

transversal in. X, Y, Z respectively ; about A s ^ YZ, BXZ 

let circles be circumscribed intersecting in Q ; 

to prove Q, F, O, X conoydic, and also Q, A, G, B, 

Join Q to X, r, Z, A, B. 

Because z XQZ = z XBZ, III. 21 

and z ZQY= supplement of z ZAY, III. 22 

= z ZAG; 
.'. L XQZ + z ZQY = z XBZ + z ZAG ; 

z XQr s supplement of z G; I. 32 

.'. the points Q, Y, G, X are concyclic. ///. 22 
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Again L BQX = z BZX, III. 21 

= z AZr, I. 15 

= z AQY; III. 21 
.-. z BQX + z -4C-y = z u4gr+ z -4eX; 

z ilC-S = ^ XQT, 

= supplement of I O; HI. 22 

.*. the points Q, At G, B are coney clic. ///. 22 

31. Let A be the given circle, P and Q the two given points. 

Suppose two circles B and C to pass through P and Q, and to 
intersect the circle A. 

Since ^ and C pass through P and Q, 
. *. PQ produced is the radical axis of B and C. 
The straight line joining the intersections of A and B is the 
radical axis of A and B; let it meet PQ or PQ produced at O. 
Then is the radical centre of A, B, and C7, and therefore is 
a fixed point. 

32. Let ^^ be the fixed straight line, P the fixed point in it, and 

let a circle whose centre is touch AB a,t P, and be cut at 
E by the parallel fixed straight line CD : to prove that EF, 
the tangent at E, touches a fixed circle. 

From P draw PQ ± CD, and passing through 0. III. 19 
Join OE, PE, and draw PF x EF. 

Then z OPE = z OEP, I. 5 

= z J2?PP; /. 29 

.-. the right-angled lb PQE, PFE are congruent, /. 26 

and PQ = PP. 

Similarly PQ = the perpendiculars from P on the tangents 
to the other circles at the points where they are cut by GD. 
Hence all these tangents touch the circle described with the 
fixed centre P, and the fixed radius PQ. 

33. Produce DA to E, making AE = AD, and join EB. 

Then z AEB = z ABE; I. 6 

.-. z BOD + z -4^5 = z CD^ + z C75u4 + z ABE, 

= z OD-BT + z CTB^. 
Now the four angles of BODE = 4 rt. z s ; /. 32, Gor. 2 

.-. z -BCZ) + z ^-»5 = 2 rt. z s; 

.*. the points B, C, D, E lie on the 0<* of a circle. ///. 22 
Now since AB = AD = AE, 

.*. ^ is the centre of this circle ; ///. 9 

/. AG = AB or AD. 
In this solution the quadrilateral ABGD is supposed to be 
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convex. (See Note 2 on p. 249 of Euclid,) But the theorem 
is true when the quadrilateral is re-entrant. The proof of it 
varies little from the preceding, the principal change being 
that I B BCD and AEB, instead of being shown to be sup- 
plementary, are shown to be equal. 

34. Let CF produced meet AB &t G. 

Then I GDF = i DAB, III, 32 

and z CEF = l EBA ; ///. 32 

.•. I CDF + L CEF = I DAB -¥ l EBA, 

= L DAB + L ABD -h L FBE, 
Now since z s ADB, AEB are right, ///. 31 

.-. L DAB -I- L ABD = L FEB; 
.'. L CDF + L CEF = L FEB + L FBE, 

= z DFE, I, 32 

Hence CF = CD, by the preceding deduction ; 

and z CFD = z CDF, I, 5 

= z DAG. Ill, 32 

But z CFD + z DjP'G = 2 rt. z s; /. 13 

.-. L DAG+ /. DFG=2Tt, La; 

.'. A ADF-^ I AGF=2Tt, lb; /. 32, C7or. 2 

.'. z -4 OJ^ is right. 

35. Let F'C produced meet AB at G, Join ^^T, ^D. 

Then z s ^i^-S, ^J^5 are right ; ///. 31 

z CDF' = complement of z (7i)5, 

= complement of z DAB, III, 32 

Similarly z Cj^i^' = complement of z iS^^ul ; 
/. z CDF' -H z OMF" = 2 rt. z 8 - ( z DAB + z ^5^), 

5= z i)J"^; /. 32 

CF* = C7>, by the thirty- third deduction ; 
.-. z CF'D = L GDF', L 5 

Now z GZ>i^' = complement of z i>-45, 

= z i>jB-4 ; 
.'. the points D, F", B, G are concyclio ; ///. 21 

.-. z F'GB = z J^^'DA ///. 21 

= a right angle. 

36. If the tangents to a series of circles from a fixed point are equal, 

the point has equal potencies with respect to the circles ; 
.'.it must be situated on the radical axes of every pair of 
the circles, that is, on their common chords produced. 

37. Let AB, AC he the two straight lines at right angles to each 

other. 
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Draw any straight line forming with AB, AC an isosceles 
triangle, by the third deduction from I. 31 ; parallel to that 
straight line draw a tangent to the given circle, by the sixth 
deduction from IIL 16. Let ODH be the tangent, G and H 
being on AB and AG, and D being the point of contact. 

First let the circle be outside A GAIT. Draw DE, DF 
X AB^ AC respectively. Take any other point D' on the 
0"» and draw D'E\ D'F' X AB, AG respectively, and 
through D' draw G'E || GH, 

Since A AGH is isosceles, and DF is || GA, 
.-. A FDH is isosceles, and DF = HF ; 

DE + DF=FA-\- HF, /. 34 

=:Aff, 
Similarly D'F' + D'F' = AH'. 
But AH is less than AH' j 
.-. DF + DFialeaa than D'F' + D'F'. 

Second, let the circle be inside A GAH, Make the same 
construction as before, and a sinular method of proof will 
show that DF + DFia greater than D'F' + D'F'. 
38. Let A be the given point on the O*^, BC the given chord. 

Find the centre of the given circle, join AG, and on ^O 
as diameter describe a circle cutting BG at D. Join AD, 
and produce it to meet the o^ at ^. 

AF is the required chord. 
Join OD. 

Then z ODA is right, ///. 31 

/. AF is bisected at D, IIL 3 

3a Find F the centre of the circle, join FG, GP, PE, and from O 

draw GF ± PE. Through the points A, G, B describe a 

circle, and let it meet PG again at G, and join BG, 

Then L BGG ^ l PAG, IIL 22, Cor. 

= L PDBy by the second deduction from 

IIL 21 ; 

.'. the points P, D, G, B are concyclic ; ///. 21 

.-. PG'GG = BG' GD. IIL 35 

Now PA'PB=^ PG'PG, IIL 35, Cor. 

PG^ + PG . GG, 11. 3 

PG^ + BG . GD, 

= PE^+ OF^ - 2 PE'EF+ BG • GD. IL 13 
If EA, EB be joined, A EAB is isosceles, 
and PE^ = EA^ + PA • PB, by the first deduction of Book IL ; 
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if ED also be joined, a EBD is isosceles, 

and OE^ = EB^ - BO . OD, by the first deduction of Book IL 

Hence FA - PB => EA^ + PA-PB^ EB^ - BO OD 

-2PE'EF+B0'0D, 
= PA'PB + 2AE^ -2PEEF; 
AE^ = PE-EF, 
a result which proves (see the eighth deduction from III. 17, 
and the second part of the fourteenth deduction of Book IL) 
that O lies on the chord of contact of the tangents from P. 
[This solution is due to Hugh Hamilton Brooming.] 
40. Let P be a point outside a given circle. 

From P draw three secants PAB, PCD, PEF; join AD, 
CB intersecting in O ; join CF, ED intersecting in H j and 
let QH produced meet tiie o°* at iT and L» 

PK, PL are the required tangents. 
By the preceding deduction, Oiaon the chord of contact of 
the tangents from P, and so is J?*; 
.*. OH produced is the chord of contact; 
.*. PK, PL are the tangents from P. 



LOCI. 

1. The locus is the perpendicular to the given straight line at the 

given point, produced indefinitely either way. ///. 16 

2. The locus is the straight line joining the centre of the given 

circle to the given point, produced indefinitely either way. 

///. 11, 12 

3. The locus is the same as the first locus of Book I. 

4. The locus is the same as the second locus of Book I. 

5. The locus is the same as the third or fourth locus of Book I. 

6. Let A and B be the centres of the two equal circles. 

Join AB; bisect AB at C; and draw through G a perpen- 
dicular to AB, This perpendicular is the locus. 

Take any point D in the perpendicular; join DA, DB 
cutting the circles at E and F. 

Then AD = BD, by the sixth deduction from I. 4, 
and AE = BF ; 
DE = DF. 
Hence a circle with centre D and radius DE will touch both 
circles. 
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7. The middle points of a series of parallel chords lie on the 

diameter perpendicular to the chords. ///. 3 

8. See the first deduction from III. 14 

9. The locus is the O^ of the circle described on the hypotenuse as 

diameter, by the tenth deduction from III. 31. 

10. Let A be the given point, BDF the given circle. 

Through A draw any chord BD ; bisect BD at E, join E 
with the centre C, and join AO. 

Then z OEA is right ; ///. 3 

.*. the locus is the o** of the circle described on ^C7 as 
diameter, by the preceding deduction. 

If the given fixed point be situated inside the given circle, or 
on its 0°*} the locus is the complete o^ ; if the fixed point 
be situated outside the given circle, the locus consists only of 
that arc of the O^ which is included within the given 
circle. 

11. The locus consists of the arcs of two segments each containing 

an angle equal to the given angle, and described on opposite 
sides of the given base. 

12. The locus consists of the arcs of two segments each containing 

an angle equal to i i A, and described on opposite sides of 
BC. See the first part of the sixteenth deduction of 
Book III. 

13. The locus consists of the arcs of two segments, each contain- 

ing an angle equal to a right angle + ^ i A, and described 

on opposite sides of BG. 

See the second part of the sixteenth deduction of Book IIL 

14. Suppose arc AOB to be less than a semicircle. 

If (7 be joined to the points of contact of the tangents P^i, 
PBf and also to A and B, it may be proved that CA and CB 
bisect I s PAB, PBA. 
Now zP = 2rt.zs-2(z CAB + z CBA), /. 32 

= 2rt. zs-2(2rt. zs-z AOB), /. 32 

= 2iACB- 2rt. zs. 
But z ACB is a fixed angle, since ^^ is a fixed chord ; 
.'. z P is a fixed angle, and the locus of P is the arc of a 
segment of a circle described on AB as basa 

When arc ACB is greater than a semicircle, it will be found 
that CA and CB do not bisect z s PAB, PBA, but the 
angles adjacent to them, and that the locus of P is still the 
arc of a segment on ^jS as base. When arc AOB ia a 
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semicircle^ the point P is infinitely distant, for the tangents 
are then parallel. 

15. Let ABCD be the quadrilatera], having AB fixed and CD a 

constant length, and let AD^ BC meet at 0. 

Join^C 

Then z AOB = z ACB - z DAG. I. 32 

Now L ACB is constant, since ^^ is fixed, 
and I DACia constant, since CD is constant ; 

z AOB is constant, and the locus of is an arc of a 
segment of a circle on ^^ as base. 

Again, let AC, BD meet at /. 

Then z AIB = z ACB + z DBC; I. 32 

.*. z AIB is constant, and the locos of / is an arc of a 
segment of a circle on ^^ as base. 

16. Let Off be the given straight line, D and E the given points in 

it, and let A and B be two circles touching Off at D and U, 
and each other at (7; to find the locus of C, 

At (7 draw CFtk common tangent to the two circles, and let 
CF meet DE at F. 

Then FD=FC= FEj IIL 17, (7or. 

.*. the common tangent at C bisects the fixed distance DE, 
and is equal to half DE, 

Hence the locus of C7 is the arc of a semicircle on DE as 
diameter. 

17. Let BDC (fig. to III. 17) be a circle, and suppose ^ to be a 

point such that the tangents AB, AC contain a right angle. 
Join AE, BE, CE, 

Then z BAE = half a right angle, by the second deduction 
from IIL 17. 

.'. z AEB, which is the complement of i BAE, is known ; 
and the length of the radius EB is known ; 

.*. L ABE could be constructed from what is known, by the 
ninth deduction from I. 23 ; 
in other words, EA is a constant length. 
Now since ^ is a fixed point, and EA a constant length, 
the locus of ^ is the O^ of a circle concentric with BDC, 

18. Let BDC (fig. to III. 17) be a cirde, and suppose ^ to be a 

point such that the tangents AByAC contain a given angle. 

Join AE, BE, CE. 

Then z BAE = half of the given angle, by the second 
deduction from IIL 17 i 
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.'. L AEBf which is the complement of Z BAE, is known ; 
and the length of the radius EB is known ; 

.'. A ABE could be constructed from what is known, by the 
ninth deduction from L 23 ; 
in other words EA is a constant lengtL 
Now since ^ is a fixed point, and EA a constant length, 
the locus of ^ is the O ** of a circle, concentric with BDC, 

19. Let BDC (fig. to IIL 17) be a circle, and suppose ^ to be a 

point such that the tangents AB, AG are of given length. 

Join AE, BE. 

Since the lengths oi AB and EB are known, 
.*. the right-angled A ABE could be constructed from what 
is known, by the eleyenth deduction from L 23 ; 
in other words, EA is a constant length. 
Now since ^ is a fixed point, and EA a constant length, the 
locus of A is the o°* of a circle concentric with BDG, 

20. The statement of this deduction should be : 

A is the given point on the O** of a given circle, and ^Q is 
any chord drawn through it. Find the locus of a point P 
taken on ^Q or ^Q produced such that AP 'AQia constant. 
Through A draw the diameter AE ; AE is a fixed straight 
line. 

From P draw PD ± AE or AE produced ; and join QE, 
Because z s PQE, PDE are right, ///. 31 

.'. the points P, i>, E, Q are coney clic ; ///. 22 

.-. AD'AE = AP-AQ, IIL 35, Cor. 

= a fixed magnitude ; 

.*. AD is a fixed length, and D a fixed point. 
Hence every straight line drawn from the fixed point D to 
any point P on the locus is ± AD ; 

.'. the locus of P is the perpendicular drawn to AD through 
D. 

21. From A draw AD ± BC ; ^2) is a fixed straight line. 

From Q draw QE ± AP, and meeting AD at E, 

Because z s PQE, PDE are right, 
,•. the points P, i>, E, Q are concyclic ; ///. 22 

.'. AD-AE = AP' AQ, III. 36, Cor. 

= a fixed magnitude ; 
.*. AE is a fixed length, and E a fixed point. 
Hence every straight line drawn from the fixed point JB to 
any point Q on the locus ia ± AQ ; 
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.*. the locos of Q is the O ^ of the circle described on AE as 
diameter. 

22. Let ABG (fig. to I. 47) be one of the~ right-angled triangles 

whos^ hypotenuse BG is given : to find the loci of O and H, 
F and K. 

Since z s BOG, BHG are each half a right angle, 
the locus of O and H is the arc of a segment of a circle 
described on BG, and containing an angle equal to half a 
right angle. 

Join AF, AK, which are in the same straight line, by the 
twenty-second deduction from I. 47 ; from F and K draw 
FM, KN ± BG produced ; bisect BG at A\ through A' draw 
A'L X BG, meeting FK at L\ and join BL\ GL'. 

Because N and M are equidistant in opposite directions 
from B and (7, by the thirty-fourth deduction from I. 47 ; 

.'. they are equidistant from A' ; 

.*. the middle point of MN is a fixed point. 
Because MF, A'L', NK are parallel, and A' is the middle 
point of MN, 

.'. L' is the middle point of FK, 
and A'L' = \ {FM -f KN), App, L 1, G(yr, 2 

= \ BG, by the thirty-fourth deduction from I. 47, 
that is, =3 a fixed length ; 

,'. L', the middle point of FK, is a fixed point, and BU, GL' 
are fixed straight lines. 

Now since i s BFL', GKU are each half a right angle, 
the loci of F and K are two arcs of segments of circles 
described on BL', GL', and containing an angle equal to half 
a right angle. 

23. Let P be any point inside a given circle, whose centre is O, and 

let ^^ be any chord passing through P ; let AG, BG, the 
tangents at A and B, meet at G: to find the locus of (7. 

Join OP, and from G draw GQ ± OP produced ; join OA, 
00, and let 00 meet AB at D. 

Then L 0-4 C is right ; ///. 18 

ABv& 1. 00, by the eighth deduction from IIL 17 ; 
and 00 ■ OD = OA ^, by the second part of the fourteenth 
deduction of Book IL 
Now z 8 PDO, POO are right ; 
/. the points 0, D, P, Q are coney clic ; ///. 22 
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/. OP'OQ = OD' 00, III. 35, Cor. 

= OA^ = a fixed magnitude. 
But OP ia a fixed length ; 

.*. OQ is also a fixed length, and Q a fixed point. 
Hence every straight line drawn from the fixed point Q to 
any point O on the locus is ± OQ ; 

.*. QO prodaced indefinitely is the locus. 
24. When the point P is outside tiie circle, the preceding construc- 
tion and proof are applicable word for word, the only changes 
necessary being the omission of ' produced ' from the construc- 
tion, and the substitution of HI. 21 for IIL 22 in the prooi 



BOOK IV. 

PEOPOSITION 1. 

1. There can be drawn as many chords as there are diameters of 

the circle, that is, an infinite nimiber. 

2. Let be the given point in the O**. 

Draw the diameter OB, and complete the construction as in 
the proposition. 

Two chords GA and OF. 

3. Let AB be the given chord. 

Bisect AB perpendicularly by (7Z>. 

Then any point in CD will be the centre of a circle which 

can be circumscribed about AB ; because every point iu CD 

is equidistant from A and B, 

Hence there can be an infinite number of such circles. 

The diameters of these circles may not be less than AB, 
but they may be as much larger than ^^ as we pleasa 

4. Let AB be the given chord, M the given radius. 

Bisect AB perpendicularly by CD ; with ^ or ^ as centre 
and M as radius cut CD at the two points E, F, 
E or Fia the centre of the required circle, EA, FA, or EB, 
FB is the required radius. 
Only two circles. 

5. 6. See the fourth deduction from III. 18. 
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7. Place a chord AG in the given circle ABG = D, 

From 0, the centre of circle ABG, draw OE ± AG ; with O 
as centre and OE as radius describe a circle, and to this circle 
draw a tamgent || the given straight line, by the sixth deduc- 
tion from III. 16. 
The proof follows from the second deduction from III. 18. 

8. Repeat the previous construction, substituting x for ||, and 

* seventh ' for * sixth.' 



PEOPOSITION 2. 



1. Because there are innumerable points such as A, that may be 

taken on the O** of the given circle. 

2. For I HAG may be made = i D, and then z OAB = either 

I E or L F ; or z HAG may be made = i E, and then 
I OAB = either i F or l D ; or z HAG may be made 
= I F, and then z OAB = either i D ot l E, 

3. Take any^ straight line EF^ and on it describe an equilateral 

A DEF, In the circle ABG inscribe a triangle equiangular 
to A DEF. 
4 Since i A ^ i L, /. BG = MN. IIL 26, 29 

Similarly GA = NL, and AB = LM ; 
.*. AS ABG, LMN are congruent. /. 8 



PROPOSITION 3. 



1. If the tangents at A and B do not meet, they are parallel ; 

,\ AG and BO^ which are ± the tangents, are also parallel, 
which is absurd. 

Hence also the tangents at B and G will meet, and the 
tangents at G and A. 

2. Because there are innumerable radii such as OB that may be 

drawn in the given circle. 

3. Take any straight line EF^ and on it describe an equilateral 

A DEF. About the circle ABG circumscribe a triangle 
equiangular to A DEF, 

4. 6. Let LMN (fig. to IV. 3) be a circumscribed equilateral 

triangle, and let AB^ BG, GA be joined. 
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Then l LAG + L LCA = 2rtZB-zi> 

^l M-k- I N. /. 32 

Now I LAC = z LCA (IIL 17, Cor., 1. 5) and z if = z ^y 
.-. z LAC ^L M, L LCA = I N, and AC is || MN. 
Hence also AB is || LN, and ^C7 1| ifZ> ; 
.*. A ^^(7 has its sides respectively || the sides of A LNM ; 
.*. A ^^(7 is equiangular to A LNM^ and consequently 
equilateral 

Since i>-4^(7, if^Cul, iVCil^ are ir, 
/. ^i> = BC=AM, BM^AC = BN, CN = AB = CL. 
Also A ABC = each of the lb LAC, MBA, NCB ; 
.*. A LMN = four times A ABC 

6. Since z s 0-4if, 0-Bif are right, 

.*. the quadrilateral AOBM is inscriptible in a circle ; 
.-. z GOA = z 3f ; ///. 22, C7or. 

.-. lM ^L E. 
Hence also L N ^ L F ; and .'. z L rs i D, 

7. For i^P, Zf if are both ± O^, and therefore parallel ; 
- .-. lLMN^l RPQ=l E. 

Hence also z LNM = z ^; .•. z MLN =s z 2>. 

8. Let A\ B', C* be the points of bisection respectively of the arcs 

BC, CA, AB, and let LMN be the triangle formed by draw- 
ing tangents at A', B\ C, 

From 0, the centre of the circle, draw a perpendicular to 
BG; this perpendicular will bisect BC (III. 3), and also 
the arc BC (IIL 30), and will therefore pass through A' ; 

. •. MN and BC are both ± OA ; .-. MN is || BC 
Hence also NL is || CA, and LM (I AB ; 

.*. A LMN is equiangular to a ilj5C7, and consequently to 
A DEF, 

9. Let LMNPQ be the resulting figure. 

Then it may be proved, as in the preceding deduction, that 
LM\a\\AB, MN\\BC, NP\\CD, PQ\\DE, KndiQL\\EA; 
and these'pairs of parallels are drawn in similar directions ; 
.*. the angles of LMNPQ are respectively equal to those of 
ABCDE, 
10. Let L'M'N' be the other triangle, A', B', C the points of con- 
tact of its sides with the circle ; then if z A'OB' = z DEQ, 
B'OC = DFH, it wiU foUow that z A'OB* = z AOB, 
z B'OC = z BOC, L C'OA' = z COA, 
Now if OA ', OB't 0C\ while retaining their relative positions. 
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be rotated round O till they coincide with OA, OB, OC, 
A L'M'N' will then coincide with A LMN, 
11. Let ABG be the given circle, and DEF the given triangle. 
Find the centre of the circle, and draw any radius OB, 
Make i BOA = i DEF, and i BOG = L DFE ; 
vA, A, B, O draw tangents to the circle intersecting each 
other at L, M, N. LMN is the required triangle. 

Since z s 0AM, OBM are right, ///. 18 

.*. the points 0,A,M,B are concyclio ; ///. 22 

.-. z LMN = z AOB = L DEF, IIL 22, Cor, 

Similarly z LNM = z DFE ; 
•*. remaining L L •= remaining z D, 

The other two solutions are obtained thus : 

Let ABG\iQ the given circle, and DEF the given triangle. 

Produce FE to O, Find the centre of the circle, and 
draw any radius OB, 

Make z BOA = z Z)J^(y, and z -B0(7= z i)2?W; 
at ^, jS, G draw tangents to the circle intersecting each other 
at L, M, N, LMN is the required triangle. 

Let ABG be the given circle, and DEFiitie given triangle. 

Produce EF to H. Find O the centre of the circle, and 
draw any radius OB. 

Make z BOA = z i)^i^, and z -BOC = z DFH; 
At A,B,G draw tangents to the circle intersecting each other 
at L, M, N. LMN is the required triangle. 

The possibility of three solutions to this deduction may also 
be seen from the fact that the given circle may be included 
either between the sides of the angle L, the sides of the angle 
M, or the sides of the angle N, of the constructed triangle 
LMN. 



PEOPOSITION 4. 



1. Because z ABG + z AGB is less than 2 rt. z s, /. 17 

.*. z IBG + L IGB is less than 2 rt. z s ; 

.'. BI and GI must meet. /. 29, Got. 

2. For A s EAI, FAI are congruent ; /. 8 

.-. z EAI = z FAL 

3. Let A ABG (fig. to IV. 4) be equilateral. 

Because z ABG= z AGB, .-. z 750= z /OB; .". IB = IG, 
Hence also 70 = 74 / .'. lA = IB = IG, 

L 
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4. Let A ABC (fig. to lY. 4) be isosceles, and let AB = AG, 

Becaiwe i ABG= L AOB ; .•. l IBG = L IGB ; .-. IB=IG, 
6. {AF-¥ FB) + {BD + DG) + {GJS + EA) = the perimeter of 

L ABG. 

But AF = EA, BD=FB, GE = DG ; III, 17, Giyr. 

.-. AF + BD + GE=: FB+DG + EA= the semiperimeter. 

6. AF ■¥ BD + (Tf? = the semiperimeter, by the previoas deduc- 

tion, and CJ^ = GD; 

,\ AF + BD + GD = the semiperimeter ; 

.*. AF -\- BG = the semiperimeter. 

Hence also BD + GA = GE + AB = the semiperimeter. 

7. The radii of the respective circles are AF, BD, GE. 

8. The centre of the circle inscribed in the triangle will be the 

required centre, because it is equidistant from the three 
sides. 

9. Let the parallel through / meet AB, AG m O, H. 

Then z OIB = z IBD = z IBG; .-. 01 = GB. 
Hence also HI = HG; .'. Off=GB + HG. 

If through 7i there be drawn GiHi \\ BG to meet AB, AG 
produced at Oi, H^; then i OihB = z /i-BA = IiBO^; 
.', Oili = OiB, 
Hence also Hili = ^i(7; .•. OiHi = 0^5 + JJiC 

If through /s there be drawn O^Hi \\ BG to meet AB, AG a,t 
Oi, H^; then z O^hB = z /j-BA = ^ /j-BO^a/ 
.-. G^j/j = OiB. 
Hence also ^^a/g = H^G ; ,: O^Ht = O^aB - H^G, 

If through Js there be drawn O^H^ II BG to meet AB, AO 
produced at Oz, H^; then z OzhB = z /s^A = l I^BO^; 
.', OzU = O^B, 
Hence also -ffs^s = H^G ; ,\ O^ffs = O3B - H^O. 

10. For z AFE = z -FZ)-^ (///. 32), and z -4^^, being one of the 

angles at the base of the isosceles A AFE, is acute, by the 

fifth deduction from I. 17. 

Hence also z s DEF, EFD are acute. 

11. For twice z FDE = z AEF-k- z AFE, 

= 2rt. zs-Zil; 
z ^i>J27 = lrtz-iz.4. 

12. The vertex A and the centres of the circles inscribed in 

A s ABG, ADE lie on the bisector of z BAG, 

13. Let BD, Ci7 be the two straight lines, and suppose A the point 

at which they would meet if they could be produced. 
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Then A and the centres of the circles inscribed in A s ABC, 
ADE are collinear. 

The centre of the circle inscribed in A ABC is found by 
bisecting as ABC and ACB ; the centre of the circle in- 
scribed in A ADE is found by bisecting z s ADE and AED, 
The straight line joining these two centres would, if produced, 
bisect L BAG. 



PEOPOSITION 5. 



1. If L8i KB do not meet, they are parallel ; 

.*. AB and AQ^ which are ± LB and K8^ are also parallel, 
which is absurd. 

2. III. 25. 

3. Bisect the hypotenuse. The middle point of it is the centre, 

and the half of the hypotenuse is the radius, of the circum- 
scribed circle. 

4. The isosceles triangle must have its vertical angle right; its 

base, therefore, will be the hypotenuse of a right-angled 
triangle, and the diameter of the circle circumscribed about 
the triangle. 

5. Divide the quadrilateral into two triangles, and circumscribe a 

circle about one of these triangles. This circle will also be 
circumscribed about the quadrilateral ///. 22 

( L 8BH = L BGH L 5 

6. In AS BBH, 8CH, \ L SHB = z 8HG 

( BH= BH; 
,\BH=CH, 7.26 

7. (a) Since BH bisects BC perpendicularly, 

.-. it bisects arc BDO ; /. z BBD = z CBD. 
Now z BBC = twice z BAC ; III. 20 

.-. z BBD = L CSD = z BAC. 
(&) z BBE is supplementary to z BBD^ 

I CBE is supplementary to z CBD, 
and z ABC + z ACB is supplementary to i BAG ; 

.-. z BBE = z CBE = L ABC + z ACB, 
(c) z ABC - L ABB = 2 z ABE; 

.-. 2 z ABC -2 1 ACB = 2 z ABE; 
z ABC - L ACB = z iliSiK 



178 KEY TO BUOLID's ELEMENTS. [BOOk IV. 

(d) BecaTue arc BZ> = arc GD, ,\ L BAD = L GAD. 
Because i DAE is right (ILL 31), .'. AE is j. AD. 
Now ^2) bisects z BAG; 

.*. AE bisects the angle supplementary to l BAG^ that is, 
the exterior vertical angle at A, 

8. For that angle = z ASE (L 29) = z ABG - i AGS. 

9. Let A ABG (fig. to IV. 5) be equilateral 

Then 8K^ = 8A^ - AK^ = SA^ - AL^ = SL^ ; 
.\ 8K = 8L, 
Hence also 8L = 8H, 

10. Let A ABG (fig. to IV. 6) be isosceles, and let AB = AG. 

Then SK^ = iS^^ - AK^ = /S^" - ^i;^ = SL^; 
.-. iS'JS: = 8L, 

11. Let ^£(7 be a triangle, 8 the common centre of the inscribed 

and circumscribed circles. 

Draw 8D, SE, 8F respectively ± BG, GA, AB, and join 
8A, 8B, 8G, 

Because 8 is the inscribed centre, l 8AE = l 8AF ; 
.'. £^b8AE, ^^i^ are congruent, and AE = AF. /. 26 

But because 8 is the circumscribed centre, 
AE=^iAGya,ndAF=\AB; .\ AG = AB. 
Hence also AB = BG, and A ABG is equilateral. 

12. Let ABG be a triangle, 8 the circumscribed, and / the inscribed 

centre ; ii A, 8f Ihe collinear, then AB = AG. 
Draw 8Ky 8L respectively x GA, AB, 
Since / is the inscribed centre, and A8IiB9k straight line, 
.'. L 8AK = L 8AL; 

.*. AS SAK^ 8AL are congruent, and AK =^ AL. /. 26 

Now AK=^\ ^(7,and-4L = \AB; 
.'. AG = AB. 

13. Because 8Hia X BG, and KL is |1 BG, App. I. 1 

/. SHia X KL. 

Hence also 8K is j. Lff, and 8L ± HK; 
,'. 8 is the orthocentre of a HKL. 

14. Let XYZ be the orthocentric triangle of A ABG, and let SA 

meet TZ^tD'. 
From 8 draw /S^iT x AG, and therefore bisecting ^C7 and 

Then z A8K = ^ z -4/Sf(7 = z ABG, III. 20 

But since the points B, G, T, Z are concyclic, by the tenth 
deduction from IIL 22, 
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.-. I AYD' = L ABC; IIL 22, Cor. 

.-. L ASK =z AYD\ 
Now L 8AK= I YAD' ; .-. i AKS = z ^D'T; 

.-. I AD' Yia Tight 
Similarly SB, SO are respectively ± ZX, X Y, 

15. Since (fig. to preceding deduction), 

z r:42>' = complement of z -4 YD\ 
= complement of z ^jS(7, 
= z BAX; 
.*. the bisector of z j&^(7 must be also the bisector of 
z /8'^X, 

and the bisector of z BAG passes through the inscribed 
centra 



PEOPOSITION 6. 



1. Because ^C7 is ± BD, 

lbAOB, bog, god, do a are all equal ; 
arcs AB, BG, GD, DA are all equal ; 
.*. chords ^^, BG, GD, i>^ are all equal. 

2. For AB^ = AO^ + B0^ = 2 AO^ ; 

and AG^ = AB^ ■{•BG^ = 2 AB\ 

3. For they are all double the square on the radius. 

4. The quadrilateral thus inscribed has its diagonals bisecting each 

other ; 

.*. it is a 11°^, by the ninth deduction from I. 27. 
And the diagonals of this \\^ are equal ; 

.'. it is a rectangle, by the seventh deduction from I. 34. 

5. Angle AOB is right. 

6. AB^ = AO^ + BO^ = r^ + r^; .-. AB^ = 2 r^; 

.•• AB = r sJ2, 



PEOPOSITION 7. 

1. If the tangents at A and B do not meet, they are parallel ; 

.*. OA and OB, which are respectively x these tangents, are 
parallel, which is absurd. 
Similarly for the other pairs of tangents. 
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2. The square circumscribed about a circle 

= the square on a diameter of the circle 
= twice the square inscribed in the circle, 
by the second deduction from lY. 6. 

3. For they are all equal to the square on the diameter. 

4. By the seventh deduction from III. 17, if a |(°^ be circumscribed 

about a circle, it must be a rhombus. Now if the ||™ have its 
angles right, the angles of the rhombus must be right, that is, 
the rhombus is a square. 

5. Tangents at the ends of a diameter are parallel, by the first 

deduction from III. 18 ; 

.*. this circumscribed figure is a ||^; and by the seventh 
deduction from IIL 17, it is a rhombus. 

6. Angle EOF may be proved to be right 

7. If OA = r, then F0 = AG=^2r. 



PEOPOSITION 8. 

1. Bisect ^^ and ^O at i^ and i^; through ^ and i^ draw ^G^ and 

FH respectively || BC and AB. 

2. If a circle could be inscribed in a rectangle which is not a square, 

then a rectangle which is not a square could be circumscribed 
about a circle, which is contrary to the fourth deduction from 
IV. 7. 

3. Repeat the construction and proof of the proposition, substitut- 

ing the word ' rhombus * for ' square.* 

4. A square, a rhombus. 
6. For OF=^^AB=^a. 



PEOPOSITION 9. 



1. By the first deduction from IIL 22, a circle cannot be circum- 

scribed about a ||™, unless it be a rectangle. If the |I» there- 
fore have its sides all equal, it must be a square. 

2. Draw the two diagonals, which are equal, and bisect one another. 

Their point of intersection is the centre, and half of either 
diagonal the radius, of the required circle. 

3. A square, a rectangle. 
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4. For AB^ = AO^ + B0^ = 2 AO^ ; 

.'. a« = 2 AO^keA 2 a^ = 4 AO^ ;_ 
.-. 2A0 = a V2, and AO = ^asJ% 



PEOPOSITION 10. 

1. For z ^ is common, and i EDO— i A ; IIL 32 

2. For I A + I B + I ADB = i A + twice l A + twice i A 

= 5 times i A; 
and z -4 + z jB + z ilDJ? = 2 rt. z s ; 
6 times z ^4 = 2 rt. z s. 

3. Make an isosceles triangle such as ABD, and bisect z A. 

Then at the yertez of the right angle make an angle equal to 
half of z A, 

4. For z ACD = i B + i BDC = twice l A + l A 

= thrice z ^, 
and z (7Dil = z -4. 

5. Make any isosceles triangle such as ABD, and on the given 

base construct a triangle equiangular to A ABD, 

6. On the given base construct a triangle equiangular to A AGD. 

7. If the small circle do not cut the large one, it must touch it at 

D, Now BD IB a tangent to the small circle at D ; 
.'. it must be a tangent to the large circle at 2>, by the third 
deduction from IIL 16. 
Bat BD is a chord of the large circle, 
a For z ADB = z AFD (IIL 32) = z ADF; I, 5 

.'. z BAD = z FAD, and as BAD, FAD are congruent ; 
DF = 5D. 
9. For z ^ilD = one-fifth of 2 rt z s, 

= one-tenth of 4 rt. z s. 

10. For z CAD = one-fifth of 2 rt. z s ; 

.*. the angle at the centre of the small circle subtended by 
CD = one-fifth of 4 rt, z s ; and CD = AC. 

11. This follows from the second deduction from III. 24 

Or, the small circle is circumscribed about A AFD, which in 
the eighth deduction was shown to be congruent to A ABD, 

12. For z BAF = twice z BAD = one-fifth of 4 rt z s. 

13. It was proved in the eighth deduction that FD = BD ; 

,', FD = DC or CA ; .'. arc FDC = arc DCA ; 
.-. chord i^0= chord DA, 
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Now FA = AB, and AO ^BD; 
.*. AS FAGy ABD are congruent. 

14. For L BDQ = one-fifth of 2 rt. z b ; 

.-. I BAG = one-fifth of 4 rt. z b. ///. 20 

15. By the previous deduction z GAG = one-fifth of 4 rt. z s ; 

and z AGG = z BGD = one-fifth of 4 rt. z s ; 

.-. GA = GG. I. 6 

Hence FAGG is a rhombus ; 

.*. FG bisects AG perpendicularly. 

16. Since z BAD = one-fifth of 2 rt. z s = | of a right angle, 

and since a right angle can be trisected, by the tenth deduc- 
tion from L 32 ; 
.'.an angle can be obtained = (f - ^) of a right angle. 

Now*-i = A. 

17. Join FA, FG, FB. 

Since A FAG is isosceles, 
... FB^ - FA^ = AB . BG, by first deduction of Book II., 

= BD^ 
Now FB is a side of a regular pentagon, and BD a side of a 
regular decagon inscribed in the large circle. 

la After dividing AB internally at G so that AB - BO = AG\ 
construct on ^iS a triangle ADB such that AD shall = AB, 
and BD = AG. /. 22 

19. Let DH be ± BG. 

Then AD^ = AB^ + BD^ - 2 -45 . Bff. IL 13 

Now AD^ = AB^; .-. BD^ = 2 ABBS; 
.\ AB'BG = 2AB-BH; ,-. BG = 2 Bff. 
Hence A DBG, and consequently A (7^15, is isosceles. 
The rest of the proof is the same as in the proposition. 

20. Let O be the middle point of the arc GD. Join DO and pro- 

duce it to meet BG at ff. 
Because arc GO = i arc GD. 

L GDO = i z GAD III. 27, 21 

= i z GDB; 
.'. D^ bisects z GDB; 
.*. Dfi" bisects jBC7 perpendicularly. 

Again if DG be bisected at K, and a perpendicular to DC 
from K be drawn, it will pass through O. III. 30 

Hence is the circumscribed centre of a DBG, 

21. See the ninth deduction. 
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22. Ji AB = r, then AG = i r (V6 - 1) by the Algebraical 
Application of II._11. 
.-. BD = ir{yJ5- 1). 



PEOPOSITION 11. 

1. Two can be drawn from A ; 

.'. two can be drawn from every vertex, which would give 10. 
But it will be found that in this manner every diagonal is 
drawn twice over. 

.*. the number of diagonals is 5. 

2. Because z BAG = z ACE (HL 27) ; r.ABiaW GE. 

3. For AS ABGy BGD are congruent (I. 4) ; .'. AC = BD. 

4. Let AG, BD cut each other at E'. 

Then since A AGD has each of its base angles double of the 
vertical angle GAD, and since z ADC is bisected by DE\ 
we have the same species of figure as in IV. 10 ; 
B3^^,'.AG'CE' = AE'\ 
Hence also the other diagonals are cut in medial section. 

6. Let AC, BD intersect at E'; BD, GE at A'; GE, DA at B'; 
DA, EB at C'; EB, AG at D'. 

Since the diagonals are equal and all divided internally in 
medial section. 

.-. the segments AG', AD', BD', BE', GE', CA, DA', DB', 
EB', EC are all equal. 

Hence GE - {CA' + EB') =^ DA - {DB' + AC) ; 
.-. A'B' = B'C. 
Similarly for the other pairs of sides. 

Since CE is |1 AB and DB || AE, 
,'. L E'A'B' =L EAB, LU, Cor. 

= an angle of a regular pentagon. 
Similarly for the other angles. 

6. Let A'B'G'D'E' (fig. to preceding deduction) be the given regular 
pentagon ; by producing its alternate sides to meet, let the 
figure ABGDE be obtained. 

Then A s ACD', BD'E', EB'C are isosceles, /. 13, 6 

and congruent to each other ; /. 26 

.-. A s ABD', AEC are congruent, and AB = AE, I. 16, 4 
Similarly for iJie other pairs of sides of ABGDE, 
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Since (see the eleventh deduction following) an angle of a 

regular pentagon = | of a right angle, 

L 8 BAD\ D'AO\ EAG' may each be proved = } of a right 

angle; 

.*. I BAE = an angle of a regular pentagon. 

Similarly for the other angles of ABODE, 
7. The five pentagons are A'BCDE, B'CDEA, G'DEABy 

D'EABCy E'ABCD. 
Since a AOD with i ADC bisected by DE' is the same 

si^ies of figure as in IV. 10, E'A = E'D = DO=GB = BA ; 

.*. pentagon E'ABGD is equilateral 

It is easily seen that it is not equiangular. 

Hence also the other pentagons are equilateral and not equi- 
angular, 
a Since ABGB' is a ir, .'. A ABG = A ABV; L 34 

and A ABG=£^ AED ; L 4 

.'. the figure ABGB'DE, which is less than the pentagon 

ABODE, = three times A ABG. 

Four times A ABG = the figure ABGB'DE + A ODE, 

which is greater than the pentagon ABODE by A B'DE. 
9. Because A AOD = A ABV + A GDB\ 

.'. twice A AOD = r ABGB' + a CDB' + A AEB', 

which is less than the pentagon ABODE by A B'DE. 
Because A AOD is greater than A ABO or A AED, 

.•. 3 A AOD is greater than A ABG + A AOD + a AED, 

which is equal to the pentagon ABODE. 

10. Let BDE (fig. to IV. 10) be the given circle. 

Draw any radius AB ; divide it internally in medial section 

at 0, so that AOia the greater segment. 

Place in the circle two chords BD, DF each = AG; 

then BF is a side of the inscribed regular pentagon. 

11. By I. 32, Cor. 3, the five angles = 6 rt ib. 

Now the five angles are aU equal ; 
.'. each angle = f of a right angle. 

12. Let ABhe the given straight line. 

At B make z ABO = f of a right angle, and cut off BG= AB; 
at C7 make z BOD = l of a right angle, and cut oSGD = BO; 
at i> make z CjD^ = f of a right angle, and cut off 2>^ = CD. 
Join EA. 

13. Let GD (fig. to the proposition ; the circle is not required) be 

the given straight line. 
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A regular pentagon could be constructed on CD, if the 
vertex A of the isosceles A ACD could be found, that is, if 
the length oi AG could be found. Now if ^C7, BD intersect 
at £J'y then AE' = JSfi>, by the second deduction and L 34, 
that is = CD. 

But a AOhe divided internally in medial section, AE' is the 
greater segment; therefore the problem of finding A is 
reduced to this problem : 

Given the greater segment of a straight line divided inter- 
nally in medial section, to find the straight line. 
This problem ia solved in the first part of II. 11 ; for there 
AB (fig. to IL 11) is given, and a straight line CF ia found 
such that GF' FA = AB^ or AG^, Hence the construction 
for describing a regular pentagon on GD is as follows : 

From D draw DL ± GD, and = \ GD ; 
with L as centre and LD as radius describe a circle, and 
produce GL to meet this circle at M, 

With G and D as centres, and a radius equal to GM, describe 
arcs cutting each other in A. With A and G as centres, and 
a radius equal to GD^ describe arcs cutting each other in ^; 
and with A and D as centres, and a radius equal to GD^ 
describe arcs cutting each other in E, 

ABGDE is the required regular pentagon. 

14. Let A'B'G'D'E' (fig. to the fifth deduction) be the given 

regular pentagon. 

By the sixth deduction, z i)'^(7' = | of a right angle ; 
.'. the sum of the five angles such as i D'AG' = 2 rt. z s. 

15. One-fifth of four right angles. 

16. Let p denote the side of a regular pentagon, d the side of a 

regular decagon, inscribed in the same circle, whose radius 

is /*. 
Then p^ =. r'^ ■\- d^^hy the seventh deduction from IV. 10, 

= r«+ \\r(sJE-l)\\ 

_ r«(io - gyg) 

4 ' 



p = 4r\ 10-2V6. 
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PEOPOSITION 12. 

1. If the tangents at B and C do not meet, they are parallel, and 

consequently OB and OG, which are perpendicular to these 
tangents, are also paraUel, which is absurd. 
Hence also every pair of consecutive tangents meet. 

2. Let ABCDE be a regular pentagon inscribed in a circle whose 

centre is O. Bisect arc AB at O; 9,tO draw A 'B' \\ AB, and 
meeting OA, OB produced at A\ B' ; through B' draw 
B'C 11 BC, and meeting OG produced at G'. Join 00, and 
draw OH ± BV\ 
Since A 'B' is || AB, and a OAB is isosceles, 

.*. A OA 'B' is also isosceles. 
Similarly A OB'G' is isosceles. 

But since as 0A'B\ OB'G' have one of the equal sides 
common, and the angles at the vertex equal, 

. •. they are congruent, and A'B' = B'G'. /. 4 

Again since O is the middle point of arc AB, 

.*. 00 is ± ABy and consequently to A'B' ; 

,\ A'B' IB 2k tangent to the circle. III. 16 

By comparing the right-angled as OHB', OOB', it may be 
proved that OH = OO, I. 26 

= a radius ; 

.*. B'G' is a tangent to the circle. Ifl. 16 

Lastly z A'B'G' = z ABG, L U, Cor. 

as an angle of a regular pentagon. 

3. One-fifth of four right angles. 

4. The proof of this deduction is the proof of the proposition with 

hardly any other changes than the substitution of the -word 
' polygon ' for ' pentagon.' 



PROPOSITION 13. 



1. From the proof of the proposition it is seen that the centre 
of the circle inscribed in a regular pentagon is situated 
on the straight line which bisects any side perpendicularly. 
Now since a AGD is isosceles, by the third deduction from 
IV. 11, the straight line which bisects GD perpendicularly 
passes through A, 
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Hence the centre of the circle may be foand by drawing 
from any two yertices perpendicnlars to the opposite sides. 
Their point of intersection is the centra The radius of the 
circle is the distance from the centre to the foot of one of 
the perpendiculars. 

2. Area of a OCD =:\GD'00; 

.•. area of ABCDE = 5 times a OCD, 

= i{5 times CD • OG), 

ss semiperimeter • inscribed radius. 



PEOPOSITION 14. 

1. Since A OCD is isosceles, is situated on the straight line 

which bisects CD perpendicularly. 

Hence the centre of the circumscribed circle is found in the 

same way as the centre of the inscribed circle. 

See the first deduction from lY. 13. 

The radius of the circumseribed circle is the distance from 
the centre to any one of the vertices of the regular pentagon. 

2. In the fig. to IV. 13, OC is a radius of the circle circumscribed 

about the regular pentagon, OQ a radius of the circle inscribed 
in the regular pentagon, and CO is half of a side of the 
regular pentagon. 
Now OC^ = CO^ + 00^; 1. 47 

.-. 4 0C«=4CG'» +4 00^; 

.'. (2 OC)^ =(2 CO)^ + (2 00)\ 

3. By the sixteenth deduction from IV. 11, when a side of a regular 

pentagon is •}■ r \lO - 2 V^> ^^ radius of the circumscribed 
circle is r. What, then, will the radius of the circumscribed 
circle be, when a side of the regular pentagon is a ^ 

i r \lO - 2 \/5 ir :ia : required radius. 

ar 

Radius = 



irMlO-2V6 

2a 

MlO-2v'S'' 



= » 
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4a3 



.-. radius^ = 



10 - 2 V5 ' 



4a« (10 + 2 V6) 



.^v> 



(10 - 2 y/6) (10 + 2 ^5) 

_ 4a^ (10 + 2 V5) 
" 100-20 ' 

o« (10 + 2 V5) 
~ 20 ' 

_ o» (50 + 10 V5) 
100 ' 



.-. radiuB = tV » 'VSO + 10 \/6, 



PEOPOSITION 15. 



1. For Z8 EAC,AGEy OEA stand each on an arc equal to 

.*. each of these angles =: ^ of 2 rt z s ; 

.*. A ^C7^ is equiangular, and consequently equilateral. 

2. For A -4(7^ = a AOG + A CO^ + A EOA, 

= i ^OGfi + i aOi^Z) + i EOAF, 
= i ABCDF. 

3. Let ^J? be the given straight line. 

OnAB describe the equilateral A OAB; I. 1 

with O as centre, and OA as radius, describe a circle, in 
which place chords BG, GD, DE, EF, FA each equal to -4^. 

ABGDEF\b the required hexagon. 

The proof foUowB from the Cor. to the proposition. 

4 This deduction follows from the fact that every regular hexagon 
ABGDEF is made up of six equilateral triangles, with their 
vertices joined at a point 0. 

& Let ABGDEF be a regular hexagon. 
Join FB, EG. 

Then A s FAB, EDG are congruent, and FB = EG; 7. 4 
.*. FBGE is a ir, by the fifth deduction from L 34 
.-. FE\a\\BG. 
Similarly for the other pairs of opposite sides. 
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6. Since FBCE is a |1", by the preceding deduction, 

.'. FC passes through the middle point of BE, by the tenth 
deduction from L 29. 

Similarly, since ABDE is a ||°^, AD passes through the 
middle point of BE ; 

.*. AD, BE, CF are concurrent. 

Again, since the quadrilateral ABGD is congruent to the 
quadrilateral A FED, by the thirteenth deduction from I. 4, 

.-. Ji> bisects z FAB; 

.-. z BAD = i of 2 rt z s. 
But z ABG = I of 2 rt. z s ; 

.-. AD is II BG. I. 28 

7. Three can be drawn from A ; 

,\ three can be drawn from every vertex, which would give 
18. But it will be found that in this manner every diagonal 
is drawn twice over ; 

.*. the number of diagonals is 9. 

8. In the fifth deduction it was proved that FBGE is a jl"" ; 

.-. BFi9\\GE, 

The other pairs of parallel diagonals are AE, BD, and AG, 
FD. 

9. This follows from the second part of the fifth deduction from 

IV. 3, and from the second deduction from IV. 15. 

10. From E (fig. to the proposition) draw EG ± CD, and join AE. 

Then .^^ is a side of the inscribed equilateral triangle ; 
AO and EG are each = AB; said 00 = ^ OE, by the eighth 
deduction from L 9. 

Hence AE^ = AG^ ^E0^^2AG' GG, IL 12 

= AG^ + EG^ + AG . GE, 
= 3 AB\ 

11. One- sixth of four right angles, or one-third, of two right angles. 

12. Let ABGDEF be a regular hexagon. 

Bisect any two consecutive angles ABG, BGD by BG, GG 
which meet at 0. O is the centre both of the circle inscribed 
in the hexagon, and of the circle circumscribed about it. 
The radius of the inscribed circle is the perpendicular from 
G to BG ; the radius of the circumscribed circle is GB or GG. 
To circumscribe a regular hexagon about a circle, inscribe 
a regular hexagon in the circle^ and at the vertices draw 
tangents to the circle, 
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PROPOSITION 16. 

1. Since axo AG = ^ oi the 0«*, 

and arc AB = ^ of the O** ; 
.-. arc BG = {^ - i), or A» oi the O"*. 
Bisect arc BG in F; III, 30 

BF will be a side of an inscribed regular quindecagon. 

2. The arc cut off by a side of an inscribed regular hexagon = ^ of 

the O^; the arc cut off by a side of an inscribed regular 
decagon = ^^ of the C* ; 

.•. the difference of these arcs = (i - T?jr)» or ^, of the 0°*. 
Hence the chord which cuts off an arc equal to this difference 
is a side of an inscribed regular quindecagon. 

3. Let 1, 2, 3, 4, . . . . 15 denote the vertices of a regular quin- 

decagon inscribed in the circle. Draw straight lines from 
I to 3, from 3 to 8, and from 8 to 1, cutting off arcs which 
are to one another as the numbers 2, 5, 8. The angles which 
stand on these arcs will also be to one another as the 
numbers 2, 5, 8. 

Draw straight lines from 1 to 5, from 5 to 10, and from 
10 to 1. 

4. Bisect any two consecutive angles of the regular quindecagon. 

The point in which the bisectors meet will be the ceiitre both 
of the circle inscribed in the quindecagon, and of the circle 
circumscribed about it. The radius of the inscribed circle is 
the perpendicular from the centre on any one of the sides ; 
the radius of the circumscribed circle is the distance from the 
centre to any one of the vertices of the quindecagon. 

To circumscribe a regular quindecagon about a circle, 
inscribe a regular quindecagon in the circle, and at the 
vertices draw tangents to the circle. 

5. Twelve can be drawn from one vertex ; 

.'. twelve can be drawn from every vertex, which would 
give 180. But it will be found that in this manner every 
diagonal is drawn twice over ; 

.*. the number of diagonals is 90. 

6. Fix upon A, one of the n vertices of the polygon; there wiU 

remain n - 1 other vertices, and therefore there can be drawn 
from A to these vertices n - 1 straight lines. But of these 
71-1 straight lines only n - 3 will be diagonals, since the 
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other two will be consecntive sides of the polygon. Hence 
from each of the n vertices of the polygon there can be 
drawn n - 3 diagonals, which would give n {n - S) diagonals. 
But it will be found that in this manner every diagonal is 
drawn twice over; therefore the number of diagonals is 
i » (n - 3). 
7. This has been proved in propositions 13 and 14 for a regular 
pentagon, and no properties of a regular pentagon have been 
assumed which are not common to it and all regular polygons. 
Hence this method of finding the centres holds good for all 
regular polygons. 



DEDUCTIONS. 

1. Let ABCD .... ^ be an equilateral n-gon inscribed in a circle. 

Then i a NAB, ABO, BOD, .... stand on arcs which are 

f} — 2 
each ^ths of the O"* ; .'. these angles are equal 

2. (a) Draw any radius OA of the circle ; at O the centre make 

z AOB = ^ of 4 rt. IB, Then if a circle can be inscribed 
in the sector GAB, it will be one of the three equal circles 
required. 

Bisect z AOB by 00, which meets the 0<* at 0; at O 
draw a tangent DOB, meeting OA,' OB produced at D, E, 
In A ODE inscribe a circle. This w^ be the circle inscribed 
in the sector OAB, 

For the circle inscribed in the sector OAB must, in order 
to touch OA, OB have its centre on 00 (see the fifth example 
of Loci, Book III.), and, in order to touch the arc AOB, must 
pa£s through O (IIL 11). But since A ODE is isosceles (1. 26), 
the circle inscribed in it must have its centre on 00, and 
touch DE at C Hence the two circles are identicaL 
(6) Draw any radius OA ; at the centre make L AOB = a 
right angle. Inscribe a circle in the sector OAB, by the 
method preceding. This circle will be one of the four equal 
circles required. 

(c) Make a sector whose angle is ^ of 4 rt. z s, by the third 
deduction from IV. 10; and inscribe a circle in it. This 
circle will be one of the five equal circles required. 

M 
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(<Q Make a aeotor whose angle is )- of 4 rt z a, and inscribe 

a circle ia it. This circle wiU be one of the six equal circles 

required. 
3. Let ABG be an equilateral triangle, and from A let AD he 

drawn x BO; on BC as diameter let a circle be described : 

to prove AD = A side of the equilateral triangle inscribed in 

the circle. 
Bisect I ABO by B£l, meeting the o<* at ^, and join CE. 
Then l EBO^^oi2TL zs,and Z ^^C is right; ///. 31 
I BCE = ^ol2Tt. IB; 7.32 

.*. BE is a side of an equilateral triangle inscribed in the 

circle. 

Now AD = BE, since A s ABD, BOE are congruent. /. 26 
4 Let ABODEF (fig. to IV. 15) be a regular hexagon inscribed in 

a circle; at A and B draw two tangents AO, BO meeting 

htO. 
Then A OAB s= ^ of the area of the inscribed regular 

hexagon, 

and OAOB = i of the area of the circumscribed regular 

hexagon. 

Because isOAO, OBO are right, ///. 18 

and I a OAB, OBA are each J of a right angle ; 
I s BA O, ABO are each ^ of a right angle. 

Hence if A OAB were rotated round AB through two right 

angles, O would occupy the position of the centroid of a OAB, 

since A OAB is equilateral ; 

.'. A OAB = ^ A OAB; 

.-. A OAB = i OAOB; 

.*. area of ABODEF = f area of the circumscribed regular 

hexagon. 
6. Let ABG be the giyen equilateral triangle. 

Bisect z s ABG, AGB by BO, GO meeting at ; 

through draw EH \\ BO, meeting AB, AG at E, H; 

through draw OD || GA, meeting BG, BA at O, D; 

through draw KF l| AB, meeting GA, GB at K, F. 

Join EF, OH, KD. DEFOHK is the required hexagon. 

For A OFQ is equiangular to a ABG; L 29, 32 

.'. A OFO is equilateral. 7. 6, Cor. 

Similarly A s OHK, ODE are equilateraL 

Again, A 0^^ is equiangular to a ABG ; 7. 34, Cor, 

.'. A OEF is equilateraL 7. 6, Cor. 
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Similarly A 8 OOH, OKD are equilateraL 
Hence DEFOHK is a regular hexagon. 

The area of the hexagon is two-thirds of the area of 
A ABC, since the former consists of six equal equilateral 
triangles, and the latter of nine. 

6. Let ABGDEF (fig. to lY. 15) be a regular hexagon inscribed in 

the given circle. The regular dodecagon is derived from it 
by bisecting the area AB, BC, &c. 

Let O be the middle point of the aro AB ; join AG, 00, 
and let 00 meet AB at II, 
Then area of the dodecagon = 12 a AOO, 

= 6Aff'00, 

= SAB '00, 

= SAB^ 

= AIl\ by the tenth deduc- 
tion from IV. 15. 

7. Since a regular octagon can be built up of eight equal isosceles 

triangles with their vertices joined at one point ; the problem 
will be solved if we can construct on AB, the given straight 
line, as base, one such isosceles triangle. 
Now each of the vertical angles of these isosceles triangles is 
half a right angle, and therefore each of the base angles three- 
fourths of a right angle. The problem is thus reduced to the 
tenth deduction from I. 2^ 

8. Let ABGD (fig. to lY. 8) be the circamscribed square, and let 

OA meet the O^ at £, and the straight line EH at L. 

Then EH is a side of the inscribed square, and EK a side 
of the inscribed regular octagon. 
Now the octagon = 8 A EOK, 

= 4 EL' OK, 

-2 EL '2 OK, 

= EH . AD. 

9. Because EF^ = ED^ = EC^ + OD^ = EC^ + GB^ ; 

and EF^ = EG^ + GF^ + 2 EG-GF, //. 4 

= EG^ -^ GF^ ■\- AG ' GF, 
= EG^ + GF^ + BG'GF; 
.'. EG^ + GF^ -»- BO'GF = EG^ + GB^ ; 

GF^ = BG^ - BG ' GF, 
= BG'BF; 
.*. BG is cut in medial section at F, and GF is the greater 
segment 
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[This result follows much more simply if the given construc- 
tion is compared with that of IL 11.] 

Hence, by the ninth dednction from IV. 10, GF is the side of 
a regular decagon inscribed in the circl& 

Again, since CD is a side of a regular hexagon inscribed in 
the circle, and OF a side of a regular decagon ; 
.*. DF is a side of the inscribed regular pentagon, by the 
seventeenth deduction from IV. 10. 

10. Let ABODE be a regular pentagon, BE, OE two of its 

diagonals, which are equal to each other, and parallel respect- 
ively to OD, AB, by the third and second deductions from 
rV. 11 : to prove that, if the trapezium ABOE be rotated 
round BO through two right angles, it wiU fall exactly 
within EB and DO produced. 

Bisect BO at F; join EF and produce it its own length to 
E', and join EV. 

Since A EBO is isosceles, ^^ is x BO; 
.'. after the rotation of the trapezium ABOE round BO, 
EF will occupy the position E'F, and EO that of E'O. 
Now since l BEO = {■ of a right angle, 
L FEO = I of a right angle ; 
I FE'O = i of a right angle. 
But I E'FO = a right angle ; 

L E'OF = ^ of a right angle. J. 32 

And I BOD = ^ of a right angle, by the eleventh 

deduction from IV. 11 ; 
.-. I E'OF + z BOD = 2 rt. z s ; 

.*. E'O and OD are in one straight line, /. 14 

that is, after rotation E falls on DO produced. 

Again, since AB is i| OE, A^B, the position of AB after 
rotation, will be || 0E\ the position of OE after rotation. 
But OE' is in the same straight line as OD; 
.*. A'B must be in the same straight line as BE, which 
is II OD. 

Similarly for the trapezium AEDB, 

11. Let BD (fig. to IV. 10) be the given straight line. 

Find a straight line such that when it is divided internally in 
medial section its greater segment shall be equal to BD, 
This is done in the thirteenth deduction from IV. 11. 
On BD as base construct an isosceles a ABD having AB 
and AD equal to this straight line. With A as centre, and 
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AB or AD as radius, describe the circle BDE ; and in it 
place successively chords equal to BD. 

The proof follows from the ninth deduction from IV. 10. 

12. (a) Let A BCD be the given square, E the middle of AB. 

With E as centre, and radius equal to a side of the square, 
cut AD, BC at F and G. Join EFy FQ, GE. 

EFG is the equilateral triangle required. 
For L^EAF, EBG are congruent, and AF = BG ; 

I. A, Cor. 
.'. FG= AB, L 33, 34 

= EF=: EG. 
(b) Let ABCD be the given square. 

At A make i s BAE, DAF each = ^ of a right angle, by 
the tenth deduction from L 32, and L 9; let ^^, ^i^ meet 
BG, GD at E, F; and join EF. 

AEF is the equilateral triangle required. 
For A s ABE, ADF are congruent, and AE = AF ; I. 26 
and I EAF = f of a right angle ; 

.'.A AEF is equilateral, by the twelfth deduction from 
1.32. 

13. Let DEF, DiEiFi (fig. on p. 251 of EucUd) be the given circles. 

By the eighteenth deduction of Book IIL, draw.^^i, AFi 
direct common tangents to the circles, and BG one of the 
transverse common tangents. ABG is the required triangle. 

14. Let DJSJ2F2, DsEsFs be the given circles. 

Draw F2B, EsG transverse common tangents to the circles, 
and BG one of the direct common tangents. 

ABG is the required triangle. 

15. From the twentieth deduction following it will be seen that the 

triangle required is the orthocentric triangle of the triangle 
formed by joining the three centres. 

16. Draw two straight lines AEi, AFi (fig. on p. 251 of Euclid) 

containing the given vertical angle ; with the inscribed radius 
as radius describe a circle to touch AE^, AFj, at E and F. 
To do this, from any points in AEi, AFi draw two perpen- 
diculars to AE2, AFjf and make them equal to the inscribed 
radius ; through the ends of the perpendiculars draw parallels 
to AEi, AFi ; the parallels will intersect at /, the centre of 
the required circle. 

Gut ofi'EEi, FFi each = the given base ; then AEi = AFi, 
Describe a circle to touch AEi AFi at Ei and Fi. 
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Draw BC a transverae common taDgent to these two circles. 

ABG is the required triangle. 
For ^a or a » EE^ = FF^, by (3) of the nineteenth 
deduction following. 

17. Draw two straight lines AEi^ AFi (fig. on p. 251 of Euclid) 

each = the semi-perimeter, and containing the given vertical 
angle. Describe a circle to touch AEi, AF\ at ^ ^i ; with 
the inscribed radius as radius describe a circle to touch AEi 
and AFx ; and to these two circles draw a transverse conmion 
tangent BC. ABO is the required triangle. 

18. When the sum of the sides is given. 

Since the base is given, and the sum of the sides is given, 
.*. the perimeter is given ; 

.*. if the vertical angle could be found, the problem would 
be reduced to the preceding. 

Suppose ABO (fig. on p. 251 of Euclid) to be the triangle 
sought. 

BO=BD + OD = BF+CE; ///. 17, Cor. 

.-. AB + AC - BC =AF + AE = 2 AF. III. 17, Cor. 
Now AB + AC - BOb known ; 
.'. AFia known; 

.*. of the right-angled A AFI, AF and IF are known ; 
.*. z J^i^ is known. 

But z lAF is half of the vertical angle, by the second deduc- 
tion from IIL 17 ; 
.*. the vertical angle is known. 
When the difference of the sides is given. 
Draw BC (fig. on p. 251 of Euclid) = the given base ; 
bisect BC at H, and cut off HD s half the given difiference 
of sides. With the inscribed radius as radius describe a 
circle to touch BC at D; hom.B and draw tangents to 
this circle meeting each other at A, 

ABO is the required triangle. 
For AB'-AC = {AF + BE) - {AE + CE), 

= BF '- CE, IIL 17, Cor. 

= BD'- CD, III. 17, Cor. 

-2HD, 

= the given differences of sides. 
[Most of the solutions of 13-18 are taken from Catalan's 
ThSor^mea et ProbUmes de Qiomitrit ^UmaUaire (6^me §d.), 
pp. 61--e3.] 



Book IV.] DEDUCTIONS. 197 

19. Since the two tangents that can be drawn to a circle from an 
external point are equal (III. 17, Cor.), there result the 
following equalities : 

AE = AF.AEk = -4^1, AE^ = AF^ AE^ = AF^; 
BD = BF, BDi = BF^ BD^ = BF^, BD^ = BF^; 
CD = CE, CDi = OEi, CD^ = CE^ QDz = GE^ 

(1) Values of & 
AE^ = AG + OEi = AG+ CD^, 
widi AFi^AB +BFi = AB-\-BDi; 
.-. AEi + AFi = AO'^AB'^ CDi + BD^^ 

= AG + AB + BG = 2s, 
But AEi = AFi ; .-. « = AE^ = AFi. 
Similarly a = BD^ = BF^ = GBs = GE^, 

(2) Values of « - a> « - 6, « - c. 
AE^AF, BD = BF, GD = GE ; 
.-. AE'k'BD+GD = AF+ BF+ CE. 
But the sum of these six segments is the perimeter ; 
.-. 8 = AE-\-BD + GD = AE^^BG^AE-\-a, 
Hence a - a = AE, and .*. = AF. 

Again a = GD^ = GB + BD^ = a + BD^; 
hence a - a = BD^^ and .*. = BF^, 

Lastly a = BD^ = BG + GD^ = a + GD^; 
hence « - a = CDs, and .'. = GE^ 

The values f or « - 6, « - c can be deduced in a manner 
exactly similar to the preceding. 

(3) Values of o^ 5, c 
a = «-(«- a) = AE^ - AE = EE^ ; 

= AFj^ - AF = FFi; 
= BF2 — BF% = F^Ffi ; 
= GEi - GE2 = E^. 
Similarly for the values of b and c 

(4) Values of a + 6, 6 + c,c+a. 
a + 6 = FFi + FFi = FiF^ 
6 + c = i)2>a + DDz = DJ)i, 

c + o = EE^ + ^^ = E\E^ 

(6) Values of a /^ 6, 6 ^ c, c .^ a. 
o *w 6 = FFx <- /iJFi = ^^8. 
h ^c = DD% ^ 2>i A = ^ A. 
e ^ o = i^^a '^ ^i^ s ^i^a- 
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(6) Values of a + 6 + c 
From (1) and (2) it follows that « + (« - a) + (a - 5) 
+ (« - c) = each of the six giyen expressions. 
Now « + (« - o) + (« - 6) + (« - c), 

= 4« - (a + 6 + c), 

= 2 (a + 6 + c) - (a + 6 + c), 

= a + 6 + c 

(7) Values of a^ + fta + c''. 
From (1) and (2) it follows that>" + (« - a)^ + (« - h)^ 
+ (8 - c)^ = each of the six given expressions. 
Now 8^+ {s- a)« + (« - 6)8 + (« - c)« 

=a48«- 2{a+ 6 4-c)« + aa + 6" + c^^ 

= a« + 6> + ca. 

(8) ^/2 + BI^ + GI^ + «a 

= (AF^ + IF^ + {BD^ + 72)2) + {OE^ + /^a) + ««, 

= AF^ + 57)» + GE^ + 3r* + ««, 

= (« - a)a + (« - 6)2 + (« - c)* + 3ra + «a^ 

= »« +6" + ca + 3ra. 

Similarly 

AI^^ + 57i2 + C/i" + (« - a)2 = aa + 62 + c« + Sr^a, 
^/aa + ^/ja + CI^ + (« - 6)a = ©a + ja + ^a + Sr^a, 
^/8a + 5/sa + C78»+ («- c)2 = aa + 62 + ca+ Srja; 

/. S (^/a) + S (£/a) + s ((7/2) + «2 + (5 . a)a + (« - 6)* 

+ (« - c)a 

= 4(aa + 6a + c^) 4- 3 (ra + r-? + rja + rja) 

.-. S (-4/a) + S (5/a) + 2 (a/a) 

= 3 (aa + 6a + ca) + 3 (ra + rja + rja + r,a). 

(9) Let H be the middle point of BG. 

Since 5i> and GDi are each = « - 6, by (2) 

.*. Dj D^ are equidistant in opposite directions from B^ G; 
.*. Dy Di are equidistant from H, 

Similarly D^ D^ are equidistant from H. 

Hence also analogous relations hold for the E points and the 

F points. 

DJ)z = AB+ AG, DDi = AB '-' AG, by (4) and (5) ; 
.-. 2HD2 = AB + AG, 2HD = AB'- AG. 

Now AD^ + ADi' = 2 HD^ + 2 HA^ App. 11. 1 

ADf + ^2>,a = 2 ^i>aa + 2 JST^a; ^^^^ jj ^ 
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But 2AB^ + 2AG^ = 4 HB^ + 4^^^ 

= 5(72 + 4^^2; 
2 iljRa + 2 ^a^ - 50a = 4 ^^^^ 
Hence AIP + AD^ + ^^^ + AB^^ 

= 2 ^i>2 + ^HD} + 2AB^ H- 2^08 - BC^, 

= i |4 ^1)2 + 4 HD2^} + 2AB^ + 2AC^ - BG% 

= i {(AB+AG)^-{'{AB-'AC)^} •h2AB^+2AC^'BG\ 
= AB^ + AG^ + 2 ^^a ^. 2AG^ - BG\ 
= 3 {AB^ + AG^- BGK 
Similarly BE^+BE^-^BE^ + BE^ = 3 (il^" + BG^) - ilC^, 
and GF^ + OFj^ + Ci^'a^ + GF^ = 3 (^(7« + ^C*) - AB\ 

Conaequenily the sum of the squares on the twelve straight 
lines specified 

= 3 (AB^ + AG^) + 3 {AB^ + BG^) + 3 U(7« + BG^) 

- {BG^ + -4aa + AB^)y 
= 6 (i45» + AG^ + 5a«). 

(10) Jj^ is JL hUt since the first bisects Z ^^(7, and the 
second the angles adjacent to BAG, 

Hence also /a^ is ± /s/i, and I^G is ± /i/a. 
The right-angled As AIE^ AI^E^ are mutually equiangular, 
since the angles at A are common. 
. The right-angled A s AIEj AI^E^ are mutually equiangular, 
since i EAI is the complement of z E^AI%, 
and I AI^E^ is the complement of i E^AI^ 
The right-angled as AIE^ AI^Es are mutually equiangular, 
since z EAI is the complement of z E^AI^ 
and z AIsEs is the complement of z E^AI^ 
Similarly the two other sets of four triangles may be proved 
mutually equiangular. 

(11) AIF, AI^Fi, AhF^ AI^Fz; BID, BI^D^ BI^D^, 
BI^D^ ; GIE, GI^E^, GhE^ GI^E^. 

(12) Because z s I^AI^, IiBI^ajce right, 

.'. the four points A, B, /j, /g are concyclic. ///. 21 

AS AIB, AGIi are mutually equiangular, 
since z BAI = z I^AG, App. IV, 1 

and z ABI = z -4/ia. ///. 21 

AS AIB, I%GB are mutually equiangular, 
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since L ABI = i I^BG, App, IV. 1 

and z BAI = z BhC III. 21 

Similarly the two other sets of three triangles may be proved 
to be mutually equiangular from the fact that the four points 
B, Gj /a, /g are concyclic, as well b& C^ A^ I^ I^. 

(13) Because z s IBI^j IGI^ are right, 

.'. the four points /, JS, J^, G are concyclic. ///. 32 

Hence by the second deduction from IIL 22, 
A I1BI2 is equiangular to A IGI^ 
and A I\GI^ is equiangular to A IBI^. 
Now A s I-iBI^ h^^t '^^^ mutually equiangular, 
since they are right-angled, and have their angles at /i 
common ; 

.*. the first set of four triangles are mutually equiangular. 
Similarly the two other sets of four triangles may be proved 
mutually equiangular. 

(14) (a) Since the four points B, Fi, /i, Di are concyclic, 

.'. z ABG = L FJxDi, III. 22, 0<^. 

= 2 z BhD^. 
Similarly z AGB = 2 z GhDii 
.-. 2 ( z -B/iA + z C/iA) = I -4-Ba + z AGB; 

L lilj^ = i{B + G). 
Similarly z I^I^^ = i (C + A), 
and z /jVisK-d + 5). 

By the eighth deduction from IIL 17» SF is ± ^/; 
.-.-^i?* is II /a/,. 

Similarly FD is || /,/i, and DF is || /i/j ; 
.*. A D^^ is equiangular to a /i/t/g. 

( z 5/iC7= z /j/i/, = 4 (5 + C'), 
In A IiBG, } L I^BG = i z F^BG = 4 (C + ^), 
( z jBG/i = J z ^iC75 = i (^ + B). 
Similarly, in A s IfiAy I^AB, 
L GI^ = i (a -*- ^), z IJJA = i (^ + B\ 

L GAI^ = i (5 + 0) ; 
L Alfi = \{A^ B), L I^B = 1 (JB + (7), 

z ^5/, = i ((7 + -4). 

Because z ^J!^^ + z ^^^ = the supplement of A ; 
.•. z AEF + L AFE = B -^G; 
.'. L AEF = z AFE «= J (5 + a). 
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Similarly l BDF = L BFD = i (O + A), 
and z CDE = l CED = i M -H B). 

(6) z AIB = supplement of ( i lAB + L IBA), 

= supplement of -J- (-4 + B). 
Similarly z 5/(7 = supplement oi\ {B + C), 
and z CIA = supplement of ^ ((7 + ^). 

Z ^/i^ = complement of z AI^i, 

= complement of J (^ + 5) = J C7. 

Z 5/iC7 = i (5 + C), by (a). 

z (7/i^ = complement of z AI^i, 

= complement of i ((7 +-4) = J- A 
Similarly z .i/a^ =^0, z -B/aC=i ^, z C/j^ =^((7 + ^) ; 

Zi4/85 = i(^+-B), iBI^C^^A, lGIjA=\B. 

(c) Since the four points G, D, /, E are concyclic, ///. 22 

z i>/£r = supplement of O = ^ + -B. 
Similarly z ^/F = supplement of ^ = JB + C7, 
and z i^/i> = supplement of 5 = C7 + ^. 

Since the four points J^, By /, (7 are concyclic, ///. 22 

I ijc = z /i^o; ///. 21 

= complement of z IBGj 

= complement of ^ B, 
Similarly z /^TC? = complement of ^ .4 ; 

z /jZ/j = supplement of ^ (-4 + B). 
Similarly z /j/Ts = supplement of ^ (JB + C), 
and z /g/Ji = supplement of } (O + ^). 

Since z /jJC = complement ofiB; 
and z DIG = complement of z DGI, 

= complement of ^ G; 
.'. L hIG - z 2)7(7 = (1 rt. z - J 5)-(l rt z - i (7) ; 

z Ji/i) = J ((7 - ^. 
SimUarly z /j/J? = i ((7 - -4), 
and z /3ZF = i (5 - A\ 

Many of the preceding results may be obtained in other 
ways. 

(15) These results have been established in the proof of (9). 
20. It has been proved in (10) of the preceding that I^ASa 1.1^1^ 

I^B is ± isAf <^d ^z^ ^ -L A-^s/ 

.'. / is the orthooentre of A I\I%Ih and ABG is the ortho- 
centric triangle. 
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Similarly I^ is the oithooentre of A II%I^ 

/, is the orthocentre of A IIzI-n 

/, is the orthocentre of A II\I% ; 
and since A, B, G are in every case the feet of the perpen- 
diculars, ABO is the orthocentric triangle. 

21. Consider A IiI^Iz whose orthocentre is /, and whose orthocen- 

tric triangle is ABG, 

I is the inscribed centre, and the vertices Z^, /„ /g are the 
three escribed centres of A ABC, 

Consider A 11%!^ whose orthocentre is Z^, and whose ortho- 
centric triangle is ABG, 

Ii is the first escribed centre, and the vertices 7, /» /, are 
the inscribed centre and the second and third escribed 
centres of A ABG. 

Similarly for as J/s/i and //i/j. 

22. These six straight lines are (fig. on p. 251 of Euclid) : 

//i, J/j, 11^ /i/j, Ja/s, /,/i. 

The circle whose diameter is Hi passes through B, O; 
the circle whose diameter is J/, passes through (7, A ; 
the circle whose diameter is 11^ passes through A^ B ; 
the circle whose diameter is I^I^ passes through A^ B ; 
the circle whose diameter is I^h passes through By O ; 
the circle whose diameter is Izli passes through C7, A. 

The circle circumscribed about A ABG is the medioscribed 
circle of A IiI^I^; 

.'.its O^ passes through the middle points of the six speci- 
fied straight lines, that is, through the centres of the six 
specified circles. 

23. Construct the figure as in the twenty-ninth deduction f oUowring. 

Then, as it is there proved, U lies on 11^ and H' on I^I^ 
Now because /Z>, UHy I^Di are parallel, and DJET = D^H^ 

.*. U is the middle point of II\, ^PP' I* If Cor, 2 

Because I^D^ H'H, I^Dz are parallel, and D^H =^ D^H, 

,\ H* \a the middle point of I^I^ App. I, 1, Car, 2 

Similarly the circumscribed circle ABG passes through the 
middle points of II^ and I^Ii, and of //g and /1/2. 
[This is another proof of the property of the medioscribed 
circle different from any of those to which references are 
given on p. 259 of Euclid,'] 

24. (1) On reference to the equalities established in (1) and (2) of 

the nineteenth deduction it will be seen that 



Book IV.] DEDUOTIONS. 203 

AFz = aZ>i. BDi = AE^ CE^ = BF^; 
.'. AFi + BD^ + CE^^ = F^B^ + AC^ + Jg^g^'; 
/. /lA, /2-^2» -^3 -^3 *r® concurrent, by the sixty-sixth deduc- 
tion of Book I. 

Again AFi= CD^, BDs = AE, GE = BF^ ; 
.'. AF^ + BDz^ + CE^ = F^B^ + DgC^ + eA^ ; 
.'. /JE^, /i-^i, /s-^s are concurrent. 
Similarly the other two sets of three radii are concurrent. 

(2) A^Iz, S1I2 being both ± CA, are parallel, 
and IzSiy I^A^ being both ± AB, are parallel ; 

.*. the figure Ail^8il2 is a ||™, 

Again i AI^E^ — i AI^F^ since they are complements of 
the equal lb I^AE^, I^AF^; 
that is, /g/s, a diagonal of the ||™ A^IzSiI^ bisects one of its 

lbA^I^S-^; 

.*. ||"» A^IzSiI^ is a rhombus. 
Similarly B^IxS^Iz and OiI^SiIi are rhombl 

Hence Sili, S1I2, Sils are equal, and the hexagon 
A1I3B1I1C1I2, since its sides are equal and parsJlel to 8ili^ 
8il^ 81 13 is equilateral, and has its opposite sides paraUeL 

(3) Since A1I2 is equal and parallel to Bili, 
.*. AiBi is equal and parallel to /j/j. 

Similarly BiGi is equal and parallel to 72/3, and OiAi to I^Ii. 

(4) Since Sili, Sil^, 81I3 are equal, 81 is the centre of the 
circle circumscribed about A IiI^Iz' 

Again the circles circumscribed about As Iliisi H^In 
II1I2 are equal to the circle circumscribed about A Iil^hi by 
the twentieth deduction of Book IV. and the ninth deduction 
of Book III. ; 

.*. their radii are equal to its radius, that is, = 8ilit 81I2, or 
81 1^. 

To find the centre of the circle //2/s, take I^, I3 as centres, 
and 81I1 as radius, and describe two circles intersecting 
at Ai, 81 ; Ai is the centre of the circle II2I3. For 81 cannot 
be the centre, since it is the centre of the circle Iil2^s- 
Similarly Bi, Ci are the centres of the circles //s/i, Hilz* 

(6) For Ally Bil^y being both ± BO, are parallel, 
and ^1/3, Bil, being both ± GA, are parallel ; 
.*. the figure AiIB^I^ is a H™. 
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Now //s is ± Iil^ by the twentieth deduction ; 

.". it is ± AiBi, by (3), 
that is, the diagonals of AiIB^h intersect at right angles ; 

.*. A^IB^Iz is a rhombus. 
Similarly BiIGiIi and O1IA1I2 are rhombi. 

Hence lAi, IBi, IG-i are all equal, and / is the centre of 
the circle circumscribed about ta AiB-iCy 
(6) For / is the orthocentre, 81 the circumscribed centre of 

A /i/2-^3» ^^^ -^i -^> ^ ^^ ^^^ ^^^^ ^^ ^^® perpendiculars ; 

.*. the circle passing through A, B^O \b the medioscribed 
circle of A Iil^It, ftud has its centre at the middle point of 
liSfi, App. IV. 2, Cor. 2 

and its radius equal to half the circumscribed radios of 

A /i/j/s. App. IV. 2, Cor. 3 

Since Si is the orthocentre, and / the circumscribed centre 
of A AiBiGj, the medioscribed circle of A AiBiCj^ has its 
centre at the middle point of Sil, App. IV. 2^ Cor. 2 

and its radius equal to half the drcnmscribed radius of 

A AiBiOi. App. IV. 2, Cor. 3 

But A s /1/2/3 and AiBiOi are congruent, by (3) ; 

. * . their circumscribed radii are equal ; 

.*. the medioscribed circle of a AiB^G^ has the same centre 
and radius as the medioscribed circle of a /^ 73/3, 
that is, the circumscribed circle of A ABG is the medio- 
scribed circle of A AxBiG-i. 

Hence the circumscribed circle of A ABG is the medioscribed 
circle of the eight triangles mentioned. App. IV. 2^ Cor. 4 

25. See fig. on p. 251 of EiicUd. 

A ABG = A AIB + A BIG + a GIAy 

=:iAB'IF+iBG'ID + iGA'IB, 
=si C'V + i a«r +J 6«r, 
= J (a + 6 + c) r = r«. 

lABG = l AI^B -a BI^G +a CI^A, 
= \AB'IiFi^\BGIiDi-{-\GA'IxE^ 

= ^ (6 + c - o) rj = rj (« - a). 
Similarly A ABG = r^^s - h) = rj (« - c). 

26. It was proved in the twenty-second deduction that the circle 

whose diameter is II-^ (fig. on p. 251 of BwUd) passes through 
B and G, and that its centre was situated on the 0~ of the 
circle circumscribed about A ABG. 
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27. Let A ^^(7 be right-angled at G (fig. on p. 251 of Euclid), 

Then IDCE is a square ; ,\ ID + IE = CD + GE; 
.-. AB + ID + IE=:AF+ BF + GD+ GE, 

= AE+BD + GD + GE, III, 17, G<yr. 
= AG + BG, 

28. Let A ABGhe right-angled at A ; for convenience let -45 be 

greater than AG, and let the inscribed circle touch the hypo- 
tenuse at D; to prove BD - DG = A ABG. 
Bisect BG at H, 

Then HD = \ (AB - AG), by (5) of the nineteenth deduc- 
tion, 
asidBD'DG= {BH+ HD)'(BH- HD), 

= Bm - HD\ II, 5. Gw, 

^IBG^-{\{AB-AG)}\ 
= i{AB^ + AG^)-i{AB^-2AB^AG^-AG\ 

L 47, //. 7 
= \AB'AG, 
= A ABG, 

29. Let ABGh^ a triangle circumscribed by a circle whose centre 

is 8 ; I, Ii, I2, Is the inscribed and escribed centres; ID, 
IiDi, I^D^, hD^ the inscribed and escribed radii drawn to 
BG, From 8 draw 8H ± BG, and let 8H meet the cir- 
cumscribed circle below the base BG at U, and above it 

B,tH'. 

Because 8HiB ± BG, ^ is the middle point of BG, III, 3 
and U the middle point of arc BUG, 
But since AIi bisects z BAG, 

,\ it bisects arc BUG; III. 26 

that ia. All passes through U. 
Since UH' is a diameter, and z UAI^ is rights 

.*. J2/3 passes through H', 
Now because ID, UH, I^D^ are parallel, and DH = />i JJ, 

.-. 2 UH=IiDi - /D; ^^. /. 1, Cbr. 2 

and because I^D^ H'H, I^D^ are parallel, and D^H = D^H, 

,', 2 H'H = /aDa + /gi), ^p;?. /. 1, Gar. 2 

Hence 2 (CTlff + H'H) = I^D^ + /aZ>2 + I^D^ - ID; 

,', 2H'Uot4B = n + r^ + r^ - r, 

30. In the figure to the preceding deduction, let 8K, which in ± GA, 

meet the circumscribed circle at V and K', and 8L, which is 
± AB, meet the circumscribed circle at fFand L', 
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Then HU = H'U - H'H = 2 i? - ^(rj + rs), by the pre- 
ceding deduction, 

KV = K'V - K'K = 2 i? - i(r8 + r^), 
LW= L'W - i>'i; = 2 i? - 1 (ri + ra) ; 
.-. HU + JTF + i>!r = 6 i? - (ri + ra + rg), 

= 6i? - (4i? + r), 
= 2 i? - r. 
Now iS^JT + iS'^ + /S'i> = 3 -B - (fl'?7+ ^r+ LW), 

= 3i2- (2i?-r), 
= i? + r. 
Again, if be the orthocentre of A ABC, 
8H+8K + SL==i {OA + 05 + 0(7) ; App. I. 6, Cor. 
.-. OA + OB + 00== 2 (2? + r). 

31. The circumscribed centre and the orthocentre of a triangle are 

outside the triangle when it is obtuse-angled. Ji z. A, for 
example, be obtuse, 8H and OA are considered negatiye, 
and the two results of the preceding deduction are then 

' 8H + SK + 8L=> B + r, 
and - OA + OB + 00= 2(R + r). 

32. By (14) (a) of the nineteenth deduction, 

A^ = ^{B + G), 5i = i (O + A), C^ = HA+B); 
.'. 5i - ^1 = i (^ - B), Oi - 5i = i (5 - O), 

Ci- A^ = i {A - 0). 
Similarly A^ = i(A + Oi), A= i {Gi+Aj), 0^=^ {A^^ B^}; 

.-. A2 - 5a = i(A- Ai) = iM - ^), 
A -^2 = i(Ci-A) =i(5-0), 
^a - Oa = i (Oi- ^1) = J (^ - O), and so on. 
Hence the differences between the angles of the sncceasive 
triangles become always a smaller and smaller fraction of the 
differences between the angles of the original triangle ; the 
successive triangles therefore approximate to an equilateral 
triangle. 

33. Let ABODE (fig. to IV. 13) be an equilateral polygon circom- 

Bcribed about a circle whose centre is O. 
Join OB, OOy OD, OF, OG. 

Then A s OFG, 000 are congruent ; /. 4 or 8 

.-. 00 bisects z BCD. 
Similarly OB, OD bisect z s ABO, ODE. 
Because A s OCB, OGD are congruent, /. 4 

.-. L OBG = z ODO; 
.-. z ABO = z ODE, 
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Similarly z CDE = i EAB, i EAB = L BCD, 

I BCD = L DBA; 

.*. all the angles are eqnaL 

This course of reasoning applied to a five-sided figure will 
apply equally well to a figure with any odd number of sides ; 
for it shows that those angles are equal which alternate with 
one another going cyclically round the polygon. 

If the number of sides of the circumscribed equilateral 
polygon be even, the course of reasoning shows only that the 
1st, 3rd, 5th, &c. angles are equal, and that the 2nd, 4th, 6th, 
&& angles are equal. 

34. From draw OF x AB, and 00 X CD, 

Then A s AOF, COO are congruent, and L AOF = z COO; 

,\ L AOC=i FOO. 

Now z FOO is supplementary to z E, since the points O, F, 
E, O are concyclic ; ///. 22 

.*. z -40(7 is supplementary to z E; 

.*. the points A, E, C, are concycUc. ///. 22 

Similarly the points i>, E, B, are concyclic. 

35. Let ABODE (fig. to IV. 13) be a regular n-gon. 

Then A OGD = \CD>00; 

, • . area of the n-gon = n y> ^ CD • 00, 

= n X i (any side) • (inscribed radius). 
Now if from P, any point inside the n-gon, perpendiculars be 
drawn to the sides, and if P be joined with the vertices of the 
n-gon, n triangles will be formed, the sum of whose areas 
= ^ (any side) > (sum of perpendiculars). 
But the sum of the areas of these n triangles = the area of 
the 7i-gon ; 

.*. n X \ (any side) • (inscribed radius) = \ (any side) • (sum 
of perpendiculars) ; 

.*, n X inscribed radius = sum of perpendiculars. 

When the point P is outside the n-gon, one or more of the 
perpendiculars would be considered negative, according to the 
position of P ; and the sum of the perpendiculars would then 
be their algebraic sum. For example, if P were situated 
between BC and ED produced, the perpendicular on CD 
would be considered negative, the other perpendiculars posi- 
tive ; if P were situated between CD and ED produced, the 
perpendiculars on CD and ED produced would be considered 
negative, the other perpendiculars positive. 

N 
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LOCL 

1. Let ABC (fig. on p. 253 of Euclid) be one of the triangles on the 

given base BC, and having its vertical L A =s the given 

vertical angle ; and let O be its orthocentre. 

Because the points A, Z, O, T are concyclic, 
,*. z ZOY = the supplement of lA; III, 22 

.'. z BOG = the supplement of lA; 1. 15 

.*. the locus of O is the arc of a segment of a circle described 

on BGf and containing an angle supplementary to the given 

vertical angle. 

2. Let ABC (fig. on p. 251 of Euclid) be one of the triangles on the 

given base BC, and having its vertical /.A=i the given verti- 
cal angle. 
By (14) (6) of the nineteenth deduction, 

Z BIG = supplement of ^ (-B + C). 
Now since z ^4 is given, iB -^ i (7 is given ; /. 32 

.'. ^ {B + G) is given; 

.•. the supplement of ^ (5 + (7) is given ; 

.*. the locus of / is the arc of a segment of a circle described 
on BGf and containing an angle supplementary to ^ (^ + C). 

3. Since z BI^G = i (5 + G), by (14) (6) of the nineteenth 

deduction ; 

.*. the locus of Ii is the arc of a segment of a circle described 
on BC, and containing an angle equal to ^ (^ + (7). 

Since z BI^G and z BI^G are each = ^ A, by (14) {b) of 
the nineteenth deduction ; 

.'. the locus of /g and /g is the arc of a segment of a circle 
described on BG, and containing an angjle equal to li^lf the 
given vertical angle. 

4. Let O (fig. on p. 100 of Euclid) be the centroid of a ABO. 

Through O draw OD \\ AB, and OE \\ AG, meeting BC at 
Z>and^. 

Since BO = 2 GK, .'. BE = 2 EG. 
Similarly (72) = 2 2)5; 

.'. 2) and E are the points of trisection of BO; 

.-. 2)Jg? is fixed. 
Now z DOE= L BAG; I, 34^ Oar. 

.'. the loouB of G is the arc of a segment of a cirole described 
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on DEf and containing an angle equal to the given yertical 
angle. 

5. By the thirtieth deduction of Book IIL, the locus of the other 

point of intersection will be part of the O '^ of the circle cir- 
cumscribed about A ABG, 

6. Let D be in AB, Em AC, 

Since DE is of given length, and z DAE is fixed, 
.*. the circle circumscribed about A ADE is constant in 
magnitude. 

Now the circle circumscribed about A ADE will pass through 
P, since z s ADP, AEP are right ; ///. 21 

and of that circle AP will be a diameter ; 
.*. the length of ^P is constant, 
.*. the locus of P is a circle whose centre is A. 

Let DO which is ± AC, and EG which is x ^1^, meet 
AC and AB respectively at F and G. 

Then ^0 is a diameter of the circle which passes through 
A, F, G, because z s AFG, AGG are right ; 
.'. the length of ^0 will be constant, and the locus of O, a 
circle whose centre is ^, if it can be proved that the circle 
which passes through A, FfG^B constant in magnitude. 
Now the points E, F, D, G lie on the circle of which DE is a 
diameter ; and since DE is of given length, this circle is con- 
stant in magnitude. 

Again z FEG in the segment FEG is a constant angle, for 
it is complementary to the given angle ; 
.'. the chord FG is constant. 

Hence, since FG is constant, and z FAG constant, the circle 
which passes through A, Fj Gis constant in magnitude. 

7. Let ABC be one of the triangles having the given vertical z A, 

and the sum of the sides AB, AG given. 

- About A ABC circumscribe a circle ; let P be the middle 

of arc BC, and join A P. From P draw PS ± AB. 

Then AP bisects z BAG; IIL 27 

and AS = i {AB + AC), by the twenty-fifth deduction of 

Book IV., 
= a fixed length. 
Hence A ASP could be constructed from what is known, by 
the tenth deduction from L 23 ; 
in other words, ^P is a constant length. 
All the circles, therefore, circumscribed about the triangles 
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folfiUing the given oonditions, pass through the two fixed 
points A and P ; 

.*. the locus of their centres is the perpendicular to AP a,t 
its middle point. 

& Let OX, OF be the two fixed straight lines, and let D be the 
centre of the circle in which a A ABC is inscribed, having 
AB II OX and AG H OT. 

First suppose AB, AG to he drawn in the same directions 
from A, as OX, OT are from 0. 

From D draw perpendiculars to OX, Y, meeting the arcs 
AB, AG at E, F; join BF, GE, intersecting at /. 

The perpendiculars to OX, OFare j. AB, AG ; 
.'. E, F are the middle points of the arcs AB, AG ; III, 30 
.-. BF, GE are the bisectors of z s ABG, AGB ; III. 27 
.'. I is the inscribed centre of a ABG. IV. 4 

If A ABG vary in such a manner that, while AB and AC 
always remain || OX and OT, AB diminishes indefinitely, the 
point /, where BF and GE meet, will approach nearer and 
nearer to E, and ultimately, when the direction of ^ J? is that 
of the tangent at E, and A ABG has become infinitely thin, 
coincide with it ; 
.'. ^ is a point on the locus. 

Similarly ^ is a point on the locus ; and E and F are fixed 
points. 

Now since L EIF = supplement of ^ (jS + G), by (14) {b) of 

the nineteenth deduction of Book IV., 
= a right angle + ^ l A, 
= a right angle + i z XOT; 
. *. the locus of / is the arc of a segment of a circle described 
on the chord EF, and containing an angle = a right angle 
+ i z XOT, 

Next, let ED, FD be produced to meet the O** again at 
E', F'. When AB, AG are drawn from A in directions 
opposite to those in which OX, OT are drawn fronoi O, the 
locus of the inscribed centre of A ABG is the arc of a 
segment of a circle described on the chord E'F', and con- 
taining an angle = a right angle + \ L XO T. 
When AB is drawn in the same direction as OX, and AC m 
the direction opposite to OF, the locus of the inscribed 
centre of A ABG is the arc of a segment of a circle described 
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on the chord E'F, and containing an angle supplementary to 

i L XOT. 

When AB ]a drawn in the direction opposite to OX, and 

^O in the same direction as 07, the locus of the inscribed 

centre of A ABO is the arc of a segment of a circle described 

on the chord EF\ and containing an angle supplementary 

to i z XOY, 

9. Let be the centre of the two concentric circles. Join OP, 

OQy OB; let OP meet the inner circle at S, and join Q8. 

Then z PQS = * z QOS, IIL 32, 20 

and z PQB = ^ z QOR IIL 32, 20 

But z QOB = 2 z Q08; 

L PQB = 2 z PQS; 

,', z PQi? is bisected by Q^. 

Similarly z PBQ is bisected by B8 ; 
.', 8\a the inscribed centre of A PQB ; /F. 4 

.*. the locus of the inscribed centre of A PQB is the O^ of 

the inner circle. 

Again, since z s OQP, OBP are right, ///. 18 

.*. the points 0, Q, P, /? are concyclic ; ///. 22 

.*. the circumscribed circle of A PQB always passes through 

0, and its centre is the middle point of OP ; 

.*. the locus of the circumscribed centre of A PQB is the 

O** of a circle whose centre is 0, and radius half the radius 

of the outer circle. 

10. Let A BCD be the given square, and P a point outside it such 

that PB, PG trisect z APD, 

From B draw BE i. PA produced, and BF ± PC, 

Since BP bisects z EPF, 

.•. A s BEP, BFP are congruent, and BE = BF ; /. 26 

.•. AS BAE, BCFaxe congruent, and z BAE = L BCF. 

L Af Cor, 

Now z BAP is supplementary to z BAE; I. 13 

z J5^P is supplementary to z BCP ; 

/. the points A, B, C, P are concyclic ; ///. 22 

.*. the locus of P is the o*^ of the circle which passes 

through A, B, C, that is, the O^ of the circle circumscribed 

about the square. 
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BOOK VL 



PROPOSITION 1. 

1. These two theorems are proved by the method of reductio ad 

abwrdum, 

2. Let A and B be the two straight lines. 

Then A^ : A - B = A : B,Biid A - B : B^ = A : B ; VIA 
.'. A^iA'B = A'BiB\ 
S. For A 'G:B 'G = A :B. VIA 

4 The triangles into which the diagonal divides the qnadrilateral, 
being on the same base, are as their altitudes, and are there- 
fore equal. 

Hence (I. 38) the straight lines drawn from the middle point 
of the diagonal to the opposite vertices, divide the quadri- 
lateral into four equal triangles. 

5. Join ACy BD. 

Then A AEG = A BED, by the second deduction from 1. 37; 

.-. A AEB : A AEG = A AEB : A BED, 
Now A AEB : A AEG = BE : EG, 
and A AEB : a BED= AE : ED; VI. 1 

.-. BE:EG=AE: ED. 

6. K A ABG be applied to a DEE, so that A may fall on Z> and 

AB along DE, then B will fall on E, because AB = DE ; 
and AG will fall along DF, because i A = l D, 
Hence the altitudes of As ABG, DEF measured from B and 
E are equal ; 
.-. A ABG : A DEF = AG : DF, VI. 1 

7. Because A ABD : A ADG = BD : DG, 

and A OBD : A ODG = BD : DG ; 

.-. A ABD - A OBD : a ADG - l ODG = BD : DC; 

.-. A AOB : A AOG = BD : DG, 
Similarly for the other proportions. 
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8. Join DF, 

Then L BAE : L BED = AE : ED, 

and A FAE : A -P^i) = AE : ^D; F/. 1 

/. A -B-4^ = A BED, and A i^^^ = A FED; 

.-. A 5^^ = A BDF. 

Now A BDF : A -BCJ?' = BD : J?C, F/. 1 

= 1:2; 

.-. A BDF = i A BGF; 

.', A J?-4i^ = i A BOF, 
Now A J^^J?': A BOF^AFi CF; VI. I 

.'. CF^ 2AF. 

9. Let CO produced meet AB B,tF, 

Then A ABE : A CBE = AE : ^(7, F/. 1 

= 3:1; 
A AOE : A COE =3:1; 
A ABO : A CBO = 3:1. 

A DBO = (75 : 5 A F7. 1 

= 4:1; 
£^DBO= 12 : 1; 
DO = 12 : 1; 
A 2)0(7 = 12 : 1 ; 
A BOG =9:1, 
since A DOC = f A -BOa 

But A AOC : A AOF = CO : Oi?; VL 1 

= A J?0(7 : A BOF; VL I 

,\ A AOC : A BOC = A ^OJ?* : A BOF, by alternation; 
9 : 1 = A AOF : A -BOi^, 

= AF : i?'A F/. 1 

10. Let P>be the point within the given equilateral triangle ABC; 

join PA, PB, PC. 

Then A a PAB, PBC, PC A, ABC are on equal bases, and 
hence are to one another as their altitudes, that is, as the 
perpendiculars from P on the sides, and the perpendicular 
from A on BC, 

But the sum of AS PAB, PBC, PC A = A ABC; 
.*. the sum of the perpendiculars from P on the sides = the 
perpendicular from A on BC, which is invariable. 

11. Let ^, ^' be two triangles or H™*, and let their respective alti- 

tudes be a, a', and bases h, b'. 

Take another triangle or ||™ (7, whose altitude is a, and 
base b'. 



and 



Now A CBO 

.% A ABO 
AO 

.'. A AOC 
.-. A AOC 
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Then ^ : O = 6 : V, F/. 1, Cor. 1 

and C:A' = aza'; F/. 1, Cor. 2 



^'^■'{V.'J- 



PROPOSITION 2. 



1. Since AL s XJ? (fig. to Appu L 1), and iliT = JTC, 

.-. -42> : LB = ^JT : ^(7/ 

.-. LK is D ^a VI. 2 

2. Let ZrJT, drawn from L, the middle point ol ^jS, be || BC, 

Then ^/i : i^^ = AK : KC. VI. 2 

Now AL = i>5; .-. AK = KG. 

3. Let the two straight lines ABG, DBF be cot by three parallela 

at the points A, B, C, and D^ S, F respectively : to prove 
AB'.BC = DE : EF. 

Join AF, catting BE at G. 

Then AB i BG = AG i GF, VL 2 

= DE : ^Jl VL 2 

4. This is the previoos deduction in other words. 

6. Because BD i DA = GE : EA (fig. 1 to VI. 2). F/. 2 

.-. J52) + 2)^ :2>i4 = a» + ^ul :^.4,byaddition; F. 18 

BA : AD =5 CA : -4^. 
Ck>nyerBely, since BA : il2> = C7^ : AE, 

BA - .iD : AD = GA - AE : AE, by subtrac- 
tion ; F. 17 
J?i> : ^i> = GE : -4^; 
.-. DE is II J?(7. F/. 2 
The preceding proof is easily adapted to figs. 2 and 3 to 
TL 2 ; the second line of the proof will be either 
.-. DA - BD '. DA = EA - GE i EA, by subtraction, or 
.-. BD-DA'.DA = GE-EAi EA, by subtraction. 

6. Through P draw PZ) || AB ; from BG q\A ofE DE = £D ; 

join EP, and produce it to meet AB at F, 

Then BD : DE =^ FP : PE. VL 2 

Now BD = 2)^; .-. FP = P^. 

7. For A P5i> : A .dP^ = BF : Pil, FI. 1 

= BD : i>a, VL 2 

= ^J^ : EG, VL 2 

= A AFE : A j&Da F/. 1 
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The same proof is applicable to the case when 2) is in BC 
produced. 

8. For AF:FO= BE : EC, because EF^a \\ BA; 

= DQ : &<7, because EG is || BD ; 
.'. FO is II AD. 

The same proof is applicable to the case when EiBin. BO 
produced. 

9. Let ^^meet BG at Q, 

Because 6 CBD = A BCE, L 37 

A FBD = A FEG. 
Now BD:DA = CE:EA, VL2 

and ^2> : D^ = A ^5X) : A ^D^, K/. 1 

and CE :EA = A -Fi^C : A FEA ; VL 1 

.-. A FBD : A FDA = A -P!^(7 : A FEA. 
But A FBD = A #^a; 
.-. A FDA = A #^^. 

Since A FDA = A FEA, and A -FLD^ = A FEO, 
.', A -4^J5 = A AFC, 

Now A AFB : A -Bi^G' = AFiFO, VL 1 

= £,AFO:£,CFO; VL I 

.'. A ^i^'Gf = A CFOy and 5(? = CG^. 

When D and ^ are on AB, AC produced either below the 
base or through the vertex, the preceding proof will apply 
word for word. 

10. Because EC and DF are equal and parallel, 

.-. ED is II CF; L 33 

.'. AE:EO=zAG:GH, VL2 

ajidBFiFD = BffiffG. VL2 

Now AE = EC, and BF = FD; 
.'. AG and BH are each = Gff. 

11. Draw a straight line AE (fig. to VI. 10) making any angle with 

AB, and take any point F in it. 
Join CF, and through B draw jB(y II CF. 
Cut oflf ^iT = FG ; join ^5, and through F draw -P!Z) || HB, 
meeting AB produced at D, 
Then ADiDB^ AFiFH, VL 2 

=iAF:FG, 

^AOiCB. VL2 
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PROPOSITION 3. 

1. Because CD bisects l AOB, .«. AQiCB^ AD : DB, 

Now AC = CB; .'. AD = DB, 

2. Let CD (fig. to I. 10) bisect i AGB and ^£. 

Because CD bisects z ^(7^, .'.AC:CB = AD : D^. 
Now AD = D-B; /. -40 = CB, 
a Fop (fig. to VI. 3) BA : AC = BDiDC, 

= A ^J?2> : A ADC, VL 1 

4. Fop AD:DB=: AE: EB, and AD',DC = AFzFO. 
But ADiDB-ADiDC; ,\ AE:EB = AF:FC; 
.-. ^i^'isll^a. F/. 2 

6. Let jS(7 (fig. to VI. 8) be the straight line to be trisected. 

On BC construct a triangle ABC having BA = twice AC^ 
and bisect z BAC by AD, 

Then BD : DC = BA: AC = 2:1; 
,'. BC = thrice DC, or Z> is a point of trisection of BC, 

6. On the given straight line as base construct a triangle whose 

sides shall be to one another as 3 to 2, and bisect the vertical 
angle. 

7. On the given straight line as base construct a triangle whose 

sides shall be to one another as » - 1 to 1, and bisect the 
vertical angle. 

8. Let ABC be a triangle, and let IB B and C be bisected by BI 

and CI which meet at /. Join AI, and produce it to meet 
BC at N, 
Then AB : BN = AI : IN, because BI bisects l B; 

= AC : CN, because CI bisects /. C; 
AB:AC = BN: CN, by alternation ; 
^^ bisects L A, 
BD:DC = BA :AC-c : h; 
BD'.BD-{-DC=c:c-{-h; 
BD : a = c : c + 6 ; 



9. 



BD = -^,. Hence DC = BC - BD =z ^ 



c + 6* ~ ""c + ft' 

10. Because AB is a diameter, and CD is ± AB, 

,', A ia the middle point of the arc CAD, and B the middle 
point of the arc CBD ; 

.-. I CFE = I DFE, and i CQE = i DOE; 
.'. CF:FD=zCE: ED, and CO:GD=CE: ED. 
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11. Because BA:AG= BD: DO, 

.'. BA-hAOiBA -AG^ BD ^ DO i BD ^ DO, 

= i (52> + DO) i\{BD - DO), 
= HOiHD. 

12. By the second deduction, if a straight line bisect both the base 

and the vertical angle of a triangle, the triangle must be 
isosceles, and the bisector wiU be perpendicular to the base. 
Hence if the two tnsectors of an angle of a triangle trisected 
the opposite side, both trisectors would be perpendicular to 
that side ; which is impossible. 



PROPOSITION A. 

1. The more and more nearly equal AB and ^C7 become, the more 
and more nearly parallel do ^X> and BO become, and conse- 
quently the point D is removed farther and farther from B 
and O, When AB = AC, AD is then || BO, and BD, CD, 
being both infinitely long, may be said to have their ratio 
= the ratio ol ABto AG. 
% Let ABO be a triangle, and let the exterior angles B and be 
bisected by BIi, and CIi, which meet at I^. Join AI-i, and let 
it meet BO at N, 

Then AB : BN=AIi : IiN, because BIi bisects exterior z B; 
=A0 : ON, because CIi bisects exterior lOj 
/. AB:AO= BN : ON, by alternation ; 
.*. -4^ bisects z A, 
3. BD\DO=BAiAG=eih; 

.-. BDiBD - DC=cic - b; 
.'. BD :a = c :c - 6; 

... 52)=_J^. Hence jDO = 5i>- 5(7= ^ 



Because ABiba diameter, and CD ia A. AB, 

.'. A is the middle point of the arc CAD, and B the middle 
point of the arc OBD ; 

.'. AQ would bisect L COD, and BF would bisect i OFD, 
Now BE \b 1. AO, BSidi AE 1. BF; III, 31 

.*. BE bisects the exterior vertical angle of a COD, and AE 
bisects the exterior vertical angle of A OFD, 
Hence CO:OD=^ CE:ED, and CFiFD » OEiBD, 
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6. Join APj BP, which are ± each other. ///• 31 

It may be proved that in A PCD, PB bisectB the vertical 
I DPC, and PA bisecta the exterior vertical angle ; 
.-. DB:BC = DP'.PG, VI. S 

= DA : AG; VL A 

.•• DB : DA = BG : AG, by alternation ; 
.*. AD : DB = AG : (75, by inversion. 

6. On AB as diameter describe a circle AEB ; bisect the arc 

AEB at JB^; jom EG, and produce it to meet the circle at ^; 

from F draw FD ± FE, and meeting ^ J? at i>. Join AF, 

BF, 

Since arc ^-^ = arc EB, .-. i^'C bisects z AFB ; 
.-. AG:GB = AF: FB. And since ^2> is ± -FC7, 
.*. i^D bisects the exterior vertical angle of A FAB ; 
.-. AD:DB = AF: FB. Hence AD : DB = AG : CB, 

7. From J?-4 produced cut off AE = AG, and join DE. 

Then A s C74Z), EAD are congruent ; /. 4 

.\ DG= DE, and z GDE is bisected by D-4 ; 
.-. BDxDE = BA\ AE; VL 3 

.-. BD\DG=BA lAG, 

8. Let X F and ^^ be produced to meet at D, and produce XZ 

toE. 
Because z ^ZF = z BZX, Hyp. 

= z -4ZJ^; /. 15 

XZ:ZT=XD: DT; VL A 

XZiXD= zr : 2>r, by alternation. 
Because z AYZ = z CTX, ITy;?. 

=:iATD; /. 15 

ZT:DT=ZA:AD; VL Z 

ZX:XD= ZAiAD; 
.-. ^X bisects Z ZZF. F/. 3 

Now z BXZ=L GXT; 
.-. z ^X5 = z AXG, or ^X is ± BG. 
Similarly BT\r 1. GA, and GZ is ± AB. 

When X and Y are on BG and ^(7 produced, z ACB is 
obtuse, and the preceding proof is applicable with some 
slight modifications, the principal ones being that, instead of 
the vertical angle of a triangle being bisected, it ia the 
exterior vertical angle, or vice versd, and that the authorities 
YI. 3 and VI. A have to be interchanged. 
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PROPOSITION 4. 

1. Let DE (fig. 1 to VI. 2) be drawn || BO, the^base of A ABO. 

Then z ADS = l ABO, and z AED = l AGB ; 
. * . AS ADEj ABO are mutually equiangular ; 
. * . they are similar. 

2. They are mutually equiangular (I.. 32, Cor. 1), and therefore 

similar. 

3. They are mutually equiangular, by the second deduction from 

L 32, and therefore similar. 

4. A rhombus is a ||™, by the fifth deduction from I. 34 ; 

.-. z ADE = z OFD, and z AED = z C7Z>i?'; /. 29 

.'. AS EADf DGF are mutually equiangular. 
6. For z BAE = z (7Z)^ (HI. 21), and z -4^5 = z DJ^C; 
. ' . AS ^^^, GED are mutually equiangular. 
Again z J5^C7 = z -0^-4, z -^^C = z ^^i); 

///. 21, or ///. 22, Cw, 
.*. AS ^^C7, ^^2) are mutually equiangular. 

6. By the first deduction from VI. 2, LK (fig. to App. L 1) is || BO; 

.*. AS ALK, ABO are similar ; .*. AL : AB = 2/^ : BO, 
Now uli^ is half of ^J5; .'. LK is half of BO. 

7. Let i^iT (fig. to App. L 1) be || BO and = half of BO. 

Then a s ALK, ABO are similar, by the first deduction ; 
.-. AL : AB=: LK i BO. 
Now i^JS^ is half of BO; .'. AL is half of AB. 
Similarly AK is half of AO. 

8. Let ABOD be a trapezium, having OD = twice AB, and let 

the diagonals AO, BD intersect at E, 

Then A s AEB, OED are mutually equiangular ; 

.-. AB:OD = AEiOE. 
Tif ow OD =. 2 AB ; 

.'. 0E=2AE; .'.A0==3AE. 

9. Let AS ABO, DEF be mutually equiangular, and from A and 

D let AO, DH be drawn respectively x BO and EF. 
Then A s ^jSG^, DEH are similar, by the second deduction ; 
.-. AOiDH^ABi DE, 
= BO : -aP. 
10. Let ABO be a triangle, AH the median to the base BO, and 
Z>^ a parallel to BO cutting the median at F. 
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Then A s ADF, ABHare siimlar ; .-. AF : AH = Z)i^: BE. 
And A B-d^jP; -40^ are similar; ,\ AFi AH = EF iCH; 
.-. DF:BH=^FF:CH. 

11. Because as -4i7J?; ABG are similar, .•. ^/^ : AG = ^i?* : BC. 

Because A s AOF, ADC are similar, .'. AF i AG =^ OF : DC' 
,\ EFiBO=^QFxDG; 
.'. EF:FO = BG:CDhy alternation. 

12. Let BD be the given straight line, and let it be required to 

bisect it. 

Draw any straight line EFG \\ BD, and make BF = FO; 
join BE, DG and let them meet at A ; join AF and let it 
meet BD at G, 

Then by the preceding deduction EF : FG = BG : GD 
But EF = J^(?; ,', BG^ GD. 

The method is similar for any other number of equal parts 
than two. 
la Apply A DGE to A ABG bo that D falls on A, and Z>(7 along 
.45; then i)^ will fall along AG, because i D =z £, A. 
Let .F'and G be the points on AB and .4(7 where C and ^ 
fall, and join FG. 

Since z .4JF^Gf = i ABG, .-. ^(^ is I| BG ; /. 28 

BF:FA = GG : GA ; yi 2 

.-. BAiFA = GAi GA, by addition ; y. 18 

i?^ : GA=FAi GA, by alternation ; 
= GD : ^D. 
Similarly by applying a DGE to A u^jBC so that G falls on 
B, and again, so that E falls on C7, it may be proved 
that ABiBG ^DGi GE, 
and AG'.GB^DEi EG, 



PEOPOSITION 6. 

1. The eighth. 

2. Let ABG be a triangle, iT, K, L the middle points respectively 

of BG, GA, AB, 

Then AB = twice .ffiT, .Ba=twice KL, and 04 =twice LH; 

.'. AB : BG = HK : KL, BG : GA = KL : LH and 
GAiAB=^LH'.HK; 

.'. AS ABG, HKL are similar. 
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3L Becanse A AGH ia equiangular to ^ ABG, I, 29 

/. BA :AO=OA i All, VL 4 

But BA :AG = ED: DF ; 

.'. GAiAJff=ED:DF. 
Now GA = ED, .'. AH = JDF. 
Similarly GH = EF; 

.*. A B AGH, DEF are congruent, and mutually equiangular ; 

.*• AS ^jS(7, 2>^^ are mutually equiangular. 



PROPOSITION 6. 

1. The fourth. 

2. Because A AGH is equiangular to A ^£C7, /. 29 

.-. 5^ '.AG=GA I AH 
But 5i4 : ^a = -&D : i>i^; 
.-. GA iAH = EDiDF, 
'^owGA=ED; r , AH = DF ; 

.*. AS AGH, DEF are congruent, and mutually equi- 
angular; /.'4 
. * . AS ABG, DEF are mutually equiangular. 
a Because BD i DA = AD : DG, and z s BDA, ADG are right, 
.*. AS BDA, ADG are similar ; VI. 6 
/. L ABD = L GAD, and z jB^D = z AGD ; 
.-. z -B-4a = z ^-Bi) + z -4C7i>; 
.*. z 5-4 C7 is right. 

Again because GB : 5^ = AB : BD, 
and z C5-4 = z ABD, 

.', £^a GBA, ABD are BimUlAT; VL 6 

.*. z 5^C7 = z i?i)^ =» a right angle. 
4. Join AF, AG, 

Then AD:DF=:AE: EG, and z -iiJJ?* =r z ^J^G'; /. 29 
.'. AS ^Z)^, ^^Qf are similar ; VL 6 

.-. z DAF=zi EAG; 
,\ ^i^ falls along AG, 
6. Because AB : AG = AG : AD, 

.-. AB :AE = EA : AD, and z BAE = z JK42); 
.-. AS BAE, EAD are similar. 

Hence z ^5^ = z AED. 

But z -4CJ^= z AEG; 1, 6 

.•. z AGE" z -45^ = z AEG - z -4^1); 

z BEG = z Dj^C. /, 32 
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PEOPOSinOK 7. 

1. Proposition A. 

2. Because in the as ABC, DBA, BC iCA := BA zAD^ and the 

angles ABG, DBA opposite to CA and AD are the same ; 
.*. L 8 BAG, BDA opposite to BC and BA must either be 
equal or supplementary. 
Now L BDA is right; .*. l BAG is also right. 



PROPOSITION 8. 



1. Let B be the centre of a circle, and A any point on its O*" ; let 

^Z> be drawn ± a radius, and let the tangent at A meet the 
radius produced at G. Join AB. 

Then z BAG is right ; ///. 18 

.•. BA is a mean proportional between BD and BO. VI. 8, Gor. 

2. Let A be the centre of a circle, EF a diameter. At S and F 

let there be drawn two tangents EB, FO, and let £G be 
another tangent to the circle at the point D, Join AB, AC, 
AD, 

Then A s ABD, ABE are congruent ; /. 8 

.-. z BAD = half of z -K4D. 

Similarly i GAD = half of z i^u42); /. z J?^C is right 
Now ADisA. BG; III, 18 

.*. AD is a mean proportional between BD and CD, 

3. Because A s BDA, BAG are similar, 

Because A s ili>(7, jS^(7 are similar, 
.-. ADiDG= BAx AG; 

" lADiDG) (BAiAGS* r. -M, Cor. 

.-. BDiDG ^ duplicate of BA : AG. F. D^ 12, 13 

4. Because z -8-4(7 = z ^Z)-4, and z -4^5^ = z jDjB-4, 

.'. As ^jSC7, DBA are similar. 
Because z BAG = z .4^(7, and z .4(7^ s z i^Oii, 

.'.AS ABG, EAG are similar. 
Hence as DBA, EAG are similar. 
(1) follows from the similarity of as DBA, EAO; 
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(2) follows from the similarity of A s ABG, DBA : 

(3) and (4) follow from the similarity of A s ABC, EAC. 
When the vertical i BAG is right, L s ADB, AEG are 

also right, and AD, AE coincide. The results (1), (2), (3), 

(4) of the deduction then become respectively (1), (2), (3), (4) 
of the Cor. to the proposition. 

5. Let ABG be a triangle, and let AD, which is ± BG, fall within 
the triangle (fig. to VI. 8). 

(1) JiBD'.DA =AD:DG, 

then A s DBA, DAG are similar, VI. 6 

and A ABG is right-angled. /. 32 

(2) liGB:BA=AB: BD, 

then AS ABG, DBA are similar. VL 6 

(3) ItBG'.GA =AG:GD, 

then A s ABG, DA G are similar. VL 6 

(4) JiBGiBA =AG:AD, 

then AS ABG, DAG are similar. VI, 7 

Next let ABG be a triangle (fig. to the preceding deduction), 
and let AD, AE be drawn from A to the base BG, making 
I ADB = z AEG. 

(1) liBD:DA = AE:EG, 

then A s DBA, EAG axe similar, VL 6 

and each is similar to A ABG, 1. 32 

(2) UGBiBA =ABiBD, 

then AS ABG, DBA are similar. VI, 6 

(3) ItBG:GA=AG:GE, 

then A s ABG, EAG are similar. VL 6 

(4) TiBG'.BA =AG:AE, 

then AS ABG, EAG are similar, if z BAG =s L AEG, 

and AS ABG, EBA are similar, if l BAG is supplementary 

to L AEG. VI. 7 



PROPOSITION 9. 

1. The tenth. 

2. Make the construction given in the text, and let AE be three 

times AD, 

3. Find the fifth of the given straight line, and measure off con- 

secutively two other parts each equal to the fifth. 

O 
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4. Gat o£F the reqiiired aliqnot part from the base of the triangle, 
and join the end of the part to the vertex. 
Gut off the required aliquot part from any side of the n™, and 
through the end of the part draw a parallel to the adjacent 
side of the ||"*. The proof follows from VI. 1. 

6. Find four-seyenths of any side of the Ij*^, and draw a parallel as 
in the preceding dedu(^on. 



PEOPOSITION 10. 



1. Join BO, and through D and E draw DF, EG each || BC, and 

meeting AB at F and O, Through D draw DHK || AB, and 

meeting OE and BO at H and K, 

Because AOE is a triangle, .'. AF : FO = AD : DE. VI. 2 
Because DKO is a triangle, /. DHxHK = DE : EG. VL 2 

But DH = FOy and HK = QB ; L 34 

.-. FO:OB = JDE:EO. 

2, When K is less than L, the figure in the text will be modified 

in this manner. The points G and H, instead of being on the 
same side -of the point A^ will be on opposite sides ; conse- 
quently BG, BH, instead of being on the same side of AB, 
will be on opposite sides ; O will be nearer to A than to B, 
and D will be on BA produced. Though these modifications 
take place in the shape of the figure, no modification is 
required in the wording of either the construction or the prooi 
When K = L, the point of external section D is infinitely 
distant on the line AB or BA, 

3. Divide the base of the triangle internally in the given ratio, and 

join the point of section to the vertex. 

Divide any side of the \\^ internally in the given ratio, and 
through the point of section draw a parallel to the adjacent 
side of the ||™. 
The proof follows from "VT. 1. 

4, Let B and be the two given points on the O^. 

Join BO, and divide it internally at X> in the given ratio. 
Bisect the arc BO at E; join ED and produce it to noieet the 
O^ at ^. A ia the point required. 

Jom AB, AO. 

Since arc BE = 9xq EO, .•. L BAD = L DAG ; III, 27 
.*. BA lAO = BD : DO. VL 3 
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PKOPOSITION 11. 

1. Tes. For if ^^ be less than ACy tlie third proportional to 

A By AG will be greater than either of them, the third pro- 
portional ixi ACy AB will be less than either of them. 
Two third proportionals, one to AB, ACy and one to AC, AB. 

2. Place AB, AG ^OBAiio contam any angle ; 

produce AB, ^(/making AD = AG ; 
join BG, and through D draw DE i| BG^ meeting A G produced 
at ^. ^^ is the third proportionaL 

Because A s ABG, ADE are mutually equiangular, /. 29 

.-. AB : AG = AD I AE ; VI. 4 

.-. AB :AG= AGiAE. 

3. (1) Let BD and DA (fig. to YI. 8) be the two given straight 

lines. 

Place BD and DA so as to contain a right angle BDA ; 
join BA, and from A draw AG i. AB to meet BD produced 
at G, DG is the third proportional. 

For BD\DA^ ADx DG, VL 8, Gor. 

(2) Let AG and GD (fig. to VL 13) be the two given straight 
lines. 

On AG 9A diameter describe a semicircle ; 
with G as centre and GD as radius cut the arc of the semi- 
circle at D. From D draw DB x AG, 

BG is the third proportional. 

Join AD, GD. 

Then L ADG \b right-angled ; ///. 31 

.-. AG.GD = DG\ GB. VL 8, Gw. 

4. Join BG, DE. 

Then a s ABG, ADE are mutually equiangular ; ///. 21 
/. AB '.AG=AD '. AE; VL 4 

.-. AB\AG- AG \ AE. 
6. Construct a rhombus ABGD, each of whose sides is equal to 
the second given straight line ; produce BA to E, cutting ofif 
AE — the first given straight line. 
Join ED, and produce it to meet BG produced at F. 

GF is the third proportional. 
For A s EAD, DGF are similar ; 
.-. EAiAD^DGi GF. 
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6. Let CB and BA be the two given Btnught lines. 

Place them bo as to contain any angle CBA^ and join AG, 
From A draw AD to EC, making i ADB = l BAC, by tbe 
second deduction from L 31. BD is the third proportional 
For GB iBA^ABi BD, by (2) of the fourth deduction 
from VL 8. 



PEOPOsrrioN 12. 

1. VI. 11. When B and G are equal, the fourth proportioniil to 

Af B, G becomes the third proportional to A and B, 

2. Yes. For suppose ii to be greater than B. 

When the three straight lines are taken in the order A, B, C, 
the fourth proportional will be less than O; when they are 
taken in the order B, A, G, the fourth proportional will be 
greater than G. 

Three fourth proportionals. The order A, B, C, or A, C, B 
will give one fourth proportional; the order B, A, G, or 
Bf G, A will give another ; and the order GfA,B, or C, B, A 
will give the last. 

3. Take two straight lines DG, DH containing any angle ; from 

these cut off DG^ = A, DH = B, and DE = G; 
join QH, and through E draw EF || GH, meeting DH or 
DH produced at F, DF is the fourth proxK>rtioDaL 

Because A s DGH, DEF are mutually equiangular, /. 29 

.-. DQ : DH = DE : DF ; VI. 4 

,\ A I B = G iDF. 

4. Let Af B, G be the three given straight lines. 

From any point D draw DE, DF containing any angle, and 
respectively = A and B. 

Produce FD to G, making DO = Gj describe a circle through 
the three points E, F, G, and produce ED to meet it at H. 

DH is the fourth proportional 
Join EF, GH. 

Then A s DEF, DGH are mutually equiangular ; ///. 21 
.-. DE : DF=DG: DH; VL 4 

.-. A : B =» G : DH 

5. Let ABG be the given triangle, K : L the given ratio. 

To K, L and BG find a fourth proportional ; 
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and from BC or BG prodaced, cut off BD = this fourth 
proportional Join AD. 
Then KiL= BCi BD, 

= A ABC : A ABD. VL 1 

Similarly for the ||°^. 
6. Let K I LhQ the given ratia 

Through D draw DE \\ AB, meeting AG at E. 
To K, L and ii^ find a fourth proportional ', 
and from EG cut off ^^ = this fourth proportionaL 
Join FD, and produce it to meet AB at O, 
Then K \ L ^ AE \ EF, 

- G^i) : DF. VL 2 



PEOPOSITION 13. 



1. On ^(7 as diameter, describe a semicircle ; 

from B draw BD l. AG, and join Ci>. 

GD is the mean proportionaL 
Join AD. 
Then ^(7 : GD ^ DG \ GB. VL 8, (7or. 

2. Join ^ A G^. 

Then A s ABD, EBG are mutually equiangular ; ///. 21 

.-. ABiBD = EB : BG. VI. 4 

But BD and BE are equal ; ///. 3 

.*. either of them is the mean proportionaL 

3. Join AD. 

Then a s AGD, DGB are mutually equiangular ; 
.-. AGiGD = DGi GB. VL 4 

4. Let AB and BG (fig. to VI. 13) be the two straight lines, and 

let ii^ be greater than BG. 

Construct BD the mean proportional as in the proposition, 
and join Z> to O, the centre of the semicircle ADG. 

Then i {AB + BG) = OD ; 
and OD is greater than BD. L 19, Got. 

5. Because A s AED, BEF are mutually equiangular ; /. 29 

.-. DE iFE = AEi BE. F/. 4 

Now DE iFE^L AED : A AEF^ VL 1 

and AE'.BE = £^ AEF : a BEF; VL 1 

.'. A AED I A AEF B A AEF : A BEF. 
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6. Let A and B be the two given straight lines. 

Between A and B one mean O can be found. Between A 
and G one mean D can be found, and between C and B one 
mean E. Thus three means are found, the series being 
A, A O, E, B. 

By inserting a mean between A and 2), D and G, G and Ej 
E and ^, 7 means are found between A and ^ ; and by con- 
tinuing the process, we may insert 15, 31, 63, &;c. means. 

The number of the means we can thus insert is always less 
by 1 than some power of 2. Hence the algebraical expression 
2^-1, where n may be any one of the natural numbers, will 
include all the numbers 1, 3, 7> 15, 31, 63, &c. 



PROPOSITION 14. 

1. (1) Join also FD, EG. 

Because ||"» AB = |h BG, Hyp. 

lFBD = lEBG; 7.34 

lFED = lEFG; 
.'.FEibWDG; 7.39 

.-. DB :BE=^GB : BF, by the fifth deduction from VL 2. 

(2) Because DB : BE = GB : BF, 
.-. FEia II DG, by the fifth deduction from VL 2. 
.-. A FED = A EFG; I. 37 

••. A FBD=:h EBG; 
.-. Ih AB = r 501 7. 34 

2. Let il^, C^ meet at H; join JTjS. 

Let HBy AD produced meet at iT, and HB, GG produced 

meet at L. 
Because EHy AK are parallel, 

.-. HB iBK = EB : BD, by the fifth deduction from VL 2, 
= FB : BG, VI. 14 

s^HB : BL, by the fifth deduction from VL 2, 

since HF and (7i/ are parallel 

Hence K and i/ are the same point. 

3. Let AF, GEmeet at ff. 

Then DB i BE = GB : BF; VL 14 

.-. AFiFH^GEiEHi 7.34 

-iCisy-E^. F7.2 
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Or thns, by joining AE, OF. 

Because a AFE=l ir -4 J?, and l CEF^ \ \\^ BC ; L 41 
.'. L AFE = A CEF; 

.-. AGvaWEF. 7.39 

4. Rectangles are mntually equiangular, and their bases and alti- 
tudes are the sides about the equal angles. 
6. Let ABCD, EFOH be equal H™ having 

AB : EF = FO : BO : to prove them mutually equiangular. 

From A draw AK ± BO, or BO produced, 
and from E draw EL ± FO, or FO produced. 

Then ABOD : EFOH = i^^ \el\* ^^ ^^ eleventh 

deduction from VI. 1. 
But ABOD = EFOH; 

.-. AKiEL = FO : BO, by (♦), 
= AB I EF; 

.'. AS ilBJr, -EF2> are similar, and z ABK- L EFL. F7. 7 
Kow z B ABK, EFL are either both of them the angles con- 
tained by the reciprocal sides, or both of them the supple- 
ments of these angles, or one of them one of these angles, and 
the other the supplement of the other angle. In every case, 
therefore, the i|°" are mutually equiangular. 



PROPOSITION 15. 



1. Yes. Because as ABO, ADE are the halves of the |i™ whose 

adjacent sides are AB, AO, and AD, AE, 

2. (1) Because A BOE = A DOE, 

.\BDiB\\OE; 7.39 

.-. AO : AD = AE : AB, by the fifth deduction from VI. 2. 

(2) Because AO : AD = AE : AB, 

. *. BDia il OE, by the fifth deduction from VL 2 ; 

.-. L BOE ^L DOE; 7.37 

.-. lABO = lADE. 

3. Equal triangles which have one angle of the one supplementary 

to one angle of the other, have tiieir sides about the supple- 
mentary angles reciprocally proportional 

* If two ratios, when compounded together, give a ratio of equality, the one 
ratio is the reciprocal of the other. 
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Conyeraely : Triangles which have one angle of the one Bup- 
plementary to one angle of the other, and their aides abont 
the supplementary angles reciprocally proportional, are equal 

4. Because BD \ DG := DG i DE, 

and AD\DB^ BD I DG ; VI. 8, Cor, 

.-. AD :DB^ DGi DE; 
and I ADE = i EDO; 

L ADE =: A BDG. VL 15 

5. The proof of this is similar to the proof of the fifth deduction 

from VI. 14» and may be obtained from it by leaving out the 
letters D and H^ substituting triangles for 1]™*, and omitting 
the last sentence. 

6. Because BE is || AG. I. 28 

.-. BD\DG^ED\ DA, by the fifth deduction from VL 2; 
and L BDA =z GDE ; 
.-. A ABD = A ECD, VL 15 

7. Let ABO be the given triangle. 

Divide AB internally at D in medial section, so that AD'^ 
the greater segment. Through D draw DE || BC^ and join 
DG, 

Because AB-BD = AD^ s AD - AD, 
.'. AB : AD s AD : BD, by the fourth deduction from 
VL 14. 

But AB : AD = BG : DE ; F/.4 

.-. ADiBD^BGiDE; 
and I ADE s l DBG; 

A ADE = A DBG. VL 15 

K AB be divided externally in medial section at D', w 

that D' is on jS^ produced, and through D' there be dravB 

D'E' to meet GA produced at E\ and D'O be joined, then 

A AD'E' = A 2>'jBa 

The proof is the same as the preceding, with. 2>' and E 
substituted for D and E. 



PEOPOSITIOIT 16. 

1. The results (1), (2), (3), (4) follow immediately from (1), (2), (3), 

(4) of VI. 8, Cor., by appHcation of VL 16. 

2. -452 + ^03= GB'BD+BG'GD, 

^BG^ /J. 2 
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3. In Euclid's proof of I. 47, it is proved that \f^ BL = square BO^ 

and |1"» CL = square CH ; 

and these are results (2) and (3) of the first deduction. 

4. By the first and second deductions from IIL 21, 

AS AEBy DEO (figs, to IIL 35 and Cor.) are mutually equi- 
angular; 

.-. AExEB^DEx EC; VL 4 

.-. AEiEO = BE- ED. VI, 16 

5. The results (1), (2), (3), (4) foUow immediately from (1), (2), (3), 

(4) of the fourth deduction from VI. 8, by application of 

VI. la 

6. AB^ + AO^ ^OB-BD-i-BG' OE, 

= BO . (BD + CE), 
= BO . {BO ± DE), 
= B0^ ±BO'DE. 

7. When L BAOia right, AD and AE coincide j 

.*. DE vanishes, and so does BO • DE. 

8. This is the fourth deduction over again. 

9. Let A ABO be right-angled at A, and in it let there be inscribed 

the square DEFG, D and G being on AB, ^1(7 respectively : 
to prove DEFG = BE • FO. 
Because i BDE s complement of z B, 

= Z O; 
.*. AS BED, GFO are mutually equiangular ; 
.-. BE:ED=:GF: FO; VI. 4 

.-. BE'FO =sED'OF= square DEFG. VL 16 



PROPOSITION 17. 



1. Of the last proposition. 

2. Let AB (fig. to VI. 30) be divided bo HiaX AB : ACi= AO : BO; 

then AB'BO = A0\ VL 17 

The converse is VL 30. 

3. From the similar as AEG^ OEB there results 

AEiOE^GEi BE; VL 4 

from the similar A s AEB, OEF there results 

AEiGE^BEiFE; VL 4 

.-. OE:BE= BE:FE; 
. . QE'FB^BE^. VL 17 
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PEOPOSITION 18. 

1. In general, as many polygons as GDEF has sides. For the con- 

stnicted polygon ABHO might have AB homologous to CD, 
to DE, to EF, or to FG. 

2. (a) The polygons ABHO and ODEF are mutually equiangular, 

because their corresponding sides are parallel and drawn in 
the sune directions ; and^they can be proved to have their 
sides proportional exactly as in the text. 

(5) From the similar as OAO, OOF^ 

AG:OF^OA:00; VIA 

from the similar as GAB, GGD, 

ABiGD^GAiGG; VIA 

AG: GF= ABi GD ; 

AGxAB^GFi GD, by alternation. 
Similarly -4^ : BH = GD : DE ; 

AG : BH = GF : DE, by direct equality ; 
and AG I GF ^ BH : DE, by alternation. 

Now AGiGF^GGi GF, 
and BH : DE = GH : GE ; 

GGiGF^GHiGE; 

.-. FE is II GH, by the fifth deduction from VI. 2. 
Hence in like manner BH : HG = DE : EF, 
and HGiGA = EFi FG. 

And the polygons are mutually equiangular ; J, 34^ Cor. 

.*. they are similar. 

8. Because BL : BA = BM : BG, 

.*. J[>if is II AG, by the fifth deduction from VL 2. 
Similarly JfJV is ||(?£r; 

.*. ^2/ JIOT is equiangular to BAGH, 7. 34, Cor. 

Because as BLM, BAG are similar, 

.-. BLiLM^BA'. AG, 

and LMxMB^AGi GB. VI. 4 

Because a s BMN, BOH are similar, 

.-. MBiMN=OB:OH; 

.*. 2/Jlf : ifiY = AG : G^fT, by direct equality ; 
andif^ : NB = GH : HB; 

.*. BLMN is similar and similarly situated to BAQH. 



\ 
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4. Produce AS, GB, HB through B^ and on AB produced take 
any point L. Find M on OB produced such that BA : BL 
= BO : BM, and N on HB produced such that BO : BM 
= BH:BN; 77.12 

and join LM, MN. 

The proof that BLMN and BAOH are similar is the 
same as before. 



PEOPOSITION 19. 



1. Let BCiEF=iEF : BQ (% to VI. 19), and on BO, EF let 

there be two A s ABG, DBF similar and similarly described. 

Because BO i EF = EF i BO, 
.-. BO I BO - duplicate of BO : EF, V. Dtf. 13, Ciyr, 

= L ABO I A DBF. VL 19 

2. Because DE : EF ^ AB \ BO, 

.-. DE \AB^EF \ BO, by alternation, 

= BO ! EO; Oonst. 

A ABO = A DEO. VL 16 

Because EF i BO = BO i EO, 

EFiEO=i duplicate of EF : BO; F. Dtf. 13, (7or. 
.-. A D-KF : A i>^Gf = duplicate of EF : BO; 
.\ A i)J^^ : A ABO = duplicate of EF : jBC 

a Triangles ABO, HBO are similar, and as HBO, DEF are 
congruent ; 

.-. A ABO : A ABO = ^C : BO, VL 1 

and A ABO i a JIj^Q^ = AB : ^5, F/. 1 

= BO:BO; VL 4 

A il^a : A ABO ) _ ( 5(7 : 5(7 ) 
A ABO : A 7r5(7 ] " J 5(7 : 5Gf p 
.-. A ABO : A jy5Gf = dupHcate of BO : 50^ ; 
.-. A -45(7 : A DEF = duplicate of BO : -&^. 

4. (1) Let ABO, DEF be two simikr triangles, and let AH, DK 
be a pair of corresponding medians. 
Because AB i BO = DE i EF, 
AB:BH=DE:EK; 
and z ABH= l DEK ; 

.'. AS ii5J7,Di7Jr are similar, VLB 

and ABiDEss AH : jDZ. 



■■■! 
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But A ABC : A DBF = duplicate of AB : DJ^; 
.-. A ABO : A -O^i^ = duplicate of AH : DK. 

(2) Let ii^(7, jD^.F' be two similar triangles, and let AL^ 
DM be a pair of corresponding altitudes. 

Then A s ABL, DEM are similar, VI. 4 

and AB iDE= AL^i DM, 
But A ABC : A DEF = duplicate of AB : DE ; 
.-. A ABG : A /)J^i^ = duplicate of AL : DM, 

(3) Let ul^(7, i>^^ be two similar triangles, and / and J 
be their inscribed centres. Join /B, JC, JE^ JF; 

draw /P X BO, and /Q x -EF. 

Then BI, 01 bisect z B ABO, AOB, 
and ^/, FJ bisect z s 2>i7F, DFE; 

,', AS 7^(7 and JEF are similar, F/. 4 

aiidBG',EF=:IP:JQ, by (2). 
But A -45C : A DEF = duplicate of BO : iW^; 

.-. A ABO : A 2>^i^ = duplicate of IP : /Q. 

(4) Let ABO, DEF be two similar triangles, and 6^ and T be 
their circumscribed centres. Draw SL, SK respectively 
± AB, AO, and TN, TM respectively j. DE, DF. 

Then 8L, 8K bisect AB, AO, and TN, TM bisect DE, 
DF; 

,', AL:AK = DN: DM; 
and z LAK = L NDM ; 

,', A s uli^Jr and DNM are similar. F/. 6 

Because l AL8 = L DNT, and z il-LJT = z D^Jf, 

z /8'i^ir a z ^^J»f. 
Similarly z 8KL = z Mf^; 

.*. AS 8LK and TWJf are similar. 

Hence it may be proved, as in VX 20, that the quadrilaterals 
AK8L, DMTN have their sides proportional ; 
and they are mutually equiangular ; 

.*. they are similar ; 

.*. A s ALS, DNT msky be proved to be similar ; 

.-. 2AL:2DN=A8', DT; 

/. AB : DE =A8 : DT. 
Hence A ABO : A DEF = duplicate of A8 i DT. 
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PEOPOSITION 20. 

1. For sqnares are siinilar polygons, since they are mutually 

equiangular, and their sides are to each other in a ratio of 
equality. 

2. For polygon ABCDE : polygon FOHKL (fig. to VI. 20), 

=B duplicate of AB : FG, 

» AB^ : FG\ by the last deduction, 

= BE^ : GL\ = &C. 

3. For ABiFG = BCtGH^CD'.HK=.DEiKLr^EAiLF; 

.-. ABiFG = AB + BO'{-CD^DE + EAiFG + GH 
+ HK + KL. 

4. This has been shown in (a) of the second deduction from VL 18. 
6. Let ABCD, A'B'O'D' be two similar polygons. Take any 

point inside ABGDf and join OA, OB, OG, At A ' make 

L B'A'O' = L BAG, and at B' make i A'B'O' = z ABO; 
let A'0\ BO' meet at 0', and join 0'G\ 
Then as 0-45, O'A'B' are simihir ; F/. 4 

.-. OBiAB=0'B'iA'B\ 
But AB:BG= A*B' : B'G' ; 

.-. 0J?:-Ba = 0'5':5'a',byequaUty. 
And z ^5(7 - I ABO = z ^I'^'O' - i A'B'O' ; 

.-. z OBO = z 0'5'a'; 

.-.AS OBGj O'B'G' are similar. 

In like manner as OGD, O'G'D' are similar, as well as 

t.BODA,0'D*A\ 

6. The point O could be taken outside the polygon ABGD, or on 

one of its sides, and the point 0', homologous to O with respect 
to the other polygon, would be found to be outside, or on the 
corresponding side. 

7. It will be sufficient to take the case of two similar and similarly 

situated triangles. 

Let ABG, A' B'G' be two similar and similarly situated 
triangles ; let BB' produced meet AA' produced at O, and if 
CG' produced does not meet AA' produced at O, let it meet 
it at 0'. 

Then from the similar as GAB, OA'B', 
we have OA : OA' = AB i A'B'; VL 4 

from the similar L% ABG, A' B'G' 
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we have AB : A'B' = AG : A'O'; VI 4 

OA : OA' =AG:AV, 
But from the similar as O'AG, O'A'G' 
we have O'A lO'A' =^ AG i A'G'; F7. 4 

OA :0A' ^O'AiO'A*; 
.'. and 0' are the same point. 

[II the last step be consddered to require more proof, consnlt 
the first deduction of Book VL] 

The same proof is applicable when as ABG^ A'B'C are 
similar and oppositely situated. 

8. Let ABG be the given triangle. 

On BG describe, outwardly from the triangle, the square 
BDEG, Join AD, AE cutting BG at D', E'. 
Through D' <fiaw D[B' \\ DB and meeting AB in B*; 
through E' draw E'G' \\ EG and meeting AGiaC 
Join B'G\ B\D'E'G' is the square requireA 

Three squares may be inscribed in the triangle ABC, The 
two others are obtained from the squares described on CA 
and AB, 

9. Let ABG be the given triangle, DEFO the given rectangle. 

On BG describe, outwardly from the triangle, the rectangle 
BHKG similar to the rectangle DEFO, and such that BC 
and DO are homologous sides. Join AH, AK cutting BC at 
H\ K\ Through H' draw H'B' || HB and meeting AB in 
B'; through K' draw K'G' || KG and meeting AG iaC. 
Join B'G'. B'H'K'G' is the rectangle requiiei 

Another rectangle BHKG can be described on BC similar to 
DEFO, if BG be made homologous to DE ; whence another 
rectan^e B'H'K'G' is obtained. 

Hence six rectangles can be inscribed in the triangle ABC 
similar to DEFO. The two other pairs are obtained from 
the rectangles described on GA and AB^ 



PEOPOSinON 21. 



K 50 be not = FO, let 5(7 be greater than FG. 
Take KL a third proportional to BG, FO, 
Then BG : FO ^ FO \ KL, 
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Now edfice BG is greater than FO, 

FO is greater than KL ; 

BG is greater than KL. 
But BG:KL = ABGD : EFOH ; VL 20, Gor. 

.'. ABGD is greater than EFOH, which is impossibla 



PEOPOSITION 22. 

1. For AB^ and GD^ are similar polygons described on AB and 

GD; and EF^ and GH^ are simihir polygons described on 
EF and GH, 

2. ljetAB:GD = EFiGH: 

to prove duplicate of AB : (72) = duplicate of EF : OH. 

Take X a third proportional to AB, GD, 
and O a third proportional to EF, OH ; 
and prove as in the proposition that AB :X = EF : O. 
Now AB:X == duplicate of AB : GD, 
and EF:0 ^ duplicate of EF : OH, 



PROPOSITION 23. 



1. In the figure to the proposition, join DF, FE, EO, 

The construction and proof of the theorem, that triangles 
which have one angle of the one equal to one angle of the 
other are to one another in the ratio compounded of the 
ratios of the sides about those angles, are obtained from the 
construction and proof of the proposition in the text by 
substituting for ||"« AB, FE, BG respectively, as DBF, 
FBE, EBO. 

To prove the other part of the deduction, join AB, 

Then A BDA = A DBF, and AD = FB, 

But L DBF :£, EBO = \^^Isg\'> 

2. Because r AB:rBG=: jjf ;JJj. 

and ir AB = ir BGj 
.-. DB:BE = OB:BF, 
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a3idDB:BE=:0B:BF; 

.'. I ^5 !^^ I "* * "^^^ ^^ equality ; 

/. ir AB = IP BC. 

3. Let the |1"> AB, BO be rectangles. 

ThearAB:rBC^\^^:l^\; 

,.DB.BF:EB.BG=\§^:^^\. 

4. Mutually equiangular H'"' are to one another as the rectangles 

contained by pain of adjacent sidea. 

Triangles which have one angle of the one equal or supple- 
mentary to one angle of the other are to one another as the 
rectangles contained by the sides about those angles. 

5. ?rom the similar as ABK, EBH, 

AKiEH^ABiEB. 

But \rAGi\rEF=^^'^^\^^^,hy the eleventh 
deduction from VL 1 ; 

... \rAC.\^EF^\f^\ll\. 

6. BecaxLae i^ ABO : L DEF =: l^a-^^l' 

and AB :DE = BO :EF ; 
/. I 5^ ; ^^ I = dnpHcate of BO i Elf; 
.-. L ABO : A DEF = duplicate of BO : E^, 



PROPOSITION 24. 

1. Because ||°» AEFO, FHOK are similar, 

EF:FO= HOiOK, yj-n 

FK'.FH; 734 
and L EFH= l KFG ; 

\rEH=\rGK, yi\{ 

2. Forir i^G: r BF = GFiFH, yj \\ 

= ||m FD : r ffE. yj \ 
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3. Because H'^' AEFO, A BOD are Bimilar, 
.-. AEiAB=>AGiAD; 

.-. EQ is II BD, by the fiftii deduotion from VI. 2. 
Similarly HK is 1| BD, 



PROPOSITION 25. 



1. Let D be the given square. 

Make any equilateral A ABGj on BC describe a rectangle 
BLEC= i^ABG, and on CE describe a rectangle CEMF^D. 
Between BG and GF find a mean proportional OH ; VL 13 
on OH describe an equilateral A KOH 



GEMF, VL 1 

D. 
GF, 



Then BO:GF = BLEG 

= ABG 
But because BG : OH = OH 
and because ABG, KOH are similar and similarly described ; 
BG:GF= ABG : KOH. VL 20, Gor, 

Hence -45(7 : D = -45(7 : KOH; 
KOH = i>. 
2, 3, 4^ 5, 6. It has not been deemed necessary to write out the 
solutions of these deductions, as they are similar to the 
preceding one, which itself is little more than a transcript of 
the proposition. 

7. Let ABGD be the given polygon, and let the straight line F be 

the given perimeter. 

Find a straight line E — the perimeter of ABGD ; 
to E, F, and AB, a side of the given polygon, find a fourth 
proportional OH ; VL 12 

On OH describe a polygon OHKL similar to ABGD. VL 18 

Then perimeter of ABGD : perimeter of OHKL^AB : OH, 
by the third deduction from VL 20 ; 
.-. E : perimeter of OHKL = AB : OH. 
"RxitEiF sAB: OH. 

perimeter of OHKL = F. 

8. Let ABGD be the given polygon, K : L the given ratio. 

On AB describe a square, and from AB or AB produced, cut 

o£P AM, a fourth proportional to K, L, and AB. VL 12 

Then AB* : AB • AM = AB : AM, VL 1 

= K:L. 
P 
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Find PQ the side of a sqnare, sucli that PQ^ = AB - AM, 

11. 14 

and on PQ describe a polygon PQRS similar to ABGD. 

7/. 18 
Because -4-8 : PQ = -45 i PQ, 
.-. ABGD I PQRS =}AB^ : PQ\ F/.22 

= AB^ : AB . AM, 
= r I L, 
9. Let P be the point inside the circle, K : L the given ratio. 

Construct a first rectangle, whose sides shall be in the ratio 
oi K : L, and a second rectangle equal to the potency of P 
with respect to the circle (see p. 209 of Euclid). Describe a 
third rectangle similar to tiie first, and equal to the second; 
and, by the fourth deduction from III. 18, draw through P a 
chord, whose length is the sum of two adjacent sides of the 
third rectangle. 

PROPOSITION 26. 

1. II"" ABGD, AEHK are similar and similarly situated ; VL 24 

.-. BAiAD = EAt AK. 
But BAiAD = EAi AG; 
.'. EA : AK = EA : AG, which is impossible. 
Hence AG must pass through F, 

2. Produce BA, DA, through A. 

On BA produced take any point E, and find AQ such tbt 
BA'.AD^EAi AG, VL If 

Through J^ and G draw EF\\ -BO and GF \\ DG, 

Then ||™» ABGD, AEFG may be proved to be similar ; 
and it may be shown, as in the proposition, that l BAC 

= L EAF; 

.*. the diagonals ^(7 and AF Bre in the same straight liii& 
by the sixth deduction from L 15. 

3. Let ABGD (fig. to VI. 26) be the given |h. 

Construct, by the eighth deduction from VI. 25, a second P^ 
similar to ABGD, and having to it the given ratio. 
From AB cut off AE, equal to that side of the second P 
which is homologous to AB ; and from AD cut off ^O, eqiui 
to that side of the second ||™ which is homologous to AD. 
Through E draw EF i| AD, and through G draw G^ H AB. 

AEFG is the required i* 
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PEOPOSITION 27. 

1. n the figure be made and lettered to cori'espond with that in 

the text, the proof will be : 
Because BD = DG, .'. FE = EL; I, 34 

ir KE = Ih EN. L 36 

Again |[™ MN = ||™ DJI, by the second deduction from 1. 43. 
But II" EK is less than |h MN ; 

Ih KE is less than |h Dff- 
From KD take each of these unequals ; 
then Ih BE is greater than |h BIT, 

2. The proposition then becomes the second part of the first deduc- 

tion from II. 5, or the ninth deduction from IL 5. 



PEOPOSITION 28. 



1. "Write down word for word, and letter for letter, the proof of 

the proposition, but substitute E' for E. 

2. Let F be the middle point of AB, 

Because AE - EB = FB^ - FE^, II, 5 

and AE' • E'B = FA^ - FE*\ IL 5 

= FB^ - FE'^; 
FB^ - FE^ = FB^ - FE*^; 
.-. FE^ = FW\ and FE = FE' ; 
.-. AE' = BE, and BE' = AE, 

3. The rectangle K • L may be as small as we please, but it must 

not be greater than the square on half AB. 

4. Let ^^ be the given straight line. 

Convert the rectangle K • L into a square, //. 14 

and let the straight line C7 be a side of it. 
Bisect AB at D; draw DE x AB, and = G. 
With E as centre, and radius = AD or DB, cut AB at F; 
and join EF. 
Then AF FB ^ DB^ - DF^, //. 5 

= ^,p^ - DF^, 

- -Di^^ /. 47, G<n>. 
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PROPOSITION 29. 

1. Write down word for word, and letter for letter, the proof of 

the proposition, hut substitute E' for E, 

2. Let F be the middle point of AB. 

BecaxueAE - EB = FE^ - FB\ J/.6 

and AE' - E'B = FE'^ - FA \ 11, 6 

= FE'^ - FB^; 
FE^ - FB^ = FE'^ - FB^; 
.-. FE^ = FE'\ and FE = FE' ; 
.-. AE' = BE, and BE' = AE. 

3. The rectangle iT • L may be as small or as large aa we pleas& 

4. Let ^^ be the given straight line. 

Convert the rectangle K • L into a square, //. 14 

and let the stnught line C be a side of it. 
Bisect AB at D; draw BE x AB, and = G. 
Join DE, and with 2) as centre, and DE as radius, cut AB 
produced at F. 
Then AF'FB = DF^ - DB\ //.6 

= B^, /. 47, Cor. 

«C7«. 



PROPOSITION SO. 



1. Because BG : BD =^ BD : DG. 

.-. BD^ = BG . Da VI. i: 

= ^(7^ by (3) of the first deduction from VL 16 ; 
.-. BD=^AG. 

Conversely: Since BD = AG, .'. BD^ = AGK 

But AG^-BG' CAby (3) of the first deduction fromVI16 

.-. BD^ = BG'GD; 

.-. BOiBD^BDiGD. VIS 

2. Because AG : GB = DF : FE, 

AB : GB = DE : FE, by addition. 
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But ABiCB=zAB*BG'. CB\ VL 1 

and DEiFE=DE EFi FE^ ; VL 1 

AB'BOi OB^ = DE-EF: FE^; 
,'. AB . BO : DE 'EF=^ GB^ : FE\ 

= A(P I DF^. 
Hence ii AB - BO = A0\ DE * EF ^ DF\ 



PEOPOSITION 31. 

I. Since squares are similar rectilineal figures^ let X, T, Z he 

squares. 

Nowr+-^ = X; FJ. 31 

.-. AB^ + A0^ = BC^ 
2L No. 

3. Because AB : BO = AB : BO, 

AB^ :BG^= T : X. VI. 22 
Because AO : BC = AO : BO, 

AO*:BG^= Z : X; F/. 22 

AB^ + AO^ iBG^= Y+ZiX. F. 24 

But AB^ + AC^ = BO^; I, 4n 
.-. Y + Z = X, 

4. The arc of the semicircle described on BO will pass through A ; 

and since the semicircle on BO = the semicircle on AB + the 
semicircle on AO,]i the segments of the semicircle on BO, 
which AB and AO cut ofif from it, be taken away, there 
remain the two lunules = a ABO, 



PROPOSITION 32. 

1. For ^^ : ^C = OD : DF ; AB is |1 DO, and AO is I| DF, 

but BO and OF are not in the same straight line. 

2. Join OE, DF. 

Because AO : BD = AE : BF, 

AO : AE = BD : BF, by alternation ; 
and z OAE = z DBF; L 34» 0<yr. 

.'. LB OAE, DBF are simihir ; VI. 6 

.-. OE is II DF; 

.*. BA, DO, EF are concurrent^ by the seyenth deduction 
from VL 20. 
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a Because AQ is H BD, and GH is || DL^ 

/. A a AGH, BDL are eimilar ; VI. 4 

AH iBL = AG I BD, 
= AE : BF, 
Now L EAH = z i^^Z; ; 

.*. A 8 -ifiTi^, BLF are siinilar, F/. 6 

and L AHE = z BLF; 
.'. EH IB II FL. 



PROPOSITION 33. 

On the same chord AB let there be two arcs AGB, ADB (fig. to 
III. 23), and let. ADG, AFE be two straight lines drawn 
from A^ and cutting the arcs at (7, D, and E, F respectively. 
Then arc BE : arc EG = i BAE : L EAG, VL 33 

= I BAF: L FAD, 
= arc 5J^ : arc FD. VI. 33 



PROPOSITION B. 



1. Because z BAE = z GAE, .'. arc jB^ = arc GE, III. 26 

Now if AE be a diameter, arc AB :s arc AG ; 
and A ^B(7 is isosceles. 

2. This is the first deduction of Book II. 

3. No. Because the bisector of the interior vertical angle, which 

is ± the bisector of the exterior vertical angle, would then 
become a tangent to the circle. 

4. Because z DGE = z BAE, III. 21 

= z GAE, 
and z AEG = /. GED ; 
.'.AS AEG, GED are similar; 

.-. AE : EG = GE : ED, VI. 4 

.-. AE'ED = GEK 

5. Let ^^C7be a triangle having the vertical z ^^1(7 bisected by 

AD, and the exterior vertical angle bisected by AD* ; 
then BDiDG= BAi AG, VI. 3 

and BD' iD'G = BA : AG; VI. A 

.'. BG is cut internally and externally in the same ratio. 
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Because AD' ia ± AD, 
A DD'^ = AD^ + AD'^ I. 47 

^AB'AO-BD'DC+BD'^D'O-AB'AO, F/. B 
= BD'-D'0- BD'DG, 

6. If ABQ be a triangle, and ^Z> be drawn to the base so that 
AD^ ^ AB'AC-BD >DG, then AD wiU bisect l BAG, 
If AD do not bisect L BAG, then AB = AG. 

Make the same construction as in the proposition. 

Because AD^ ^AB-AG-BD- DG, 

.'. AD^ + BD'DG=AB' AG; 

.-. AD^ + AD'D£I=AB- AG; III. 36 

ADAE = AB' AG; 11. 3 

AB'.AD = AE: AG. VI. 16 

Kow in AS ABD, AEG, since zs ABD, AEG, which are 

opposite AD, AG, one pair of homologous sides^ are equal ; 

///. 21 

.*. L% BDA, EGA opposite AB, AE, the other pair of 

homologous sides, are either equal or supplementary. VL 7 

If;z BDA = z EGA, then z BAD== z EAG, I. 32, Gor. 1 
and AD bisects z BAG. 

If z ^D^ be supplementary to z ^(Til, since z ^jD^ 
= an angle at the O^ standing on the sum of the arcs AB, 
GE, by the eighth deduction from III. 26, and HI. 20, 
and z EGA stands on the arc ABE ; 

.*. arc AB + axe GE + arc ABE = the whole 0<», by the 
sixth deduction from IIL 26 ; 

.'. KToAB = arc AG, and AB =: AG. 

The proof of the converse of the second part of the pro- 
position is similar to the preceding. In this case it may be 
shown that z s BDA, EGA are always acute, and therefore 
cannot be supplementary. It may also be added that when 
A ABG is isosceles, and ^D is drawn to the base produced, 
it is impossible to have AD^ = BD-DG - AB» AG, for 
then AD^ = BD - DG + AB - AG. 

See the first deduction of Book IL 

7. AD^ ^AB'AG-^BD -'DG, 

s= cb —J • — — T, by the ninth deduction from VL 3, 

c + oc + ft'' ^ 
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_ 6c{(64- c)« - a^ bc{h + c + o) (6 + c - o) 

JfiTW (c + b)^ ' 

_ 4he»»{a - a) 
(c + 6)> • 
ili)» = BD'DC-AB' AC, 

= -^ • r - c6, by the third deduction from VL A, 

c - c - h 

_ he {a> - (c - 6)'} _ 6c (g + c - 6) (g - c + 6) 
(c-6)» ~ ifi'h)^ 

46c(<-6)(<-c) 
(c-6)> • 

8. (1) Let il^(7 (fig. to VI. 3) be the triangle required. To obtain 
it we know ABy AG, AD. 

Through O draw CE \\ DA, meeting BA produced at E. 

Then, as in VL 3, -42^ =^(7; .*. -4^ ia known ; 
.*. BE is known. 

Now from the similar as BAD, BEG, 
we have BA i AD z^ BE i EG; VL 4 

.*. EG is known. 

Construct therefore the isosceles triangle AGE ; 
produce EA to B, making AB = the other given side ; 
and join BG. 

(2) Let ABG (fig. to VI. A) be the triangle required. To 
obtain it, we know AB, AG, AD, 

Through G draw GE \\ DA, meeting BA at E. 
Then, as in VI. A, AE = AG; .*. AE is known ; 

.*. ^J^is known. 

Now from the similar L s BAD, BEG, 
we have BA : AD = BE : EG; VLA 

.*. EG is known. 

Construct therefore the isosceles triangle ACS/ ; 
produce AE to B, making AB = the other given side ; 
and join BG. 



PROPOSITION C. 

1. Because AB . AG = AD . AE, 
.*. AB : AD = AE : AG. 
Now in AS ABD, AEG, since i s ABD, ABO^ which 4 



B0<* VL] FB0P0BITI0N8 B, 0. 247 

opposite ADf AO^ one pair of homologoiis sidea, are equal, 

///. 21 

.*. za ADBf ACE opposite AB, AE, the other pair of 
homologous sides, are either equal or supplementary. VL 7 
But I ACE\b right ; ///. 31 

. *. L ADB is also right. 

2. Let BG be the given bas& 

On BG describe a segment of a circle containing an angle 

equal to the given vertical angle, and complete the circle. 

Then the diuneter of this circle is known. 

Since the rectangle contained by this diameter, and the 

altitude of the triangle = the rectangle contained by the 

sides, the altitude of the triangle can be found by the fourth 

deduction from H 14. 

The problem is then reduced to the third deduction from 

IIL33. 

3. Let ABG (fig. to VL G) be a triangle inscribed in a circle, and 

let AD, AE be drawn making i BAD = i EAG: 
to prove AB'AG=iAD'AE. 

Because z BAD = z EAG, 
and I ABD = z AEG; IIL 21 or 22, Gor. 

.* . AS ABD, AEG are similar ; 

.-. AB:AD = AE: AG; VL 4 

.-. AB - AG = AD ' AE. 

4. If AD, AE coincide, AD bisects the vertical z BAG. 

Now AB' AG = AD-AE, 

^ED'AD^ AD\ ILS 

= BD'DG^ AD^; IIL 35 

AD^ = AB'AG' BD'DG. 
11 AD, AE do not coincide, but are in the same straight 
line, AD bisects the exterior vertical z B'AG. 
Now AB'AG^ AD • AE, 

^ED'AD"AD\ ILZ 

^BD*DG - AD^; IIL 36, C7or. 

AD^ ^BD'DG- AB* AG. 
If z ADB is right, then z AGE must be right, 
and AE is a diameter of the circle ; 
and AB -AG^^AD- AE. 

6. Let AB (fig. to VL C) be denoted by e, AG by h, AD hjp^ and 
-4i^by2^; 
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he 
then 2 Rpi^he; .*. i? = s^— . 

Similarly R = = = _ « 

2Rapi =abc; 
2R'2 Assdbc; 
abc 



A = 



r« 



6. BeoauBe the rectangles contained by the aides are equal to the 

rectangles contained by the ciromnBcribed diameter and the 
perpendiculars on the third sides; and the circomsciibed 
diameter is constant ; 

.'. the rectangles contained by the sides vary as, or an 
proportional to, the perpendiculars on the third sides. 

7. From B draw BO ± AG, and from C draw Off J_ BD. 

Then BA - BC :CB - CD = BO : Cff, by the preceding de- 
duction, 

= BF : CF, since the right-angled 
^8 BFO, CFH are similar. 

Conversely : If ABCD be a quadrilateral, whose diagonals 
intersect at -F, and if BA BG.CBCD = jB-^ : Ci^, then i 
circle may be circumscribed about ABGD, 
Make the same construction as before. 
Then BFiGF^ BO :\GH; VL 4 

.-. BA'BG:GB*CD= BOiOH; 
BA\ GD = BO\ CH; 

BA\ BO^GD: GH, by alternation. 
Now in AS ABO, DGH, since zs AOB, DHC, which «« 
opposite BA, GD, one pair of homologous sides, are equal, 
/. IB BAO, GDH, opposite BO, CH, the other pair<^ 
homologous sides, are either equal or supplementary. (7.7 
But they cannot be supplementary, since they are both acnte; 
.*. they must be equal ; 
.'. a circle may be circumscribed about ABCI>, Ill.i 

8. The previous deduction proves 

AB'AD:BA,'BG==AF:BF, (1) | 

BA'BC :GB'GD:=:BFiCF, (2) 
OB 'CDiDC'DA^CFiDF. (3) 
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From (1) and (2) we obtain, by direct equality, 

AB'ADiCB'CD = AFiCF; (4) 
from (2) and (3) we obtain, by direct eqaality, 

BA'BOiDG'DA=BF'.DF. (5) 
From (4) and (5) we obtain, by addition, 

AB.AD + CB'CDiGB'CD^AGi CF, 

BA'BO + DO 'DA :DG-DA^ BDiDF. 
JSow GB 'GDiDG 'DA = GFiDF; 
.'. AB'AD-^-OB'GDiBA'BG+DG'DAsAG: BD. 



PROPOSITION D. 

1. Let ABG be an equilateral triangle inscribed in a circle, and 

let D be any point in the arc cut off hj AG: 
to prove BD = AD + GD. 

"Because AB'GD + AD-BG = AG'BD; VI. D 

AB'GD'{- AD'AB = AB' BD; 
GD + AD = BD, 

[See the nineteenth deduction of Book III.] 

2. Let ABGD be a quadrilateral which cannot be inscribed in a 

circle, AG, BD its diagonals : 

to prove AG'BDleaa than AB'GD + AD • BG, 

Make i BAE = l DAG, and i ABE = i AGD, 
and let AE, BE intersect at E. 

Since G is not on the o°^ of the circle passing through 
-4, B, D, 

.-. L AGD is not = L ABD; 

.-. I ABE is not = z ABD; 

.'. E does not fall on the diagonal BD. Join ED. 

Ij, LB ABE, AGD, \^j^BE^iAGD; 
.'. AB:BE = AG:GD; VI. 4: 

.'. AB'GD = AG'BE. VI. IQ 

Because iBAE= i GAD, .: l BAG= l DAE; 
and because A s ABE, AGD are similar, 
.-. AB'.AG^AEiAD; VI. 4 

.'. AS ABG, AED are similar, VL 6 

and BG:AG=ED: AD; 

AD'BG-AG'ED. T/. 16 



• • 
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Henoe AB-CD^- AD-BC ^AC-BB-^ AC -ED 

= AC • (BE + ED). 
But BD is less than BE + ED; 
.*. AC-BDiM less than ^O • (B^ + ^D), 
.-. AC'BDiBleBBthtLuAB'CD-^AD'BC. 
3i If the rectangle contained by the diagonala of a quadrilatenl 
be equal to the sum of the two rectangles contaiQed by the 
opposite sides, a circle can be circiimscribed about the 
quadrilateral 
This is proved by the method of reductio ad cUtaurdum, 
4, Join FA, and draw CO || FA, and meeting AB io, G. 

Then i COB = l FAD; /. 29 

and L AFD = i AED, ///. 21 

= z CBO; III.22,Cor. 

.*. L 8 FAD, BOC are similar, 

oadFD :FA = BCiBO; VIA 

.'. FD'BO = FA- BC, VI. 16 

Because CO is || FA, 

.'. I AOC = supplement of i FAD^ 7.29 

= lFED; HI'S. 

and L CAO = l DFE ; ni 21 

.-. b. 8 FED, A OC are similar, 

and FD : FE = AC :A0 ; VIA 

.-. FD'AO = FE'AC. 7/. 16 

n&ice FD ' BO •{- FD 'A0= FA-BC + FE . AC ; 

FD'AB = FA-BC-\- FE'AGj IIA 
FC'AB->tFD'AB=FC'AB+FA -BG^FEAC, 

AB'{FC + FD) =:AC-FB'\- FBJ.AC, F/.D 

:=AC'{FB -^ FBI)', III 

.-. FE-^FBiFC + FD =:AB:AC. 
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DEDUCTIONS. 

1. If possible, let AG\CB^ AD : DB, 

Then AB : CB = AB : DB, by addition, or subtrac- 
tion; 
.*. CB = DB, which is not the case. 

2. If P be a point (fig. to JIL 7) inside the circle, the greatest and 

least straight lines that can be drawn to the O*^ are PA and 
PD ; and the geometric mean between them is the straight 
line drawn from P to the O^ ± AD. VL 13 

If P be a point (fig. to IIL 8) outside the circle, the greatest 
and least straight lines that can be drawn to the O^ are PA 
and PD; and the geometric mean between them is the 
tangent from P to the O^. 

For the square on the tangent s PA • PD, IIL 36 

a Because AB - BG = AG\ 

.'. AB:AG=:AG: BG; VL 17 

.-. A ABD : A AGD = a AGD i L BGD. VL 1 

4. Take any straight line AG (fig. to VI. 13), and on it describe 

the semicircle ADG. Divide AG internally at B, so that 
AG'GB = AB^; 11. 11 

Draw BD ± AG, and join AD, GD. 

Then AB = GD, by the first deduction from VL 30. 
But AG:AD = AD : AB ; VL 8, Gar. 

.-. AG : AD = AD : GD, 

5. Let the circles DGF, EGO, whose centres are A and B, and 

whose diameters are DAF, EBO, touch each other externally 
at G, and let DE be a common tangent to the circles: to 
prove DE a geometric mean between DF and EG, 

Join AB, which passes through G, DG, EG, FG, OG. 

Then DFw || EG; IIL 18, 7. 28 

z FAG = L EBG. L 29 

Now FA : AG = EB : BG, since each is a ratio of equality ; 

/lAGF=lBGE; VL6 

.*. EG and GF are in the same straight line. 

Similarly DG and CQ are in the same straight line. 
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6atBinoe l DOFianf^t, III Si 

.-. I FDE is similar to A DCE ; VL 8 

and since l ECO is right, ///. 31 

/. A OED is similar to A ECD; VL 8 

.-. A i^2>J^ is simQar to A DEO; 

/. ^D : DE = i)J^ : ^O. 

6. The proof will be given for a regular hexagon and the inscribed 

and circumscribed equilateral triangles. 

Let ABGDEF (fig. to IV. 15) be a regular hexagon 
inscribed in a circle. 

Join AG J CE, EA forming an inscribed equilateral triangle; 
at il, C^E draw tangents to the circle, forming by their inter- 
sections a circumscribed equilateral A OHK, O being opposite 
to Ay H to C, and K to E, 

Join 00^ which may be proved to pass through 2>, and let 
00 meet CE at L ; join OE, 
Then A OLE = ^ A AGE, 

A ODE = \ ABGDEF, 
A OOE = i A OHK. 
Now OL:OE=OE: 00; VI. 8, Got. 

OLiOD=ODiOO; 
A OLE : A ODE = A ODE : A OGE ; VL 1 

.-. A AGE : ABGDEF = ABGDEF : a OffK. 

7. Because A DAE is isosceles, 

.-.uli)^ - jBD" = -45 . BE, by first deduction of BookIL, 

= AB . (iljB - BG), 
= ilB« - AB . jB(7; 
B2)« = AB . 5a 

8. Let AG (fig. to VL 13) be the sum of the extremes. 

From G draw GE ± AG, and = the given mean ; 
through E draw ED || AG, and cutting the semicircle at D, 
From D draw D-B X -4C7. 

AB and 5(7 are the extremes. 

The proof follows from VL 13. 

9. Let ^C be the difference of the extremes. 

On AG as diameter describe a circle, in which take any 
point D, and draw a tangent DE = the given mean. 
Join E with the centre 0, and produce EO to meet the o^ 

BtO. 

With centre O and radius OE, describe another circle cutting 
A produced at 5. AB and BG are the extremes. 
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For BG may be proved = EF^ and AB = EG ; 
AB'BG=OE- EF, 

= Dm. Ill, 36 

10. Let ^^ be one extreme, BG the sum of the mean and the other 

extreme. 

Place AB and BG in the same straight line, and on AG 
describe a segment of a circle AEG, containing an angle equal 
to the exterior angle of an equilateral triangle. ■ 
At B make z ABE = the angle in the segment, and from E 
draw EDj making z EDG = the angle in the segment. 

BD and DG are the mean and the other extreme. 
Because z s ABE, GDE are each = the exterior angle of 
an equilateral triangle ; 
.*. L EBD is equilateral 

Now A 8 ABE, EDG are each similar to A AEG ; 
.'. A ABE is Bunilar to A EDG; 
,\ ABi BE^EDi DG; 
/. AB :BD = BD : DG. 

11. Let the 1st term, and the difference between the 2nd and 3rd, be 

given : to find the 2nd and 3rd. 

(a) Suppose the 1st to be the greatest of the three terms. 
Since 1st : 2nd = 2nd : 3rd, 

1st : 2nd = 1st - 2nd : 2nd - 3rd ; 
1st . (2nd - 3rd) = 2nd . (Ut - 2nd). 
Now since Ist and (2nd - 3rd) are given, the rectangle con- 
tained by them is given ; 

.*. the rectangle contained by the 2nd and (1st — 2nd) is 
given. 

Also since 2nd + (1st - 2nd) = 1st, the sum of the sides 
which contain the rectangle is given ; 

hence, the area of the rectangle and the sum of the sides 
which contain it being given, the sides themselves may be 
found. 

Thus the 2nd term of the series is obtained, and since the 
(2nd - 3rd) is known, the 3rd is readily found. 

(b) Suppose the 1st to be the least of the three terms. 
Since Ist : 2nd = 2nd : 3rd, 

1st : 2nd = 2nd - 1st : 3rd — 2nd; 
1st . (3rd - 2nd) = 2nd • (2nd - 1st). 
Now since 1st and (3rd - 2nd) are given, the rectangle con- 
tained by them is given ; 
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•*. the rectangle contained by 2nd and (2nd — let) is given. 
AIbo mnoe 2nd - (2nd - let) as let^ the difference of the ada 
which contain the rectangle is given; 

hence, the area of the rectangle and the difference of the 
sides which contain it being given, the sides themseLyes may 
be found. 

Thns the 2nd term of the series is obtained, and since the 
(3rd - 2nd) is known, the 3rd is readily found. 

For the geometrical construction of (a), use VX 28^ and far 
that of (b), use VL 29. 
12. This problem comprehends fifteen cases, tiie data of which are 

(1) Sum, and difference. 

(2) Sum of squares, and difference of squttres^ 

(3) Sum, and sum of squares. 

(4) Difference, and sum of squares. 

(5) Sum, and difference of squares. 

(6) Difference, and difference of squares. 

(7) Sum, and rectangle. 

(8) Difference, and rectangle. 

(9) Sum of squares, and rectangle^ 

(10) Difference of squares, and rectangle. 

(11) Sum, and ratio. 

(12) Difference, and ratio. 

(13) Sum of squares, and ratio. 

(14) Difference of squares, and ratia 

(15) Rectangle, and ratio. 

(1) See the sixth and seventh deductions from I. 3. 

(2) Let ^^^ be the given sum of squares, GI>^ the giyen 
difference of squares. 

Find a square = ^ (AB^ + (72)'), and another square 
= I (AB^ - CD^) ; the sides of these squares will be the 
required straight lines. 

(3) Let AB^ be the given sum of squares, and M the giTen 
sum. 

On ^ J3 as base describe a segment of a circle containing ao 
angle = half a right angle. 

With A as centre and M as radius, cut the arc of the 
segment at D. 

Join AD, and let it cut at G the arc of a semicircle described 
otlAB^a diameter. 

AC and CB are the required straight lines. 
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(4) Let AB^ be the given sum of squares, and N the given 
difference. 

On AB as base describe a segment of a circle containing an 
angle = a right angle and a half. 

With A as centre and N as radius, cut the arc of the segment 
at 2). 

Join AD, and produce it to cut at C the arc of a semicircle 
described on AB aa diameter. 

^C7 and GB are the required straight lines. 

(5) Let AB^ be the given difference of squares, and M the 
given sum. 

Describe a rectangle =iijS^, and having one of its sides =i^, 
by the fourth deduction from IL 14. 

The other side of the rectangle will be the difference of the 
two straight Unes. //. 5, (7or» 

The problem is now reduced to (1). 

(6) Let AB^ he the given difference of squares, and N the 
given difference. 

Describe a rectangle s^jS', and having one of its sides =i^, 
by the fourth deduction from II. 14. 

The other side of the rectangle will be the sum of the two 
straight lines. //. 5, Cor, 

The problem is now reduced to (1). 

(7) This case is solved in VI. 28. 

(8) This case is solved in VI. 29. 

(9) Let AC^ (fig. to VI. 13) be the given sum of squarek 
Convert the given rectangle into a square ; //. 14 

and find, by the fourth deduction from II. 14, a straight line 
U such that the rectangle contained hy AG and E may be 
equal to this square. 

Divide AG internally at B so that AB . BG = E^, by the 
second deduction from II. 14. 

On AG aa diameter describe a semicircle, and draw J?X) ± AG. 

AD, GD are the required straight lines. 
For BD^ = AB . BG, VI. 8, 17 

= ^»; 
BD = E. 
But AD'GD = AG'BD, VI. 8, 16 

= AG'E; 
and AD^ + GD^ = AG^. III. 31, 1. 47 

Q 



266 KET TO EUOLID's EliEMENTB. [Botik VL 

(10) Let AB^ (fig. to VL 13) be the given difference of 
Bqnares. 

Conyert the given rectangle into a square ; //. 14 

and find, by the fourth deduction from II. 14, a straight line 
E such that the rectangle contained hj AB and E m&y be 
equal to this square. 

Divide AB externally at G so that AC - GB =: E\ by the 
third deduction from U. 14. 

On ^(7 as diameter describe a semicircle, and draw BD±AC. 

AD, BD are the required straight lines. 
Join GD. 

Then CZ>» = AG - GB, VL 8, 17 

= E^; 
GD = E. 
But AD'BD = AB'GD, T/. 8, 16 

= AB'E; 
and AD^-BD^ = AB\ LAl.Gor, 

(11) (12) These cases are solved in VI. 10. 

(13) Let AB : AG (AB and AG are placed as in VL 13) be 
the given ratio, and let Z>' be the given sum of squares. 

At A draw AE ± AG and = AG ; join BE, and from it 
produced if necessary cut off BF = D. Through F draw 
FO II EAt meeting BA or BA produced at G, 

OB, OF are the required straight lines. 

For OB^ + OF^ = BF^, I. 47 

and OBiOF=zABi AE, VL 4 

=zAB:AG. 

(14) Let AB : AG {AB and AG are placed as in VL 13) be 
the given ratio, and let D^he the given difference of squares. 

At B draw BE ± AG, and make AE = AG; join AE, 
and from BE produced if necessary cut off BF = D. 
Through i?' draw FG || EA, meeting BA or BA produced at G. 

OB, OF are the required straight lines. 
For OF" - OB^ = BF% I. 47, Gor. 

= D\' 
and OB:GF=AB:AE, VIA 

= ABiAG, 

(15) Let AB • BG be the given rectangle, K : L the given 
ratio. 
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Place ABf BG so as to contain any angle ABC, and from 
BO produced if necessary cut off BD such that 
KiL = AB:BD, F/. 12 

Join AD, and from BD cut off BE a mean proportional 
between BG and BD, VL 13 

Through E draw EF \\ AD, meeting AB at F. 

BF, BE are the required straight lines. 
For BF:BA=: BE'.BD, VI. 4 

and BEiBD= BEiBD; 

.'.BF'BE:AB'BD= BE^iBD\ 

= BG : BD, VL 20, Gor, 

^ AB'BGxAB^BD; VL\ 

BF*BE=AB*BG, 

= the given rectangle. 
Now BF:BE=BA:BD, VL 4 

=^K:L, 
[Some of these solutions have been taken from Oeometry, by 
Pierce Morton, in the Library of Useful Ejiowledge, pp. 
123-4.] 

13. Let ABG, DGE be two triangles having z AGB supplementary 

to L DGE, and z BAG = L EDG ; 
to prove AB :BG= DEiEG. 

Place the triangles so that the supplementary angles m%y 

be contiguous, and so that BG and GE, which are opposite the 

equal angles, may be in the same straight line. Through A 

draw AF \\ DE, and meeting GE or GE produced at F, 

Then z BAG = z EDG = z FAG; L 29 

AB:AF=BG:FG; VL 3 

AB: BG= AF: FG, by alternation, 

= DE:EG, VL4 

14. Let ^^ be the given straight line, K : L the given ratio. 

Find M a mean proportional between K and L ; VL 13 

divide AB internally at G in the ratio oi K :M, VL 10 
Then^C :GB =K \M; 

AG^ : GB^ = K^ : M^; VL 22 

= K xL. VL 20, G(yr. 

15. Let M be the given polygon, K : L the given ratio. 

Find AB the side of a square = M ; IL 14 
and from AB or AB produced cut of£ AG such that 

K:L = AB: AG. VL 12 

Find a square D = rectangle AB • AG. IL 14 
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Then KtL^AB:AG, 

^AB^iAB'AC, VIA 

= AB^ : D, 

16. Let ABC be the given triangle, K : L the given ratia 

Find M a mean proportional between K and L; VI. 13 

from AB cut oflf AD such that K\M = ABi AD; VI. 12 
through D draw DE \\ BG, meeting AG a,t E, 
Then A ABG : A -42)^ = duplicate of AB : -4i>, VL 19 

= ^-B» : AD\ 

= -K^» : ifa, 

= iT : 2>. 

17. Let B^(7 be the given angle, K : L the given ratio, and M^ the 

given space. 

Make AB ^ K, AG = L, and join BG. Find j^ such that 
^a = A il5C7. //. 14 

From AB or ^^ produced cut off AD such that Ni M = 
AB : ill), and through D draw Di^ |i ^(7, meeting AG or AG 
produced at E, 

Then IP i M^ = AB^ i AD\ F/. 22 

= duplicate ot AB i AD, 
= A ^-BC : L ADE. VL 19 

But N^^L ABG; 

and ADiAE^ABx AG, VI. 4 

18. From F draw iW 1| DAy meeting -4(7 at JT, and from O draw 

G^^" II EB, meeting BG at K, and join ^iT. Join also AK, 

BH. 
Then HFOK is a rectangle, similar and similarly situated 

to ADEBy by the ninth deduction from L 20 ; 
/. HK^ : HF^ = AB^ : ^i)" = 2:1. 

Now AO^ + 5i^2 = AK^ - -K^G^3 + BH^ - HF^, I. 47, Car. 

:=^AG^ + GK^'KG^+BG^^CH^-HF^, 
= M(7» + J5(78) -I- (OJSra + GH*)-2ffF^, 
= AB^ + ^Z» -2HF^, 

= AB\ 

[This solution is due to W. J. Macdonald.] 

19. Let A DBG be a circle, and let the chords AB, CD intersect at 

E, If O be the centre of the circle, the chord which passes 
through E and is there bisected is ± OE ; let HK be this 
chord. Let AD, BG cut HK at F,Q ; to prove EF = EG, 
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Through O draw ML \\ AD, and meeting EB, EC, produced 
when necessary, at L, M. 
Then z BLO = i DAB, I. 29 

= I MCG; III. 21 

. ' . AS BLO, MCG are mutually equiangular ; 

BO:OL=MG: GG; VL 4 

MG'GL = BG'GG, 77.16 

= HG . GK, IIL 35 

= EK^ - EG\ IL 5 

And AF'DF= HF - FK, IIL 33 

= EH^ - EF^, IL 5 

= EK^ - EF^. 
Because A s ^ EF, LEG are mutually equiangular, 

AFiFE = LGiGE; VL 4: 

because A s i>^^, Jbr^(3^ are mutually equiangular, 

DFiFE =MG: GE ; VL 4 

AF'DFiFE^ = LG'MG: GE^; 
.'. EH^ - EF^ : FE^ = EK^ - EG^ : GE^ ; 

EW : FE'^ = EK^ : GE\ by addition. 
But EH' = EK\- .-. FE^ = (?^^ and i?^^ = GE. 

20. If two chords AB, CD intersect each other at a point E outside 

a circle, the straight lines AD, BC cut ofiP equal segments 
from the straight line which passes through E and is per- 
pendicular to the diameter through E. 

The construction and proof are similar to those of the 
preceding deduction, with only a few slight modifications. 

[A more general theorem, of which the nineteenth and 
twentieth deductions are particular cases, will be found in the 
Proceedings of the Edinburgh Mathematical Society, voL iii., 
session 1884-85, p. 38.] 

21. Because /\9 AFI, AF^Ii (fig. on p. 251 of EucUd) are mutually 

equiangular, 

AF : IF = AF^ : IiF^, VL 4 

But AFj^ :AF^ = IF i IF ; 

.-. AFj^ . AFiAF^ . IF = AF^-IF : IF-IiFj. 
Because as IBF, IiBFi are mutually equiangular, 

BF:IF=IiFi:BF^; VL\ 

IF It^F^^BF' BFj. VL 16 

Hence AF^'AF : AF^*IF - AF^^IF : BF^BF^; 

8(9 — a) i A s= A : (« - 6) (« - c), 



260 KEY TO Euclid's elbmbnts. [Book VL 

by (1) and (2) of the nineteenth deduction, and the twenty- 
fifth of Book IV. 

22. Because ab AF^I^ AFI are mutually equiangular, 

.'. AF^iAF^ IiF^ : IF, VL 4 

z:: I^F^. IF I IF^ 

= BF • BFi : IF\ by the previous deduction ; 
.'. « ! « - a = (« - 6) (« - c) : r». 
AF^iAF-I^F^ I IF, 

^hF^iI^F^'IF, 

= /i F-^ : BF • BF^y by the previous deduction ; 
.'. «:«-»= r^ : (« - 6) (« - c). 

23. From the twenty-first deduction there results 

t^^ = s(a- a){8 - b) (s — c). 

From the twenty-fifth deduction of Book IV. there results 

rr^^z • « (« - a) (« - i) (» - c) = A * ; 
.-. rrjrir^' A* = A*; 

•'• ^1^*2^8 = A*. 

24. Because as /i-4^i, /aili^2 are mutually equiangular, 

I^Fi : ^-Pi = AFi I I^F^ ; VL 4 

AFx ' AF^ = IiFi ' liF^i or « (« - c) = r^r^ 
Similarly « (« - a) = rgrj, and « (« - 6) = r^Ti ; 
.". rjra + r^r^ -h rgri = «(«-c-f«-a-t-«-6), 

= «{3 » - (a4-6 + c)} = «*. 

25. Because As I^D^B, I^D^B are mutually equiangular, 

/jDa : BDi = ^A : I^D^ ; VL 4 

ra : « = « - a : rj; 
«3 - «i = rgrj. 
But «* = riv^ + rarg + r^r-^, by the previous 

deduction. 

.-. by subtraction, aa = r^ra + rjTj = ri (ra + rs). 
Similarly sh = rg (rg -*- n), 

and «c = ^'s (n + ^a)* 

26. Because lbIBD, I^BD^ are mutually equiangular, 

.-. BDiID = IzDziBDz; VLA 

.-. ID'I^Ds = 52) • 52>8, F/. 16 

= («-»).(«- 6), 

Similarly rr^^ =BD*DC, 
and rrg =GE*EA; 

.-. rCri-l-ra + rg) ^ AF - FB + BD - DG + OE - EA. 
27. About A 2l£(7 circumscribe a circle whose centre ia S ; join 



Book VL] DiBDUOTIONS. 261 

BS, and prodace it to meet the O^ at B' ; join CB', and 
from S draw SH ± BG, 

Because A, Z, Of T are concyclic, 
/. z ZAO = A OTZ; III. 21 

.*. AS ^ J30, JjS^ are mutually equiangular ; 

AO'.TZ = AB: TB. VL 4 

Because i BAT= i BB'O, III. 21 

and z BTA = z 5C5'; ///. 31 

.'. AS ^^ y, BB'C are mutually equiangular ; 

ABtTBzr B'B : (7A 77. 4 

Hence AO i TZ ^ B'B : GB, 

and AO'BO = B'B . FZ; T/. 16 

2SH»BG = 2B ' TZ. App. L 6, Cor. 

Similarly 2 8K * GA = 2 R - ZX, 
and 2 i»J& . ^5 = 2 i? . XF; 

.-. B{XT-¥ YZ+ZX) = 8H^BG+SK'GA + SL'AB, 

= 2 A iS'^C +. 2 A iSG4 

+ 2 A SAB, 
=^2 £,ABG; 
.'. iR '{XT + TZ + ZX) = £^ ABG. 

28. For r . 28 = 2 A ABG, by twenty-fifth deduction of Book IV., 

= B » {XT + TZ + ZX)f by the previous deduction ; 
.-. 28 : XT + TZ+ ZX = B:r, 

29. For 2 A XTZ = ^ {XT -^ TZ + ZX\ by the twenty-fifth 

deduction of Book lY. ; 

and 2 A ABG = B • {XT + TZ + ZX), by the twenty- 
seventh deduction ; 

.-. ABG : XTZ =B{XT'^ TZ+ ZX) : p {XT-\- TZ+ ZX), 

= Bip. 

30. Draw OE' ± ZX. 

Then OE* is a radius of the inscribed circle of A XTZ, by 
the twenty-first deduction of Book IV. ; 
and. AS B'BG, ABT are mutually equiangular, by the 
twenty-seventh deduction ; 
.-. z B'BG:=^ z ABT=^ z ZBO, 

s z ZXO, since Z, B^ X, are concyclic ; 
and z BGB' = z OE'X. IIL 31 

Hence as B'BG, OXE' are mutually equiangular ; 
.-. BB' I GR ^ XO I E'O, F/.4 

.-. BB'-E'O =:GB'iOX, 

= 2SH.0X, App.I.l 
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= AO • OX ; App. L 5, Oor. 

2Bf = AO ' OX. 
Simikrly 2 Rf =: BO * OT ^ CO * OZ. 

31. See the figures to the four preceding deductioiuk 

Becanae i BAX = i BOZ = i OCX, 
.*. A B BXA, OXG are mutually equiangular ; 

BX :XA = OX : XO; VL 4 

BX'XG = 0X * XA, VL 16 

= ^0 . OX + OXK IL 3 

Now -BX .X(7+ JTX" =« fTfla = i BC^ ; IL 5 

.-. ulO . OX + 0X» + JBrX« « i BCK 

Again, iljy» = (^O + 0X)> + fTX", /. 47 

=ilO" + 0X» + 2^0 . OX + HX\ 
= 4£0« + -40« + ^O.OX; 
But ^JB« + AO^ = i jBO" + 2 ^Jja, -4i?p. //. 1 

= BO" + 2 -40« + 2 ulO . OX; 
.-. AB^ + 50» + OA^ = 2BG^ + 2^0" + 2^0- OX. 
Lastly JJCa + ^0» = ^O^ + 4 8H*, App, L 5, Cor. 

= BG^ + J?'0», -4pii. /. 1 

i=4i?; 
and AO • OX = 2 ^^ by the preceding deduction ; 

.-. AB^ + BG^ + 0^» = 8i?» + 4i?/P. 

32. Let ABG be a triangle circumscribed by a circle whose centre 

is S, I the inscribed centre, and 7^, the first escribed centre. 
H'U (m in the fig. to the twenty •>ninth deduction of Book 
IV.) is the diameter of the circumscribed circle bisecting BG; 
All is joined, passing through / and U; IB^ I^E^ are drawn 
± ^0, and GH\ GU, 8 A, SI, 8Ii are joined. 

Because a s BAI, GH' U are mutuiJly equiangular, being 

right-angled, and having z EAI = L GH'U ; III. 21 

/. AIiIE^WUiUG; VL A. 

.-. B'U'IE^ AI' UG, VL 16 

SB AI * UI, by the twenty-seooDd deduction of 

Book IV., 
a 8 A* - 81^, by the first deduction of Book IL ; 
2Br=^B^'8I^; 
81^ = i?« - 2 Br. 

33. Because as EjAIj, GH*U are mutually equiangular, being 

right-angled, and having i EiAI^ ^ i GH'U; ILL 21 

.-. AI^ iI^E^ = H'U : UG, VL 4 
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.• . H'U'Iiffj=^ All . UG, VL 16 

SB All* ^^19 ^7 ^^ twenty-second deduction 

of Book IV., 
= SIi* - SA*, by first deduction of Book II ; 
2 -ffri = iS/i« - /2«; 

Similarly 81^ = i?« + 2 Rr^, 
and 5/,« = ^« + 2.i?r8. 

34. For SP + 81^ + /S'/aS + /S'V, 

= -fi" - 2 i?r + i?> + 2 J?ri + i?» + 2 i2ra 

+ ^» + 2 i?rs, 
« 4 i?> + 2 J? (ri + ra + r, - r), 
B 4 i?^ + 2 i2 • 4 ^, by the twenty-ninth 

deduction of Book IV., 
= 12 R\ 

35. See figure and demonstration to the twenty-ninth deduction of 

Book IV. 
BC^ = 4 Bm = ^BH.HG==^ HH' . HU ; 111, 35 
a^ = (ra -|- ly) {r^ - r). 
Similarly b^ = (r^ -^ r^) (^a - r), 
and c^ = (ri + ra) (rg - r) ; 

.-. a^ + 6* + c^ = 2 (rjra + rar, + rir^) - 2r (^i + rj +r3), 

= 2 (rjra + rgrg + rgri) - 2r (4 i? + r); 
/. 2 (rjrj + r^r^ + r^i) = a^ + ft^ + c^ + 2 r (4 i? + r). 

Now since r^ + ^a + rg =a 4 iJ + r, 
/. r^a -I- ra* + r,* + 2 (rjra + r^, + r^^ = l6 R^+8 Rr+r^; 
.\ r^ + r^ + r,> + a« + 6^ + cs + 8 i?r + 2 r^ 

= 16i?« + 8i?r + r2; 
.•. a« + 63 4. c2 + ^a + y^a 4. ^^ + ^^a _ ig jja, 

36. See figure on p. 251 of EucUd. 

Through / draw to IiEi a parallel to SEi, which is equal to a ; 
then //i" = a« -h (r^ - r)^. 
Similarly //a^ = 6« + (rj - r)», 
and //s^ = c» + (t^ - r)» 

Again, through /^ draw to /j^a pi^duoed a parallel to 
El E^ which is equal to c ; 

then /i/a»=c« -I- (rj + ra)» 
Similarly /a/a^ = a» + (rj + r,)", 
and Izli^ = 6» 4- (r, + ri)». 

Hence //i« + //j" -h //,« + /j/a^ + /a/s« -I- Vi«, 
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= 2 (a8 + 6" + c>) + (n - r)« + (ra - r)" + (r, - r)» 

+ in + rj)« + (rjj4- ra)^ + (rj+ri)", 

= 2 (a* + 6" + c") + 3 (r* + n" + r^ + r,a) 

+ 2 (rirj + rjrj + r^r^) 
- 2r(ri + rj + rj, 

= 2 (o" + 6» + c«) + 3 (r* + ri« + r^" + r,') + o^ + 6»+c", 

= 3 (o« + 6» + c» + r^ + ri^ + rj" + V), 

37. Let ABC be a triangle, ^ the middle point of BG, AX the 
perpendicular from A on BG; ANt AN' the bisectors of the 
interior and exterior vertical angles at A; D, D^, />a, Ds the 
points of contact of the inscribed and escribed circles with 
BG, [For convenience suppose AB greater than AG. The 
D points need not be marked on the figure.] 

(1) From G draw GA£ ± AN, and let GM produced meet 
AB at G'; join MH, MX. 

Then AG' = AG, and MG' = MG ; I. 26 

.\ BG' = AB- AG, and HM = i (-45 - ^C). i4i>p. /. 1 
Now HD = fTA = \ {AB - ^C), by (15) and (6) of the 
nineteenth deduction of Book lY. ; 

.-. HM = HD = HDi. 
Because z s AMG, AXG are right, 

.'. the points A, M, X, G axe concydio ; 

.-. I HXM =zi MAG, III. 22, Gor. 

= i L BAG. 
But since HM is || BG', App. /. 1 

.-. L HMN^i BAN, 1.29 

= 1 z BAG; 

.-. I HXM = z HMN. 
Hence A s HXM, HMN are mutually equiangular ; 

.'. HX:HM = HM:HN; F/. 4 

.-. HX . -ffA' = HM^ = J5rZ)a = HD^K 

(2) From C7 draw GM ± AN', and let GM produced meet 
BA produced at G'; join MH, MX. 

Then AG' = ilC, and MG' = JfC/ /. 26 

.-. BG' = AB + AG, and HM = ^ (^-B + AG). App. /. 1 

Now HDi = HD^ = J (AB + -4(7), by (15) and (4) of the 

nineteenth deduction of Book IV. ; 
.-. HM = HD^=iHD^ 

Because l b AMG, AXG are right, 
.*. the points A, M, X, G are concyclio ; 
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L HXM = supplement of z MXG, 

= supplement of i MAC^ IIL 21 

= supplement of i (^ + (7). 
But since HM is 1| BC\ App, L 1 

L HMN' = L BAM, I. 29 

= supplement of z MAC\ 
= supplement oi\{fi -'t (7) ; 
L HXM = L HMN'. 
Hence as HXM, HMN' are mutually equiangular ; 
/. HX:HM=HM:HN'; TJ. 4 

.-. HX'HN'=HM^ = HD^ = HD^\ 
Sa (1) HX'ND =HX' (HD - HN), 

= HXHD - HX'HN, 
= ffif • £rZ> - HD\ by the preyious deduc- 
tion, 
= HD . (JTX - HD), 
= ^2> . DX. 
(2) J7X . -Yi>i = HX . (^A + HN), 

= HX'HDi +HX'HN, 
= jETX • HDi + Jyi^l^ by the previous de- 
duction, 
= HDi . (HX + HDi), 
= HI\ . AX 

39. (1) HX ' N'D^ = HX - (HN' - HD^), 

= HX -HN' - HX'HD^, 

= JJA* - HX • J^jDj, by the thirty-seventh 

deduction, 
= HDi ' {HD2 - HX)y 
= HDi • DiX. 
(2) ^X . N*D^ = ^X . {HN' + ZTiJg), 

= HX-HN' +HX'HDs, 

= iTA' + J^rX . HDs, by the thuiiy-seventh 

deduction, 
= HDs . (-ETA + HX), 
= HDz • AX 

40. (1) HN.NX =HN ' {HX - HN), 

= HX . HN - ^J^a, 

= J?i>» - HN^ by the thirty-seventh deduc- 

tion, 
= {HD - HN) . {HD •¥ HN), 
= DN'NDy 
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(2) HN' . N'X = HN' . {HN' - HX), 
^ HN'^ ^ HX ' HN' , 
s= HN'^ - JJjDj", by the thirty-seventh de- 

duotion, 
= {HN' ' HD2) . {HN' + HDjt, 
= D^N' . N'D^. 

41. Let BO be the given base. 

On BG describe a segment of a circle BAG containing an 
angle = the given vertical angle, and complete the circle. 
Bisect the arc conjugate to BAG at E, and divide BG inter- 
nally at jD in the ratio of the sides. Join ED^ and produce 
it to meet the arc BAG at A ; and join AB, AG. 

ABG is the required triangle. 

For z BAD = l GAD; IIL 27 

.-. BA\AG^BD\ DG. VL 3 

42. On the given diameter describe a circle, and from it cut off a 

segment BAG containing an angle = the given vertical 

angle. 

Bisect the arc conjugate to BAG at E, and continue the 

construction and proof as in the preceding deduction. 

43. Take any straight line DE, and on it describe a segment of a 

circle containing an angle = the given vertical angle. 
Bisect DE at IT, and at H draw HF, making with I>E an 
angle = the angle which the median makes with the base ; 
let HF meet the arc of the segment at F, and join FD, FE, 
Produce HF if necessary till HA = the given median, and 
through A draw AB || FD^ and AG li FE^ meeting DE^ pro- 
duced if necessary, at B and (7. 

ABG is the required triangle. 

For A BAG = L DFE ; I. 34, Cor, 

and HD:HB=HF: HA, VI. 4 

= HE : HG. VL 4 

But HD = HE; .'. HB = HG. 

44. Take any straight line DE, and on it describe a segment of a 

circle containing an angle = the given vertical angle. 

Divide DE internally at F in the ratio of the segments 

of the base made by the perpendicular ; from F draw 

FA X DE, and meeting the arc of the segment at A^ and 

join AD, AE. 

From AF, produced if necessary, cut off ^X s the given 
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perpendiculAr ; through X draw BXC || DE, and meetmg 
AD, AE, produced if necessary, at B and C. 

ABC is the required triangle. 
For BX I XG = JDF : FE. 
45. Let ABC be the required triangle. 

(1) When the sum of the sides is given. 

About A ABC circumscribe a circle ; draw the diameter 
PQ, as in the figure to the twenty-fifth deduction of Book 
III., bisecting the base BC at H, and join AP, From P 
draw PS ± AB, AE ± PQ, and AX j, BC ; from AB cut 
oS AC = AC, join CC\ and produce 8H to meet AP in D, 
Then A8==i (AB + AC), BS = i {AB - AC), and AP 
bisects I BAC, by the twenty-fifth deduction of Book III. 
But BC' = AB -AC; 

.*. S is the middle point of BC; 

.\ SHiB II CC, since H bisects BC; App, L 1 

.•. SDiB ± AP, since COb X AP ; 

.-. PA'PD = P8^, VL 8, 17 

Now since the sum of the sides is given, and the vertical 
angle is given, 

.'. the right-angled A ASP can be constructed ; 

.'. PA and PS are known ; 

.*. PD is known. 
Again, since z s ADH, AEH are right, 

.*. the four points D, A, E, H are coney clic ; III, 22 

.-. PA'PD = PE' PH ; III. 35, Cor. 

.*. EH is divided externally at P, so that the rectangle 
contained by its segments = a given rectangle. 
Now EH = AX, the given perpendicular j 

.-. PH and PE are known ; VL 29 

.*. the x>oint H can be determined. 

The base BC of the required triangle is therefore that part, 
intercepted by the sides of the given vertical angle, of the 
tangent drawn from H to the cirole whose centre is A and 
radius AX, 

The synthesis may, with a little difficulty, be obtained by 
reversing the preceding analysis. 

(2) When the difference of Uie sides is given. 

About A ABC circimiscribe a cirole ; draw, as before, the 
diameter PQ bisecting the base BC at H, and join AQ, 
Prom Q draw QU i. AB, AE j. PQ, and AX j. BC; produce 
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BA to C, making AC = AQ ; join CC\ and let iZJJ meet 
AQj^t F. 

Then ^CT = i ^5 - AG\ BU=^{AB + -4^), and AQ 
bisects the angle adjacent to i BAG, by the twenty-fifth 
deduction of Book m. 
But BC = AB -¥ AC ; 

.*. rT* is the middle point of BG' ; 

/. UHin II GV, since 11 bisects 56; ulp;?. /. 1 

.-. UFiB ± AQ, since GV ia ±AQ; 

.'. QA'QF=QIP. F/.8, 17 

Now since the difference of the sides is given, and the vertical 
angle is given, 

/. the right-angled A A UQ can be oonstmcted ; 

.'. QA and QU* are known ; 

,•. Q^ is known. 
Again since z s AFH, AEH are right, 

.*. the fonr points F, A, E, H are concyclic ; ///. 22 

.-. QA'QF=QE' QH; III, 36, Gar, 

.*. EH is divided externally at Q, so that the rectangle con- 
tained by its segments = a given rectangle. 
Now EH = AXf the given perpendicular ; 

/. Qfl" and Q^ are known; F7. 29 

.*. the point H can be detormined. 
The base BG of the required triangle is obtained as before. 

46. Let BG be the given base. 

Divide BG internally at D and externally at Z>' in the 
ratio of the sides ; on I)D' as diameter describe a cirda 

It will be shown in the seventh example of Lod, Book VL, 
that any point, the ratio of whose distances from B and G 
is equal to the given ratio, lies on the O^ of this circle. 
Hence the vertex of the required triangle will be on this o**. 
The vertex therefore will be determined by drawing a 
straight line || BG, and at a distance from it = the given 
perpendicular. 

47. Since the rectangle contained by the sides = the rectangle con- 

tained by the perpendicular and the diameter of the circum- 
scribed circle, the diameter of the circumscribed circle may 
therefore be found, and the circle described. In it a chord 
may be placed = the given base, and the vertex of the 
required triangle determined by drawing a straight line 
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II the given base, and at a distance from it = the given per- 
pendicular. 

48. Place the segments contignona to each other and in the same 

straight line, and the base of the triangle is found. 
Describe a circle as in the forty-sixth deduction, and from 
the point of section of the base draw a perpendicular to the 
base, which will cut the circle at the vertex of the required 
triangle. 

49. The following is the solution usually given of this problem in 

French text-books. See Lafremoire's TlUor^mea et ProhUmea 
de OiomStrie EUmerUaire (1844), p. 84, or Catalan's subsequent 
editions of it. 

Let cbfbfC denote the sides of the required triangle, c^, V, d 
the corresponding given perpendiculars. 

The area of the triangle =\wji! = \hh' ^\cd ; 
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Hence a, 6, e are proportional to 2/, a', — r, 

that is, to Vy a\ and a fourth proportional to c', a', V, 
Construct a triangle DEF whoae sides are &', a', and this 
fourth proportionaL The required triangle ABG will be 
similar to DEF, and its sides will be to those of DEF in the 
ratio of the perpendiculars of the two triangles. 

50. Let AI be the distance of the vertex from the centre of the 
inscribed circle. 

Produce A I to D, so that AD may be a fourth propor- 
tional to AI and the sides containing the vertical angle. 
On ID as diameter describe a circle ; between A and the 
O^ place straight lines AB, AC equal to the sides containing 
the vertical angle ; and join BG. 

ABO is the required triangle. 

Let AO meet;; the O^ of the circle again at E ; join the 
centre 0\iO E and B ; join also BD, GI, 
Then AE'AG=^AI' ID, III. 35, Gw, 
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= AB . AO: VL 16 

AE = AB. 
Hence As ABO, AEO are eongraent, /. 8 

and AD bisects i BAG. 
Now since AI \ AG ^ AB \ AD, and z lAG = Z B^A 

.-. AS il/C,ul^jD are similar, F/. 6 

and z i4C7 = i ADB, 

= z BGI ; III. 21 

.-. CT^ bisects z ^C^; 

.*. /is the centre of the circle inscribed in a ABG, 
[This solution is taken from Leslie's Oeometricobl Analysis 
and Oeomeiry of Gurve Lines (1821), p. 22.] 



TRANSVERSALa 



1. Let H, K, Lhe the middle points of the sides BG, GA, AB of 

the triangle. 

Then AL • BH * GK = LB - EG - KA ; 
.', AH, BK, GL are concurrent. ^PP- VL 2 

2. See the notation adopted on p. 352 of EucUd, 

ABiBG = AP I GP, and AB - GP = BG - AP; VL 3, 16 
BG :GA = BQ I AQ, and BG - AQ = GA - BQ; VL 3, 16 
GA:AB = GN: BN, and GA - BN = AB - GN. VL 3, 16 
By multiplication^ and cancelling common factors, 
AQ'BN'GP = QB'NG- PA ; 
.•, AN, BP, GQ are concurrent. App. VL 2 

3. AB:BG= AP' : GP', and AB - GP' = BG - AP' ; VL A, 16 
BG :GA = BQ' :AQ', and BG - AQ' = GA • BQ' ; VL A, 16 
GA :AB= GN : BN, and GABN^AB- GN. VL 3, 16 

By multiplication, and cancelling common factors, 
AQ' . BN . GP' = Q'B • NG • P'A ; 
.-. -4^, BP', GQ' are concurrent. App. VL 2 

4. Because the points B, Z, Y, G are concydic, 

AB'AZ = AG'AY. ILL 36, Car. 

Similarly BG - BX = BA - BZ, 
and GA ^ GY - GB ' GX, 

By multiplication, and cancelling common factors, 
AZ-BX GY^ZB'XG * YA ; 
.', AX, BY, CZare concurrent. App. VL 2 
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5. Let AL, BK, OF meet BC, GA, AB at R, 8, T. 

Then BR i RG = AB^ : AG\ by the third deduction from 
VI. 8, and the first deduction from VI. 20 ; 

/. BR . AG^ = RG . AB\ 
Because as C8K, A SB are similar, 

/. GS : AS=GK ;AB = AG: AB ; 

.-. G8 'AB = A8' AG. 
Because A s -4 TG, BTF are similar, 

,'. AT X BT = AG I BF = AG : AB; 

.'. AT-AB = BT'Aa 

By multiplication, and cancelling common factors, 
AT' BR'G8= TB 'RG '8A; 

.'. AL, BKy GFare concurrent. App. VL 2 

6. Let BE, GD (fig. to VL 2) intersect at O. 

Join AOf and let it meet BG at H. 
Then AD \ DB ^ AE : EG, and AD * EG = DB - AE. 

VL 2, 16 
But AD'BH'GE=DB'HG' EA ; App. VL 2 

.-. by division, BH = HG. 
Conversely : Let il^ be the median from A ; 
through any point O on AH let BOE, GOD be drawn to 
meet AG, AB at E, D, 

Then AD - BH - GE = DB - HG - EA, App. VL 2 
But - BH = HG; 

.-. by division, AD - GE = DB - EA ; 

AD:DB:=^ AE : EG. VL 16 

7. To prove N', P, Q coUinear. 

AB:BG= AP : GP, and AB - GP - BG - AP; VL 3, 16 
BCiGA = BQ : AQ, and BG ^ AQ = GA - BQ; VL 3, 16 
GA : AB = GN' : BN', and GA ' BN' = AB ' GN\ F/.A,16 
By multiplication, and cancelling common factors, 
AQ . BN' . GP = QB - N'G - PA ; 
.'. N', P, Q are collinear. App, VL. 1 

8. To prove N\ P', Q' collinear. 

AB:BG = AP' : GP', and AB - GP' = BG • AP'; VL A, 16 
BG :GA = BQ' : AQ', and BG - AQ' = GA - BQ'; VL A, 16 
GA :AB = GN':BN',B,ndGA'BN'=AB'GN'. VL A. IS 
By multiplication, and cancelling common factors, 
AQ' . BN' . GP' = Q'B . N'G - P'A ; 
.'. N', P', Q' are coUinear. App. VL. 1 

R 
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9. Let ABC be the triangle, and let the tangents to the circle at 
A, £, C meet the opposite sides respectively at jD, U, F. 

Because A s ABDy CAD are mataally equiangular, ///. 32 
.\ BDiAD = AB : CA, 

and AD : CD ^ AB \ CA, VI. 4 

Compound these two proportions ; 
then BD : CD = AB^ : CA^ ; 
BD'CA^ = CD 'ABK 
Similarly CE . AB^ = AS - BC\ 
and AF'BC^ = BF - AG\ 

By multiplication, and cancelling common factors, 
AF BD 'CE = FB 'DC ' EA ; 
.*. D, Ef Fare ooUinear. App. VL 1 

10. Let AN be the bisector of z A, and let the perpendicular to 

il^ at its middle point meet BC at D. 

Join ADt and about A ^^C7 circumscribe a circle. 

Then i>^ = DN; .'. z Z)^^ = z Z)-^^. 
But z DAN = Z i>-4a + z 04-?/, 
and z D^il = Z -B + z -B-4^; 

.-. z 2>-4a + Z 04.^ =1 B + /L BAN; 

L DAC= L B; 

.*. ADS&9> tangent to the circumscribed circle, 
that is, the perpendicular to AN at its middle point meets 
BC where a tangent at A meets BC 

Hence also the perpendiculars to BPy CQ at their middle 
points meet CA, AB, where tangents at B, C meet GAy AB; 

.*. these three points are collinear, by the preceding deduc- 
tion. 

11. ForO'5" : OB" = O'A' : OA (from as O'A'B", OAB"); VL 4 

O'B" . OA = OB'' . 0'A\ VL 16 

Similarly OB' • 0"A" = 0"B' . OA, 
and 0"B * O'A' = O'B . OM". 

By multiplication^ and cancelling common factors, 
OB' . O'B" • 0"-B = 0"B' . 0.B" . 0'5; 
.'. BfB'^ B" are collinear. App, VL I 

12. Let ABODE be any polygon, and let its sides AB, BC, CD, 

DE, EA be cut by a transversal in the points F, O, JET, K, L 
respectively : to prove 

AF'BG-Cff'DK>EL==BFCO' DH . EK - AL. 
Join A, one of the vertices of the polygon, with G, D, the 
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Other vertices with which it is not joined fOready, and let 

ACf AD meet the transversal in M, N. 

From A ABG cut by the given transversal there results 

AF 'BO'GM= BF'CO' AM; App. VI. 1 

from A AGD out by the given transversal there results 

AM -GH-DN^GM 'DH- AN; App. VI. 1 

from A ADE cut by the given transversal there results 

AN 'DK 'EL = DN • EK . AL. App. VL 1 

By multiplication, and cancelling common factors,- 
AF ' BG ' GH * DK ^ EL = BF ^ GQ ' DH . EK . AL. 

13. Let ABGDEFhe a hexagon inscribed in a circle, and let the 

opposite sides AB, DE meet in G^; BG, EFmH; GD, FA 
in K: to prove O, H, K collinear. 

Produce the alternate sides EF, AB to meet at L ; AB, 
GD to meet at M; and OZ), ^^at N. 

From A LMN GMt by the transversals BG^ DE, FA, the 
three other alternate sides, there result 
LB ' MG ' NH =MB'NG' LH, 
LG 'MD'NE = MO'ND' LE, 
LA ' MK ' NF = MA' NK . LF. App. VL 1 

By multiplication, and remembering that 
LA ' LB = LE ' LF, MG • MD = MA . MB, NE • NF 
= NG . ND, IIL 36, Cor. 

there results LG • MK • NH = MG - NK - LH ; 
,•• O, H, K are collinear. App. VI. 1 

14. From A BGF cut by the transversal AD, there results 

BD'GO'FA = GD'FO' BA ; 

from A GAD cut by the transversal BE, there results 

GE* AG' DB = AE' DO' GB ; 

from A ABE out by the transversal GF, there results 

AF'BO'EG-BF'EO' AG. 

By multiplication, and remembering that 

FA' DB' EG^ FB' DG ' EA, 

AO'BO^GO 'AF'BD' GE 

= D0' EG ' FO 'AB' BG'GA ; 
.'. AG* BO ' GO I DO' EG- FO 

= AB'BG'CAiAF'BD' GE. 

15. Draw AX x BG. 

Then AG"^ = AD^ + GD^ -2.GD' DX ; II. 13 

.' . AG^ ' BD = AD^ ' BD ^- GD^ 'BD^2BD'DG ' DX{y). 
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Again, AB* = AD^ + BD" ±2BD- DX. 11. 12, 13 

.\AB^'GD^AD^'CD-{'BD^'CD±2BD'DCDX[2\ 

From (1) and (2) by addition or subtraction, 

AC^ . BD ± AB^ . CD 

= AD^ . {BD ± GD) ^BD'CD {CD ± BD\ 
^ AD^ . BC ±BD'DG-BG. 

Appendix, IL 1. 

If D be the middle point of BG, 
then AG^'BD-^ AB^ *BD^2, AD^ - BD + 2 BD\ 
Divide both udea by BD ; 
then AG^ + AB^ = 2 AD^ + 2 BD\ 

First deduction of Book IL 

If AB = AG, and D lie on BG, 
then AB^ . J5i> + ^B« . GD = ^D> . BG + BD-DO-BG; 

/. ilB» . (J5i> + 2)(7) = (.42)» + BD . 7X7) • BG. 

Divide both sides by BG, which = -BjD + DC; 
then AB* = u4D« + 5i> . DG; 

/. ^^a - AD* = BD . Da 

Ji AB = AG, and i> lie on BG produced, 
then AB* • BD - -45» . (7i> = AD*'BG - 52) • DC-BC; 
.-. ^5« (52) - GD) = {AD* - BD - DC) • BG. 
Divide both sides by BG, which = BD ~ CD; 

AB* = ^2)2 - BD . 2>(7; 
/. AD* - ul5» = -B2) . DG. 

VLR 
Ji AD bisect the interior vertical angle at A, 
then .45 : ^(7= B2> : C7A and AGBD = ABGD. VI. 3, 16 
Hence AG - AB * GD ^ AB - AG - BD 

^{AD*'¥ BD'DO'BG; 
.\ AB»AG'{GD + 52)) = (il2)a + BD-DC) -BG. 
Divide both sides by 5(7, which = 02) + BD; 
.'. AB'AC= AD* + BD . 2)0; 
.-. -42)2 ^AB'AC'BD'DG. 

li AD bisect the exterior vertical angle at A, 
then AB I AG = BDiCD, and AC BD = AB. CD, VT. A, 16 
Hence AC • AB . CD - AB • AC • 52) 

= {AD* - 52) . DC)' BO; 
AB'AG'{BD- GD) = {BD*DC- AD*)'BG. 
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Divide both sides by BG, which = BD - CD ; 
/. ABAC=BD'DO- AD^; 
.-. AD^ ^BD^DG- AB'Aa 

Appendix, VL 8. 
If the two bisectors in the preceding deduction be denoted 
by AD\ and AD^ 

then AB'AG - BD^* DiO - AD^y 
and BDi -D^G - AB - AG = AD^; 
.-. BD^'D^G - BD^'I>iG = AD^^AD^, 

= J\D^. L 47 

16. For AF • AF' = AE • AE\ 

BD . BD' = BF . -BJ'', 

GE . C^' = (7i> . Giy; IIL 36, or Cor. 

X .*. by multiplication we obtain the relation specified. 

17. Since l s Atl^, Ahli are mutually equiangular, by (13) of the 

nineteenth deduction of Book IV.; 

.-. AIiAh^AhiAIi; r/.4 

/. AI . All = -4/, . AI^, VL 16 

Again, as ABI^, AI^ are mutually equiangular, 
by (14) (a) of the nineteenth deduction of Book IV. ; 

ABiAl^= AhxAG; VL 4: 

Ah • AI^ = AB . -4(7; T/. 16 

Al . -4/i = il5 . AG, 
Similarly BI . BU = BA • j?a, 
and GI - Gh = GA • OB; 

.-. AI'BI'GI'AI^BI^^Gh = {AB'BG'GA)^; 
.-. AI'BI'GI : AB'BG'GA = AB^BG-GA lAIrBI^GIg. 

Ifi nM?nr^^ ^^ C^ _ »-a «-6 «-c_ 

18. (l)For^^.^ .^ - -_.__.__== 1. 

AFi BD^ GE,_ 8 8-e s-b^ 
(2) For ^ . g^ . 2^ - ^-^^ . j^^ . -^ = 1. 

Hence also (3) and (4). 

,-. -, AF^ BDi GE2 ^s-ha-c8-a , 
(5) For ^^ . g^^ . -^^ - ^-^ . ^-^ . J— -^ = 1 . 

(6)For^.gr^ .•j^--j-.j— ^.^-^=1. 

Hence also (7) and (8). 
(9) Let Qi be the point where DE meets AB, 

AQi _GD AE _ {8- c){8' a) _8-a 



Then 



BQi BD GE (« - 6) (« - c) » - 6" 
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Let Qy be tlie point where D^Ei meets AB. 

Than^^i'-^ 4El= <*-«)* -^-«. 
^'^ 507 "BD/ CEi s{s-b) 9-b* 

.-. Qi and Q^' are the same point. 

Henoe also (10) and (11). 

(12) Let Qs be the point where DyE^ meets AB, 

Ti,.« -^Oa - C;^i AE^_ {a-h){8--c ) _8-h 
^^^^ BQi ~ Blh ' CEi (« - c) (« - o) s- a 
Let Q^ be the point where D^E^ meets il^. 

__4^_CD8 -4^. 8{s-b) ,s- 6. 
^^®^ ^Q,' " ^Dj • C^, " (« - a) » « - a' 

.'. Q, and Qs' are the same point. 

Hence also (13) and (14). 

(15) Let Q, be the point where NP meets AB. 

AQz ^ ON AP 



Then 



BQi BN OP' 

ab be 6 + ca + c 



^ b + c a + c ae a6' 

by the ninth deduction from VL 3, 
b 
a 

But Iil^t since it bisects the exterior angle at Oy meets AB at 

a point the ratio of whose distances from A and B = - ; VL A 

.*. /1/2 passes through Q^ 
Hence also (16) and (17). 
19. Let A'B'G' be the triangle formed by drawing through A^ By 
parallels to the opposite sides, A'B' being i| ABy B'C \\ BCy 
O'A' n OA, 
From A BGE^ cut by the transversal AI'D^ there insults 
BP iFE^ = BDi . OA : ODi-AE^, App. VL 1, Oor. 1 
s= (« - c) 6 l{8 ~ b) {8 - c), 
= 6 : « - 6. 

If through /' there be drawn a parallel to BO, meeting AC 
in U and AX, which is ± £(7, in V, this parallel will divide 
OE^f or 8 - a^ into two segments proportional to b and a — b. 

Hence CCr=5JLzi^,and^C7 = 6- ^(.IZiD = 5*. 
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Now ACiAX^AUxAV; 

b:^^^:AV; 
as 

.4 r = 2 r, 

that is, the distance of /' from B'G' iB 2r. 

Hence also the distance of /' from C'A' and A'B' is 2r; 

.*. /'is the centre of the circle inscribed in A A'B'C\ 

Similarly it may be proved that 

the distance of /i' from BV\ G'A', A'B' is 2r^, 

the distance of I^ from B'0\ C'A\ A'B' is 2ra, 

the distance of U ^m B'0\ O'A', A'B' is 2rs. 

20. Ci» ^i» A *^ oollinear. 

„ AQ^ BKy CP^ s~a 8-6 8 - e _ 
^^^ BQ[' ON^' APi ~«-6*«-c'«-a"^- 
Qij N^, P%ti!'^ oollinear. 
™ AQ. BNo, GP2 9- b 8 - c 9- a _ 

BQ2 CN2 AP^ 8 ~ a 8 - b 8 - G 
Qz» N't, Pi are oollinear. 

^'''' BQVGN-'APi''a'b' l^^' 

Again consider A AQiPi cut by the transversals p and q. 

Let T be the point where p meets QiPi or n. 

T>iA« -M - QiQa ' ^i^« _ c? 6(8 - c) b-a c-a 
iflon ^^y - ^^^ p^^^ - 6 - o ' c - a * c(« - 6) * fta > 

— <^(* " <^) 
" b{8 - 6)' 

Let T' be the point where q meets Q^P^ or n. 

Then ft^' - ftft • ^-^8 _ c('- c) _^ ftjlja c-g 

"6(8-c)' 
.'. T and ^' are the same point. 
•'• **f A 9 <ure ooncurrent. 



HARMONICAL PROGRESSION. 

1. Let AB (fig. to VI. 30) be cat in extreme and mean ratio at G. 
Then AB i AG = AG i BG; 
.-. AB- AG:AB^AG-BG: AG; 
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An nn ^ ^^-^A^^zA^) AO-BG 
AU-JSU 25 -AG+BG' 

2. Let AB and AD (fig. to VI. 10) be the mean and the greater 

extreme. 

Draw any line AE making an angle with AD ; take any 

point i^ in it, and join DF. Through B draw BH || DF, 

and make FO = FH ; join GB, and draw FG \\ GB, meeting 

AB at G. 

Because AGiGB = AFi FG, VL 2 

= AFiFH, 

^ADxDB; VL2 

•'. ADf AB, AG are in harmonical progression. 

3. Let AB and AG (fig. to VL 10) be the mean and the less 

extreme. 

Draw any line AE making an angle with AB ; take any 

point F in it, and join GF, Through B draw BG || GF, and 

make FH = FG ; join HB, and draw FD \\ HB, meeting AB 

produced at D. 

Because AG : GB ^^ AF : FG, VL 2 

= AF : FH, 

= ADiDB ; VL 2 

.'. ADf AB, AG are in harmonical progression. 

4. Let AG and AD (fig. to VL 10) be the two extremes. 

Draw any line AE making an angle with AD ; take' any 
point i^in it, and join GF, DF. In FE take any point K, 
and from FA cut off FL = FK ; through K and L draw 
KM, LM respectively parallel to GF, DF. If ilf is not 
situated on GD, join FM, and let FM, produced if necessary, 
cut GD at B, AB is the required mean. 

Through B draw BG, BH respectively parallel to KM, 
LM. 
Then FG : FK =:z FB : FG, VL 4 

= FH : FL. VL 4 

But FK = FL ; .-. FG = FH. 

Now AG:GB= AF: FG, VI. 2 

= AF : FH, 

= AD:DB; VL2 

.*. AD, AB, AG axe in harmonical progression. 

6. Let EF be a chord, AB a diameter perpendicular to it ; from (?» 
any point in the 0°*, let EG and FG be drawn ; let FG cut 
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AB in Cj and EG produced cut AB produced in D; to 
prove that A, C, B, D form a harmonic range. 
Join AO, BO. 
Since AB is ± EF, .•. arc AE = arc AF; 

.-. A AGE = I AOF, or I GQE is hiaecbedhy AG. 
Hence BG, which ia ± AG, bisects z CGD; 

.-. DB :BG = DG: GG, VL 3 

and DG:GG=DA: AG; VL A 

.-. DB :BG= DA : AG; 

.*. DG is cut harmonically at A and B; 

.*. AB is cut harmonically at G and D. App. VL 4 

6. Let FGG be a circle, EF, EG two tangents to it from E, and 

FG the chord of contact. Let AB, a third tangent to the 
circle at G, cut EF at u^, i^(7 at B, and i^ti' produced at 2> : 
to prove that A, G, B, D form a harmonic range. 
From A draw AH \\ EG, meeting FG at H. 
Since A ^J^G' is isosceles, ///. 17, Gor. 

,'. A AFH is isosceles, and AH = AF = AG; IIL 17, Gw. 
and 5G^ = BG, IIL 17, Cor. 

Now since as AHD, BGD are similar, 
.-. ADiDB^AHi BG, 
= AG :GB; 
.'. A, G, Bf D form a harmonic rangOi 

7. Let AF meet DE sA G, and 5(7 at ^. 

Then HA\AG= BAi AD(ixom ab BHA,DGA), VL4^ 

= BG :DE (from A s ABG, ADE), VL 4 

= BF :FE (from as jBjP'Oi ^i?7>), F7. 4 

= HF:FG (from lbBHF,EGF); 77.4 

.' . ^, G^, ^, jB* form a harmonic range. 

Again,GH:EG = HAtAG (from £^bAHG,AGE), VL4 

==HF:FG, 

= BH:EG (from As -»-&#, -270^^); r/.4 
55^ = CiT. 

8. Let DE, DF be two tangents to a circle from a point D, and 

EF the chord of contact. From D let the secant DBA be 
drawn cutting the O^ at 5 and A, and EFat G: 
to prove that ^, C, B, D form a harmonic range. 
Since A DEF is isosceles, 

.-. ED^ = Ci>2 + EG • CJ?; by the first deduction of Book 11. 

.% AD'DB=: GD^ + AG* GB; IIL 36, and C7or. 
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.\AD'DB - AC*CB= CD^ ; 

.*. A^ C, B, D form a harmonic range. App. VL 8 

9. Let EC meet the 0<^ at F and O. Bisect AB at O; draw 

O^ ± FG, and therefore bisecting ^6^. ///. 3 

Since the angles at H and D are right, 

.*. the points 0, H^ D, E are coney clic ; 

.-. HG*CE= 00' OD, III. 36 

^AO'OB, App.VLl 

= 00* OF; IILS5 

.*. Of O, F, E form a harmonic range. App, VL 7 

10. For DE = radius = i {AD + DB) ; 

DF^ = AD'DB; 111,^35 

"!q nn _ ^D'DB _ 2AD'DB __ 2AD'DB 

^^^^ DE~~'^ 2DE "AD+DB' 

Again, DF^ = AD DB =^ ED - DO, ILL 35 

which proves App. VI. 6, Cor. 2. 

11. For DE=i {AD + DB) ; 

DF^ = AD . DB. ILL 36 

Now since A DEF is right-angled, ///. 18 

.-. EO'ED:= EF\ VI. 8, Ocn^. 

= iW5» ; 

and EA = i^B ; 

.'. Af Oy B, D form a harmonic range ; '^PP* VI. 5 

.'. DO is the harmonic mean between DA and DB. 

Again, i>i^^ = ED • i>C, FJ. 8, Oor. 

which proves App. VL 6, Cor. 2. 

12. Let • AOBD be a pencil, i^^ a transversal || OA^ and bisected 

at O by 0J5, i^ being on 0(7, and /T on OD : to prove that 
the pencil cuts any transversal AOBD harmonically. 

Through B draw KL \\ OA, meeting 00, OD, produced if 
necessary, at K, L respectively. 

Then OB : BK = 00 : OF, VL 4 

= 00 : Off, 

= 0B:BL; VL4 

BK = BL; 
AOiBK- AOi BL. 
Now AO'.BK=AOi BO, VL 4 

and AO:BL = AD'.BD; VI. A 

AO \ BO = ADiBD; 
.*. A, O, B, D form a harmonic range, 
and the pencil • AOBD is harmonic 
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13. Let O • ACBD (fig. to the preceding deduction) be a harmonic 

pencil, and Ay G, B, D sk harmonic range ; let FH, which 
is II OAy intersect OB mO: to prove OF = OH, 

Through B draw KL || OA, meeting OG, CD, produced if 
necessary, at iT, L respectively. 

Since A, G, B, D form a harmonic range. 
.*. AG :BG = AD : BD. 

But AG :BG = AO: BK, VL 4 

Kidi ADiBD=^AO iBL; VI. 4. 

.-. AOiBK = AOiBL; 

BK = BL. 
Hence OF = OH. 

14. The bisector of the interior vertical angle cuts the base inter- 

nally in the ratio of the sides, and the bisector of the exterior 
vertical angle cuts the base externally in the ratio of the 
sides. 

15. Let At Gy Bj D hQ Vk harmonic range, and O • AGBD a har- 

monic pencil, and let z AOB be right. 

Through B draw KL \\ OA, meeting OC, OD, produced if 

necessary, at K^ L respectively. 

Then, as in the thirteenth deduction of this set, BK = BL. 
Since BK is || OA, and L AOB\a right, 

.-. I OBK is right ; /. 29 

.'. I OBL is right ; 

.'.AS OBKy OBL are congruent, /. 4 

and 05 bisects z COD. 
Hence OA bisects the angle supplementary to z GOD. 

16. Let the pencil O • AGBD divide the transversal AGBD har- 

monically: to prove that it will divide the transversal 
A'G'B'D' harmonically. 

Through B' draw K' L* || OAy meeting 0(7, OD, produced 
if necessary, z,\,K'yL' respectively. 

Then K' V is bisected by OBy by the thirteenth deduction 
of this set ; 

.'. A'yG'y B'y D' \b A hanuomc range, by the twelfth deduc- 
tion of this set. 
17. Let GG'y BB' meet at 0; join OAy OD. 

If OD does not pass through D'y let it cut AG'B' at D". 

Since the pencil • AGBD cuts the transversal AOBB 
harmonically, 
.*. it will cut the transversal AG'B'D" harmonically ; 
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I 

.*. A, 0\ B't D" fonn a harmoiiic range ; 

/. AO' : B'C = AD" : B'D". 
But smce A^ C\ B\ D* form a harmonic ranges 

.-. AC I B'C =:AD':B'D'; 

/. AD" : B'D" = AD' : B'D', 

which is imposeible unless D' and D" be the same point, by 
the first deduction of Book YL 
Hence CC, BB', DD' are concurrent. 

18. From A EAB cut by the transversal OFD there results 

AD:DB = FS*OA :BF' EG; App, VI. 1, Oor. 1 

from A EAB and the three concurrent straight lines EC, 
AF, BG, there results 
AO:GB = FE'GA:BF> EG; App. VL 2, Cor. 1 

.-. AG:CB = AD:DB; 

.*. A, O, B, D form a harmonic range. 

19. If z ACB - z ABO = a right angle, 

then z ^D^ - z ADG = a right angle. 
But z ^i>J? - z AED = a right angle; 

.-. z ADO = I AED; 

AD = ^^, and ^i>> r= AE^; 

.'. BE»EO - BA - AO=BA ' AO - BD* DG; 

.*. £^ • j^(7, ^il • AG, BD* DG toe in arithmetical pro- 
gression. 

Again, since BD : DG = BA : AG = BE : EG, VL S, A 
.*. the three rectangles BD - DG, BA - AG, BE * EC are 
similar figures. 
Now if z ACB is right, since A DAE is right-angled, 

DG I GA = AGiGE; VLB, Gar. 

.-. BD'DG:BA'AG=BA'AG:BE' EC; VL 22 
.'. BD • DC, BA ' AG, BE » EC axe ia geometrical pro- 
gression. 

Lastly, if z BAG is right, then z DAG = half a right 
angle; 
.*. z EAG = half a right angle ; 

CE:CD = AE:AD; VL S 

.-. BE- EG : BD'DG = AE^ : ADK VL 22 

Now BE-EC - BA'AG = AE\ 
and BA' AC - BD' DG= AD^ ; 

.'. ^i7 • ^C, ^ul • AC, BD • DC7 are in harmonical pro- 
gression. 
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[It may be noted that Dr Lardner's proof of the second 
part of this deduction is not quite sound.] 
20. Let O be the centre of the circle, AB & side of the inscribed 
polygon K, GD a radius perpendicular to, and therefore 
bisecting AB in L 

If EF be drawn, touching the circle in i>, and terminated by 
CA and GB produced, EF wiU be a side of the circumscribed 
polygon L of the same number of sides. 
Also a AD he joined, and at the points A and B tangents be 
drawn to meet EF in O and iT, AD and OH will be sides of 
the polygons M and Ny of twice the number of sides. 
Now of A s GAI, GED, GAD, COH the polygons K, L, M, N 
are the same equimultiples ; 

and A GAl : A GAD = Gl : GD, VI. 1 

= GA : GE, VI. 2 

= A GAD I A GED; 
K iM=M I L. 
Again, A GOH = 2 a GGD = GAOD; 
A GED - A GOH = A AEO, 
and A GOH - A GAD = A AOD ; 
.-. A (7^i> - A GOH : A OG^JJ - A GAD, 

= A -4^0^ : A AOD, 
= ^G' : OD, VL\ 

= J^a : GD, VLS 

= ^(7 I GA, 
r^hGED : lGAD; VLl 

.'.AS GED, GOH, GAD are in harmonical progression ; 
.' . L,N,M are in harmonical progression. 



CENTRES OF SIMILITUDE. 

1. When they touch externally, the point of contact is the internal 

centre of similitude. In that case the external centre is 
situated outside both circles. 

The truth of the last statement, and of some of those that 
follow, is seen by supposing the situation of either centre of 
similitude not to be as stated, and then showing that the 
8upx)0sed situation is inconsistent with Def. 5, on p. 352. 

2. When they touch internally, the point of contact is the external 

centre of similitude. In that case the internal centre of 
similitude is inside both circles. 
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3. When the circles are exterior to each other, and have no common 

point, both centres of similitude are ontside both circles. 
When the one circle is inside the other, and does not touch it, 
both centres of similitude are inside both circles. 

4. When the circles intersect each other. 

5. Let A and B be the centres of two circles which intersect at 

F and (7, and let /, E be the intenii(l and external centres of 
similitude. 

Join F to A, I, B, E. 

Then AI : BI = AF : BF = AE : BE; 
.*. FI bisects i AFB, and FE bisects the angle adjacent 
to I AFB. VI. 3, A 

6. Let A, B he the centres of two circles, and let the direct 

common tangent ilfj^ intersect the Une of centres AB 
produced in E. 
Join AM, BN. 

Then a s A EM, BEN are mutually equiangular, 
since i s AME, BNE are right ; ///. 18 

AEiBE^ AM : BN ; VI. 4 

.*. iS^ is the external centre of similitude. 

Again, let the transverse common tangent PQ intersect the 
line of centres AB in /. 
Join AP, BQ. 

Then A s AIP, BIQ are mutually equiangular, 
since IB API, BQI are right ; ///. 18 

AI:BI = AP'.BQ; VI. 4 

.*. / is the internal centre of similitude. 

7. Let A and B be the centres of two circles whose radii are 

a and b, and let E be the external centre^ of similitude. 
From E draw EM tangent^o the circle A, 
Join AM, and draw BN ± EM. 
Since /lb M and N are right, and z ^ is common, 
.'.AS AEM, BEN are mutually equiangular ; 
.-. AE:BE= AN: BN, VI. 4 

= a : BN. 
But AE : BE = a : b; 

a : b = a I BN ; 
.\ BN = 6, that is, N lies on the O*® of circle B, 
Now since z BNE is right, EN is tangent to the circle .S. 

The proof for the internal centre of similitude is similar to 
the preceding. 
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8. See fig. on p. 251 of Euclid, 

A is the external centre of similitade of the circles DEF, 
DiEiFi; and A is the internal centre of similitude of the 
circles D^E^F^, DsE^F^, by the sixth deduction of this set. 
Similarly for B and G. 

9. See fig. on p. 251 of Euclid, 

The point N is the point of intersection of BG and //j. 
Now III is ^^0 ^3 o^ centres of the circles DEF, DiE\Fi, 
and BG is a transverse common tangent to them ; 
.*. by the sixth deduction of this set, 

N is the internal centre of similitude of the circles DEF^ 
JjiEi F-^, 
Similarly for P and Q, 

10. See fig. on p. 251 of Eudid, 

The point N' is the point of intersection of BG and I^T^, 
Now I^Iz is the line of centres of the circles D^E^F^^ 
D^EzF^, and BG is a direct common tangent to them ; 
.*. by the sixth deduction of this set, 

N' is the external centre of similitude of the circles D^E^F^, 
D^EzF^, 
Similarly for P' and Q'. 

11. Let AM, BN be parallel and similarly directed radii in the two 

circles whose centres are A and B, and let MN and AB 
produced meet at E, 

Then as AEM, BEN are mutually equiangular ; 
.-. AE:BE= AM : BN ; VI, 4 

.*. ^ is the external centre of similitude. 

Again, let AM, BK be parallel and oppositely directed 
radii in the two circles whose centres are A and Bj and let 
MK and AB meet at /. 

Then as AIM, BIK are mutually equiangular ; 
.-. AI:BI=^AMiBK; 
.*. /is the internal centre of similitude. 

12. Let E be the external centre of similitude of the two circles 

whose centres are A and B; through E let there be drawn 
the secant ENQMP, N and Q being on the circle B, M and 
P on the cirde A : to prove AM \\ BN, and AP || BQ. 

From E draw EKH a common tangent to the two circles, 
and join AH, BK. 

Then A s AEH, BEK are mutually equiangular ; 
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.-. AEiBE = AH : BK, VL 4 

= AM I BN. 
Now in A a AEM, BEN, l AME is greater than i AHE, 
and I BNE is greater than z BKE ; 

.- . z B AME, BNE are both obtuse ; 

.-. A8-4^if, ^^iVaresimilar, VLl 

and z MAE= z ^5^; 

.-. ^if is II BN, 
Similarly AP is || BQ, 

13. It has been proved in the previous deduction that ^ Jlf is jj BN^ 

oadAPWBQ; 

/. z MAP = z JraO. /. 34, Cor. 

Now z MHP is supplementary to half z MAP, 
and z JViiTQ is supplementary to half z ^i?Q ; 

.-. z JIfJJP = z iV^JTO; 

.'. segment MHP is similar to segment NKQ, 

14. Let DI produced (fig. on p. 251 of Evdid) meet the inscribed 

circle at J. 

Then /•/, /^Di are parallel and similarly directed radii of 
the circles DEF, D^E^F^; 

.*. DiJ produced passes through Ay the external centre of 
similitude of the circles DEF, D^E^F-^, 

15. The straight line joining the vertex of a triangle to the inscribed 

point of contact on the base, intersects the escribed radius 
perpendicular to the base on the escribed circle. 

Let D\I\ produced (fig. on p. 251 of EucUd) meet the 
escribed circle at Ji, 

Then /i«/i, ID are parallel and similarly ^directed radii of 
the circles A-Ei-^u DEF; 

.'. JiD produced passes through u4, the external centre of 
similitude of the circles D^E^Fi, DEF. 

16. If H be the middle point of BG, it is also the middle point of 

DD-ii by (16) of the nineteenth deduction of Book IV. ; 
.-. in A DD^J, HI is || D^J; App, /. 1 

.*. in A DDiAf HI produced bisects AD, App, 1. 1, Oor, 1 

17. The middle point of the base of a triangle, the first escribed 

centre, and the middle of the line drawn from the vertex to 
the point of escribed contact on the base are collinear. 
For in A DiJ^D, hH is || J^D ; App, I, 1 

and in A D^J^A, /i IT produced bisects AD^, 

App, I, 1, Cor, 1 
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18b Let A and B be the centres of the fixed circles, C the centre of 
the variable circle which touches them at M, Q : 
to prove that MQ passes throagh £J or L 

Join AO, BG which pass through N and Q, Let MQ meet 
the circle B again at N, and join ^JV. 
Then i GMQ = z CQM, /. 5 

= z BQN, 

= 1 BNQ; 1.5 

.-. AMiaWBN; 

.'. MQ passes through E or /, according as AM, BN are 
similarly or oppositely directed. 

19. The potency of E with respect to the variable circle C (fig. to 

the preceding deduction) is constant. 
For AM :BN= EM: EN, 

= EM 'EQiEN ' EQ. VI. I 

Now EN ' EQ is constant, since the circle B is fixed ; 

.*. EM • EQ, which bears a constant ratio to EN • EQ, is 
constant. 

Hence the potency of G with respect to another circle D 
which touches A and B is constant and = EM • EQ ; 

.'. E lies on the radical axis of G and D, 

20. Let ^, ^, C7 be the centres of the three circles, and let their 

radii be denoted by a, b, c respectively. Let the internal and 
external centres of similitude of B and G he Ii, Eij ot G and 
A, h, E^; of A and B, I^, E3. 

(1) To prove Ei, E29 E3 collinear. 
Join El E^, EiEz, and through B draw BF |i E^Eg, 



Then AE^ 

But AE^ 

AE2 

AE^ 

Now AE^ 

FE^ 



BE3 = a:b. 

BEs = AEiiFE^; VI. 2 

FEa = a : 6; 
a = FE2 : 6. 
a = GE2 I c; 
GE^ = b :c, 
:=BEi 'OEiJ 
.'. BFiaWE^E^ VI. 2 

But BF was drawn || E^Et ; 
.*. El, E^, Es are collinear. 
(2) To prove E^, /j, /g collinear. 
Join E2I3, and throagh G draw GO || ^3/1- 
Then AE^ : OE2 ==aiC. 

B 
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But AE^iCE^=^ AI^'.Qh; 

AI^ : GI^ = a :e; 
Ali I a = (7/3 : e. 
Now Ali : a = BI^ : 6; 
W, : Biz = e :by 

= CIiiBIi; 
.'. j^s-'s P'^^'^B through /i ; 
.*. iSs, /i, I^ are coUinear. 

Hence also Ei, /g, /s are oollinear, as well as E^^ Ji, /]. 
[Concise proo& of the collinearity of these sets of three points 
may be obtained by the method of Transversals.] 



LOCL 

1. Let ABO be the given triangle, and let DE be one of the 

straight lines drawn || BG, and terminated by AB, AG^ or 
ABj AG produced. 

Bisect BG in F; join AF, and let AF or AF produced 
meet DE at O, 

Then AG :OD = AF:FB, T/. 4 

= AF:FG, 

= AG : GE; VL 4 

.*. GD = GE, that is, the middle point of DE lies on AF 
or AF produced. 
Hence AF produced both ways is the locus. 

2. Let A be the given pointy BO the given straight line, K : L the 

given ratio. 

Draw any straight line AD to BO ; divide AD internally 
at E and externally at ^ in the ratio oi K : L, Through E 
and F draw parallels to BG. These parallels constitute the 
locus. 

3. Let A be the given point (fig. on p. 104 of Etuilid), the centre 

of the given circle, K : L the given ratio. 

Join AOf and from A draw any straight line AB to the 
given O**. 

Divide AG in D, so that AD :DG= K iL; join CB^ and 
draw DE H OB. 

Then AE : EB = AD : DO, VI. 2 

= K : L; 
that is, the straight line drawn through D, a fixed point 



Book VL] LOOT. 289 

parallel to CB, always cuts AB in the given ratio, however 
AB may be situated. 

Again A s AGB, ADE are mutoally equiangular ; 

AC : AD = CB: DR VI. 4 

Bnt since AD : DC = K \ L, 

AC : AD = K + L :K,hy addition ; 
K+ L :K = CB : DE, 
that is, DE is a fourth proportional to iT + i/, •^i <u^d CB, 
Now K + L, K, and CB are all constant magnitudes ; 
.*. DE must be constant ; 

,'. the locus of ^ is the o^ of a circle with D for centre and 
DE for radius. 

If AB' instead of AB be considered as the variable line, 
and a similar construction be made with regard to it, it may 
be proved as before that DE\ the parallel through D to CB\ 
cuts AB' ia the given ratio, and that DE' is a fourth proper- 
tional to K + L,K, and CB'. Hence the locus of ^' is the 
same as the locus of E. 

UK : L he Sk ratio of greater inequality, divide AC pro- 
duced at Ff so that AF : FC = K : L ; through F draw 
FO II CB to meet AB produced at O. 

Then it may be proved as before that AO : OB = K : L; 
that FO is a fourth proportional to K - L, K, and CB, and 
that FO is constant 

Hence the locus of (? is the 0°* of a circle with F for centre 
and FO for radius. 

Ji K : Lhe a ratio of less inequality, divide CA produced 
at F so that AF : FC = K i L; through F draw FO || CB 
to meet BA produced at O. 

Then as before the locus of G^ is the O^ of a circle whose 
centre is F and radius FO, a fourth proportional to L - K, 
K and CB, 
4. Since the base and the vertical angle of the triangle are given, 
the locus of ithe vertex is the arc of a segment of a circle 
described on the given base, and containing an angle equal 
to the given vertical angle. Let BC be the given base, A 
one position of the vertex. 

Then H, the middle point of BC, is given, and O the 
oentroid divides HA in the ratio 1:2; 
.'. the loous of 6^ is an arc of a circle, by the previous 
deduction. 



290 KET TO EUCLID'S ELEMENTS. [BoOk YL 

& Lei ABf AC he the two given straight lines, and let the 
distance of the point from AB be to its distance from AC 
BB K i L. 

Take any point in AB, and at it draw a perpendicular to 
AB equal to K ; take any point in AC, and at it draw a 
perpendicular to ^C equal to L, Through the ends of these 
perpendiculars draw parallels to AB, AG respectively, 
meeting at a point P^ Join AP-^, 

A Pi produced is part of the locus. 

To obtain the complete locus, draw the perpendiculars to 
AB, AC on both sides of AB, AC ; the parallels to AB, AC 
drawn through the extremities of the perpendiculars wiU 
intersect in three other points P^fPsiP^* If P^ be situated 
within the angle BAC, P^ within the angle contained by AC 
and BA produced, P^ within the angle contained by BA 
produced and CA produced, P4 within the angle contained 
by AB and CA produced, it will be found that ilP^ and APz 
are in one straight line, and AP^ and AP^ are in one straight 
line. The complete locus therefore consists of PiP^ and P2P4 
produced indefinitely. 

If the two given straight lines be parallel, draw any per- 
pendicular to them, and divide that portion of it intercepted 
by the two internally and externally in the given ratia 
Through the two points of section draw parallels to the given 
straight lines. 

6. If AB and BC subtend equal angles at D, 

then AD:DC=AB: BC. VI. 3 

Now AC is known, and AB : BC is known ; 
.'. this deduction is the same as the succeeding one. 

7. Let BC be the given base, K : L the given ratia 

Divide BC internally at D and externally at i7 in the ratio 
K iL; 
then D and B are fixed points, and DE is a fixed distanca 

Let A be any point on the locus of the vertex. Join A to 
B, D, a, E. 

Then BA \ AC ^ BB \ DC, and BAiAC^BEi EC; 
.*. AD bisects z BACt and AE bisects the supplement of 
I BAG; VI. 3, A 

.-. L Z>il^ is right; 
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.*. the fixed distance DE subtends at any point of the locus 
a right angle. 
.*. the locus of ^ is the circle described on DE as diameter. 

a Let ABG be a triangle. From A draw AX ± BC ; bisect AX 
at U, and BC at H, 
Then when the inscribed rectangle is infinitely thin as ^X, 

U is the intersection of its diagonals ; when it is infinitely 
thin as BC, H is the intersection of its diagonals ; 

. *. the points U and H belong to the locus. 

To prove that the locus is UH, let DEFG be a rectangle 
inscribed in A ABC, D being on AB, E on AO, and F and O 
onBG. 

Join AH cutting DE at M; through M draw MN ± BG, 
and cutting UH at 0. 
Since AHia& median, and DE is || BG, 

.'. Mia the middle point of DE, and the intersection of the 
diagonals of DEFG is the middle point of MN, 
Since HU is a median of A HAX, and MN iB\\ AX, 

.*. O is the middle point of MN ; 

.*. the intersection of the diagonals of DEFG lies on UH, 

Corresponding to the rectangles which have two of their 
vertices situated on GA there will be another straight line 
KV joining K, the middle of GA, to V, the middle of the 
perpendicular drawn from B to GA; to the rectangles which 
have two of their vertices situated on AB there will be 
a straight line LW joining L, the middle of AB, to TT, the 
middle of the perpendicular drawn from G to AB, Hence 
the complete locus consists of these three straight lines, 
which may be proved to be concurrent. 

9. Let BD, GE meet at F, and join AF. 

Since l BAG = z DAE, .-. l BAD = L GAE ; 
and ABiAD = AG:AE; 

.*. As^^A^C!^ are similar, K/. 6 

and L ADF = l AEF. 
Hence the four points A, D, E, F axe concyclic ; ///. 21 

.'. I AFG iaeviTpplemeintary to I ADE; 111,22 

.'. z ^^(7 is supplementary to z ABG; 

.*. the four points A, B, G, F are concyclic ; ///. 22 

.'. the locus of F is the circle circumscribed about the 
fixed A ABG. 
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10. The rhombus A BCD oonsigtB of two equilateral triaagles ; 

.'. one pair of its angles are each = f of 2 rt. la, 
and the other pair are each = )■ of 2 rt. z s. 
Since A 8 PAD, DCQ are mntually equiangular, 

.-. PAiAD = DCiCQ; F/.4 

.-. PA I AG ^ AC \ CQ, 

Now L PAG = iof2rt Z8=z AGQ; 
.-. AS PiiC7,^aQ are similar, F/. 6 

and L AGP = L GQA ; 
/. L GAM + I AGM = I GAQ + i GQA, 

= i of 2 rt. z s ; 
I AUG = f of 2 rt. z s ; 
.'. the four points A, B, G, M are concydic ; ///. 22 

.*. the locus of Jf is the O*^ of the circle circumscribed 
about A ABG, 

11. Let A be the vertex of one of the series of triangles on the fixed 

base BG ; then the locus of il is the O^ of a circle, since 

BA is a given length. 

Let the bisector of L ABG meet AG 9.i D ; 

then GDiDA==GBi BA, VL 3 

= a given ratio ; 
.*. by the third deduction of this set, the locus of 2> is the 
0«» of a cirda 

If the bisector of the exterior angle at B, meets CA pro- 
duced at E, then GJS : JEA = GB : BA, VL A 

= a given ratio ; 
.'.by the third deduction of this set, the locus of 2> is the 
0<* of a circle. 

The centre of the first circle is on GB, the centre of the 
second on GB produced. 

12. Let the tangents from G and D to the circle intersect the 

tangent at ^ in the points K, L respectively, and each other 

in M. 

From M draw MP JL BA produced. 

Join 0, the centre of the circle, with K, G, and E the point 

of contact of KG. 

Then z OKG = J z AKG, L OGK = J z BGK. 
But z AKG + z BGK = 2 rt. z s ; 

z OKG + z OGK = a right angle; 

z i^OC is right; 
EK ' EG^ EO^; VI, % 17 
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.*. AK ' BG= E0\ by the first deduction from III. 17. 
Now BD'BO= AB^ = 4 EO^ ; YL 8, 17 

BD = 4 AK. 
Similarly BC = 4: AL; .-. CD = 4 KL ; 

MC = 4MK; ,\ PB = 4. PA. 
Hence P is a fixed point, and the locus of Jlf is a straight line 
parallel to CD, and distant from it ^ of the diameter. 

la Let BE, CD meet at M, and BD, CE at N, 

Through D draw DF \\ BE, and through E draw EO \\ BD, 
and let these parallels meet the straight line ABC in F 
and O. 
Then AF . FB =^ AD i DE, VL 2 

= a fixed ratio ; 
•*. BF is fixed, since ^^ is fixed ; 

(7J? : J?J^ is a fixed ratio. 
Now CM:MD=CB: BF; VL 2 

.'. the locus of ^ is a straight line parallel to XF, by the 
second deduction of this set. 
Again AG : GB =- AE : ED, VL. 2 

= a fixed ratio ; 
.*. BG is fixed, since AB is fixed ; 
.*. CB : BG is a fixed ratio. 

Now GN:NE=^CB:BG; VL 2 

.*. the locus of ^ is a straight line parallel to X'T', by the 
second deduction of this set. 

14. Let ^ J? be a straight line passing through O, A being on X 7, 
and B on X'Y', and let ABC be an equilateral triangle on 
AB. 

Prom C draw CG A. XT; from O draw DOE j. XT and 
X'T', D being on XFand ^on X'T ; 
from O draw OF ± CG, and join OC. 

Then as ADO, CFO are mutually equiangular, since the 
sides of the one are perpendicular to the sides of the other ; 

.-. OAiOG^OD: OF. VL 4 

But OA : OC is a constant ratio, being » 1 : VS ; 

.*. OD : OF is a constant ratio ; 

.'. OF is constant, since OD is'constant ; 

.*. the locus of (7 is a straight line drawn ± XT 
The complete locus will consist of two straight lines ± XT, 
on opposite sides of DE, and equidistant from it 
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BmceODiOF^l :^S, 
F IB the vertex of an equilateral triangle on DE; 
.'. the locus passes through the vertioes of the two equi- 
lateral triangles described on DE, 
15. Let OAB cut XF and X'Y' at ^ and ^, and on AB let one of 
the similar triangles ABG be described : to find the locos 
of a 

FromOdraw OFO xXFand XT', ^ being on XF and 
O on XT, and on FG describe A FGH similar to A ABG. 
Join OH, OG, HG. 
Then OFiOA :=^FG i AB, 

= FHiAG. 
Now I OFH =s L GAG, since they are supplements of 

equal angles ; 

.-. AS OJ^'iT, 0-4 (7 are similar, F/. 6 

and OFiOA = Off : OG. 
But since i FOA = i ffOG, 

.-. AS OFA, OJJa are similar ; VL 6 

.'. A OHG = L OFA = a right angle ; 
.*. the locus of O is the perpendicular to OH, drawn through 
the point H, 

The complete locus will consist of two straight lines sym- 
metrically situated with respect to OG, 

[The last eight examples are given in Vuibert*s Journal de 



MISCELLANEOUS. 

1. Let ABG be a triangle, AH the median from A, G the centroid, 
S the circumscribed centre. 

Join SH, 8G, and let AX, the perpendicular from A on BG, 
meet 8G produced at 0. 

Then a s -4 GO, HG8 are mutually equiangular ; 
.-. 00:80=^ AG: HG, VL 4 

= 2:1, 
that is, AX cuts 8G produced, so that 0G = 2 80. 
Hence also BY, GZ, the perpendiculars from B, C on 
GA, AB, cut 8G produced, so that 0G = 2 8G ; 
that is, the perpendiculars AX, BY, GZ are concurrent^ 
8,G,0Bxe coUinear, anadi 8G i GO =^ \ i 2, 
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2L The centre M of the medioBcribed circle is the middle point of 
08. App. IV. 2, Cor. 2 

Let the distance 08 be denoted by 6 ; 
then by the previous deduction OG = 4, 8G = 2. 
But OJf= 3; .'.MG=il. 

Hence 0M:MG = 08'. SG, 

and 0, M, G, 8 form a harmonic range. 

The internal and external centres of similitude of the 
circumscribed and medioscribed circles are found by dividing 
8M internally and externally in the ratio of the radii, that 
is, in the ratio 2 : 1. 

Now 8G : GM = 2 i\,9Jidi 80 : OM =2 I li 
.*. G and are the two centres of similitude 

3. Let P be any point on the O*^ of the circumscribed circle ; 

join OP^ and let it meet the o<^ of the medioscribed circle 
atP'. 

Join 8P, MP'. 

Then 8P is || MP\ by the twelfth example of Centres of 
Similitude ; 

and OP : OP' = 8P : MP', 
= 2:1. 

4. Let P be any point on the O^ of the circumscribed circle ; 

join GP, and let it be produced in the direction PG to meet 
the o^ of the medioscribed circle at P\ 

Join 8P, MP'. 

Then 8P is || MP', and GP : GP' = 8P : MP', 

= 2:1. 

5. Let HKL be the centroidal or median triangle of l ABG ; 

then A s ABG, HKL are similar and oppositely situated. 
Now A ABG is the median triangle of a A'B'G' (fig. to 
nineteenth deduction on p. 357); and /' is the inscribed 
centre of t, A'B'C' ; 

.'. I bears the same relation to A HKL that /' does to 

A ABO; 

that is, in A s ABC, HKL, I' and / are homologous points. 

But in these same triangles A and H are homologous points ; 

.'. /'/ and AH intersect at the centre of similitude of 

A 8 ABC, HKL. 

Let G be the point of intersection of /'/ and AH ; 
then I'G : IG = AG : HG = AB: HK = 2 : 1. 
Hence G is the centroid. 
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6. Since O is the centre of siniilitude of A s ABC, HKL, which are 

oppositely situated, it is therefore the internal centre of 
similitude of the circles inscribed in ABC, HKL. Now / is 
the inscribed centre of A ABC ; 

.*. the inscribed centre of A HKL must be on 10 produced. 
Take OJ = \ 01 ; then J is the point required. 

For the radii of the circles inscribed in A s ABC, HKL are 
in the ratio 2 \\, 9xA OI i OJ = 2 : 1. 
To prove that J is the middle point of /'/, denote the 
distance /'/ by 6 ; then I'O s 4^ and 10 = 2, by the 
previous deduction ; 

.-. OJ = 1, and // = 3 = i //'. 

7. The points A, F in L ABC correspond to the points H, I in 

A HKL; 

.-. Ar is I! HI, and = 2 HL 
Let HJ meet AI' in U; 
then A s IJH, TJU are congruent, and IH = /' U; I, 26 

.-. Ar :=2ru, 

8. Since 10 i OJ = 2 i \, zml IF : /'/ = 6 : 3, 

.'. IO:OJ= ir : rj; 

.'. /', J, O, I form a harmonic range. 

Because I J, the distance between the centres of the circles 
inscribed in a s ABC, HKL, is divided internally in O and 
externally in /' in the ratio of the radii, 2 : 1, 

. *. (7 and /' are the internal and external centres of similitude. 

9. Let U, V,WhQ the middle points of AI', BI', CI', and join 

UV, VW, WU, 
Then UV'm \\ AB, and = i AB, 
VW is II BC, and = i BC, 
WUiaW CA, and = i CA; App, I. 1 

.'. £!iB ABC, tTT FT are similar. 

And they are similarly situated, /' being their centre of 
similitude. 

Now since /' is the centre of similitude of as ABO, UVW^ 
which are similarly situated, it is the external centre of 
similitude of the circles inscribed in as ABC, UVW. 
But / is the inscribed centre of A ABC ; 

.* . the inscribed centre of A UVW must lie on IF. 
Bisect //' at J; then IF iFJ=2i\; 

.'. «/ is the inscribed centre of A UVW ; 

.*. AS HKL, UVW have the same inscribed centre. 
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And they have the same inscribed radius, for they are 
congruent ; 
.*. they have the same inscribed circle. 

10. The properties are : 

/i, 0, Ii are collinear, and 1^0 = 2 I^G, 
The middle point J^ of /i// is the centre of the first escribed 
circle of the median A HKL, 

The points H^ Ji, and the middle point of AIi are collinear. 
The points Ii, Ji, O^ I^ form a harmonic range, and G and // 
are the internal and external centres of similitude of the 
first escribed circles of A s ABC, HKL. 
The first escribed circle of a HKL is also the first escribed 
circle of the triangle formed by joining the middle points of 
AI{, BIi\ cij;. 

The corresponding properties for the points I2, I^ are 
obtained from the preceding by changing the subscripts, and 
the word * first.' 

[See Proceedmga qf The Ediriburgh McUhemalkal Society^ 
Vol n., Session 1883-4, pp. 2-4.] 

11. Suppose O to be the centre of the circle ABG^ and OB, OE to 

be joined : it is required to prove a QBE equilateral, from 
which the conclusion follows at once. 
Join OA, OP, AP. 
Then i OPA = z OPB ; I. 8 

/. APB = 2 z OPB, 

= 2 z OBP, I, 5 

Now z APB = z AEB; III. 21 

and z APB = 2 z ADB, IIL 20 

and z AEB = z EDB + z EBD ; L 32 

.-. 2 z ADB = z EDB + z EBD; 

z EDB = z EBD; 

L AEB =^2 L EBD; 

L APB = 2 z EBD; 

L OBP = L EBD; 
.'. z OBP + z PBE = z EBD + z PBE; 

z OBE= /L PBD. 
But z PBD is an angle of an equilateral triangle ; 
.*. z OBE is an angle of an equilateral triangle. 
And since OB = OE, A OBE is equilateral. 
[The preceding proof is due to T. S. Davies, and is given, 
somewhat confusedly, on p. 542 of the volume cited.] 
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12. With B «8 centre, and BO as radius, describe a circle cutting 

AB at E and AB produced at F; and join FG. 
Then FO is || BD; III, 2ld, L 28 

FB.CB^FA lOA; VL2 

FB^ : CD^ = FA* : CM», VL 22 

= -P^« : FA . ^^, ///. 36 

= FA : ^^; F/. 1 

BG*iOD*-FA lAE; 
.-. BC : BC^ - OZ>a = FA : jPiJ, by subtraction. 
Double the first antecedent, and halve the last consequent ; 
then 2 BC^ : B(P - CD^ = FA : FB, 

= 04 : ai>. VI. 2 

[This solution is attributed to James Qolius (1596-1667), 
Professor of Arabic in Leyden.] 

13. In the following proof implicit reference will be made to the 

properties established in Appendix I. 3, 4^ 5, the twentieth, 
and (1), (4), of the twenty-fourth, deductions of Book IV. 
Also, as in the twenty-nintib and thirtieth deductions of Book 
IV., H'U, K'V, L'W are the diameters of the circle ABC 
respectively ± BG, GA, AB; Gq, OuO^t (?s are the centroids 

of AS /i/a/sf Ihhi IVu HJ^ 
Since H\ K\ L' are the middle points of /j/g, /3/1, /i/g, 

.*. 8\<t the circumscribed centre of A IiI^I^^ is the ortho- 
centre of A H'K'L', 
Since / is the orthocentre of A Iihl^t 

Qq is situated on 18^ so that IOq : 8iOq 8 2:1; 
and 6^ is situated on IH', so that IGi : H'Gi » 2 : 1 ; 

.-. lOo : S^Go = IGi : HVi ; 

,\ GqGi\b\\8^H'. VL2 

Similarly GqG^ is || S^K', and 6^0^ ^ D ^i-^^'- 
Hence a 0^ 6^2 ^s ^ similar and similarly situated to A H'K *U; 
and as iS^i is the orthocentre of A H'K'L\ Gq is the ortho- 
centre of A G1G2G9; 

.'. Gi, Gi, Gs are the orthocentres of as G^G^G^^ GqO^G^j 
GoGiG^. 

14. Let ABCDEF be a complete quadrilateral, E being the point 

where AB and DG meet, and F the point where BC and AD 
meet, and AG, BD, EF its three diagonals. 

The three sides AB, BG, CD of the quadrilateral form 
A BCE. Draw the three perpendiculars BX, OT, EZ^ and 
let P] be the orthocentre of A BCE. 
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The circle on BD as diameter passes throagh X ; 
the circle on ^(7 as diameter passes through T; and 
the circle on EF as diameter passes through Z, 
Now the potencies of Pi with respect to these three circles 
arePi^.PiX, P^O > PiY, PiE - P^Z. 
But PiC'PiTs: PiB . PjZ, since C, X,B,Yare concydic ; 

= PiE • PiZ, since B, X, E, Z are concyclic ; 
.'. Pi has equal potencies with respect to these three circles. 

The sides BG, CD, DA of the quadrilateral form a GDF, 
and if P2 denote its orthocentre, it will be found that P3 has 
equal potencies with respect to the three circles. 
Similarly P^, the orthocentre of A AED formed by the sides 
CD, DA, AB ot the quadrilateral, and P4 the orthocentre 
of A ABF formed by the sides DA, AB, BC of the quad- 
rilateral, have equsJ potencies with respect to the three 
circles. 

Hence (App. III. 2, Cor. 6) these three circles have the same 
radical axis, on which Pi, Pg, Ps, P4 are situated. Hence 
also the centres of these three circles, which are the middle 
points of the diagonals, are in the same straight line, and that 
straight line is perpendicular to the radical axis. 
[This solution is due to T. T. Wilkinson. See T?ie Lad'ifa 
and Oentleman^s Diary for 1855, p. 68.] 
16. (a) Let LMN be the circle, AB, CD, EF the three given 
straight lines : to inscribe a A LMN so that LM may 
be II AB, MN \\ CD, and NL \\ EF, 

Since AB and CD are fixed straight lines, the angle con- 
tained by them, if they be produced to intersect, is fixed ; 
.*. L LMN is fixed in magnitude ; 
.*. the chord LN is fixed in magnitude. 
The .problem therefore is reduced to placing in the circle a 
chord LN equal to the fixed magnitude, and parallel to EF, 
which is the seventh deduction from IV. 1. 

The fixed magnitude to which LN is equal may be found 
by taking any point Q on the|0<*, drawing the chord 
QH II AB, and the chord HK \\ CD ; then QK = LN, 
(&) Let AB, CD be the two given straight lines, E the given 
point : to inscribe a A LMN so that LM may be jj AB, 
MN II CD, and that LN may pass through E, 

Find QK as before, and through E draw, by the fifth or 
sixth deduction from IV. 1, the chord LN = QK, 
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(c) Let A and J3 be the given pointer CD the given straight 
line : 

to inscribe a A LMN so that LM may pass through A^ LN 
through B, and that MN may be || CD, 

Suppose A LMN inscribed in the circle as is required. 
Join AB, through N draw the chord NE \\ AB, join EU, 
and leb AB and EM^ produced if necessary, meet at i^. 
Since EN is || AB, and MN is || CD, 
.'. L ENB = the angle between AB and CD, 

= a fixed magnitude ; 
.*. the chord ME is fixed in magnitude. 
To fix the position of ME, and consequently that of MN, it 
will be necessary to find the position of F, 
Now z AFM = L MEN, L 29 

_^lMLN; IIL21 

.'. the four points F, B, L, M are coney die ; ///. 22, Car. 
.\ AF' AB = AM . AL. IIL 35, or Cor. 

But AB ha known, and AM ' AL is fixed, since it is the 
potency of A with respect to the circle ; 
.'. AF can be found. 

(d) Let A,B, (7 be the three given points : 

to inscribe a A LMN so that LM may pass through A, LN 
through B, and MN through C, 

Suppose A LMN inscribed in the circle as is required. 
Join AB, through N draw the chord NE || AB, join EM, 
and let AB and EM, produced if necessary, meet at F, 

Then, as in the preceding case, the position of F may be 
determined, and a A EMN inscribed in the circle having EH 
passing through F, MN through C, and EN || AB. This 
determines the position of MN, and consequently that of 
nLMN. 

Since there are in general two solutions to the fifth, sixth, 
and seventh deductions from IV. 1, there will be in general 
two A s LMN satisfying the required conditions in each of 
the four cases. These triangles will be symmetrically situated 
with respect to the centre of the circle. 
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